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1. Context
Instantons in higher dimensions



A brief word from our sponsors

(n = 4) Classical ASD instanton equation

* (FA) = :|:FA (1)

Remark: instantons are YM-connections, i.e., da(xFa) =0

( n > 4) Higher dimensional instantons

(1) makes no sense, choose o € T"~4(M), A is o-instanton if

LU(FA) = *(0 VAN FA) =AFa, AER (2)

YM-equation with torsion: Ada(xFa) = do A Fa
Remark: In general do # 0.
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Classical Donaldson theory: o = +1 on a oriented 4-manifold

Hermitian-Einstein connections: o = ﬁwmd on a Kahler

manifold of dimension n =2m

Gy-instantons: o = ¢ the 3-form preserved by Gp.

Spin(7)-instantons: o = ® the 4-form preserved by Spin(7)
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1. Context

The heterotic G, system



Torsion of a Gy-structure

(K", ) a Ga-structure manifold, ¢ = xp € Q*(K), irreducible Go-reps:

Ry(K) = (B P(K) - BAp= ) = (Be@(K) : BAY=0),
O (K)={y € Q*(K) : 7 Ap=0,7A"¢ =0}.

Definition (Torsion forms)

The torsion of ¢ is completely described by:
70 € C®(K), 1 € QYK), 2 € Q3,(K) and 73 € Q3,(K), such that

dop=100+3n1 Ap+x*713 and di =41 A+ 1 A .
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Heterotic G, system: degrees of freedom

Given a smooth G-bundle F — K, for some compact semi-simple Lie group
G, let A(F) denote its space of smooth G-connections.

Geometric and gauge fields

The heterotic Gy system or Go-Hull-Strominger system on a 7-manifold with
Go-structure (K, ¢) is comprised of the following degrees of freedom:

¢ Geometric fields:
A € R (scalar field), p € C®(K) (dilaton), and H € Q3*(K) (flux)k

® Gauge fields:
A€ A(E), and 60 ¢e€ A(TK),

where E — K is a vector bundle and both connections are respectively
Go-instantons (possibly up to O(a/) related to string scale):

FanY =0 and RyAe = 0(a')>
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Heterotic G, system: constraints

Heterotic G, problem [de la Ossa, Larfors, Svanes 2015-2018]

The geometric fields satisfy the following relations with the torsion of the
Go-structure ¢:

3
o= S A A 1 1
H= —p®H" =Znp—>du¥ ) — 7
2 ot lar
T2 =0 2

The flux compensates exactly the Chern—Simons defect between the gauge
fields via the heterotic Bianchi identity:

dH = (tr FAN Fa—tr Ry A Rp), (4)

o
4

where F4 is the curvature of A, Ry is the Riemann curvature of 6.
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2. Gauge theory on cCY manifolds
Calabi-Yau links



Sasakian geometry

Contact manifold (M?"F1 n, £)

* A contact form 1 € QY(M) s.t. n A dn" # 0.
o €€ X(M)st. ien=1, icdn =0.

NB.: The contact structure splits TM = ker(n) @R -{ = H & Ne.
Contact instantons: o = n A dn" 2.

Sasakian manifold (M, n,¢, g, J)

e 3¢ e X(M) Killing, s.t. J(X) = —Vx& € End(TM) satisfies:
(Vx)(Y) =8(X,Y)§ —g(&, V)X
e 3¢ € X(M) Killing, s.t. curvature tensor R satisfies:

R(X,8)Y =g(&, V)X —g(X, Y)§ = —=(VxJ)(Y)

® The metric cone (R, x M, dr? + r? - g) is Kihler.
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cCY links of hypersurface singularities

[Milnor'1969]

V" C™1 complex analytic, sing(V) N B-(0) = {0}; $?"*! := §B.(0).
K21-1.— p A g2n+1

is a (n — 2)-connected smooth manifold, dimg K = 2n — 1.

v

S2n-|—1
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Things named after Milnor

When V = (f), for some f : C™1 — C holomorphic, f(0) = 0,
2
¢ S2m+ K L st ... fibration
F:= ¢ (1) ... fibre
F~S"v.tvSsS" ...number
u:dim@%frl) =rk Hp(F) ...algebra

[X(F) =1+ (=1)"s]
The Milnor fibration ¢ is an open book decomposition with base locus
OF = K.

Henrique N. Sa Earp (Unicamp) Systéme hétérotique Ga sur cCY? May 26, 2021 10/31



Weighted projective CY

Weighted homogeneous polynomials

Given w = (wp, ..., w,) € Q™" the C*(w)-action on C"*1 is
(z0,...,2zp) = (N w) - (2) == (\"z,...,\""z,)
and f € Clzy,. .., z,] is w-homogeneous of degree d if

f(Aw) z)= /\df(z).

[Milnor-Orlik'70] | = (% - 1)...(Z - 1)

Calabi-Yau links

Kr is a (contact) Calabi-Yau link if d = w;.

Henrique N. Sa Earp (Unicamp) Systéme hétérotique Ga sur cCY7 May 26, 2021



Sasakian structure of CY links

[Abe'1977] K?n—l Sasakian G201

orbifold Riemannian principal
Sl-orbibundle

V.= 7\2\;{0}(_) P (w)
Kahler

submersion

Contact Calabi-Yau structure (cCY)
Nowhere vanishing global form T € Q™%(M) s.t.

TAT =cw", dT =0,
where ¢, = (—1)"("1D/2())" and w := df € QLL(M); we denote
T

and Im7T := ;T
2i

CTHT

ReT:

[HV'2015] Every CY link K¢ admits a S*(w)-invariant cCY structure.
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Go-structures on CY links

Fix henceforth n = 4, so the link K¢ is a 2—connected 7-manifold:

KIC—— §°

o

V33— P4(w)

[Habib—Vezzoni'2015, Calvo-Andrade—Rodriguez—S."2020]

Every 7-dimensional Calabi-Yau link K¢ with cCY structure (6, ®, T) admits
the S*(w)—invariant co-calibrated Gao—structure

p = OAw+ImT, dp=wAw
P = *(p:%w/\w+0/\ReT, dy =0
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Examples of Calabi-Yau links

degree | weights polynomial v

75 (10,12,13,15,25) 25z + 2023+ 2520 + 25 + 23 1

135 (1,18,32,39,45) 2535 + 21524 + 22323 + 23321 + sz 3

36 (18,12, 4,1, 1) z5 + 23 + 23 + 230 + 220 5

81 (3,7,18,26,27) 7 zfzz + 22324 + zgzo 4z 7

45 (3.5.8,14,15) S+ +zan+2z20+z; 9

45 (4,7,9,10,15) zgzz + zg’ + 21523 + 23324 + z;:‘ 11
75 (5,8,12,15,35) 5y zfz;; + 22523 + zg —+ zfzo 13
180 (90, 60, 20, 9, 1) zg + zf + zg + 2320 + 2380 15
45 (15,15, 5,9, 1) zo +z +22 +z3 +zj}5 17
16 (48.21,1) z0z1 + 22 +2221 + 2% + W+ 25 | 19
81 (2,9,19,24,27) 2Tz + z2 z3 + 2321 + z1 + z;:‘ 21
24 (12,8,2,1,1) zg +z23+2°+ 2254 77 23
1806 [ (42, 258, 903, 602, 1) [ 23 + z] + 22 + z5 + z;°0° 25
51 (2,6,9,17,17) ' utzntzna+z+z 29
93 (3.8,21,30,31) 1420z + 323+ 2520 + 23 31
63 (3.4,14,21,21) Z5l +z{%20 + 2323 + Z5 + z3 33
103 (1,16,23,29,34) 2398 4 2zt z3za + 25z +zazg | 37
135 (5,6,14,45,65) >+ zfzo +2z{°z3+2; + 324 39
60 (30, 20, 5, 4, 1) 20 + z1 + 212 + 215 + 260 41
55 (4,4,11,17,19) z0 Iz + z1 za + 22 + 2321 + 2423 43
135 (1,21,30,38,45) Y R+ Buta+z 45
45 (5,5, 9,11, 12) zg + zfzo + zg + ZZ’Zz + 2‘5?24 47
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2. Gauge theory on cCY manifolds

Instantons on Sasakian 7-mfds



Instantons on Sasakian 7-manifolds

tHMY

: Contact
G2 instantons instantons
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Three natural notions of instanton

® SD contact instantons (SDCI).

* Transverse Hermitian Yang-Mills (tHYM): F4 := (Fa,w) = 0 and
F2’2 = 0. The concept of Chern connection also extends naturally.

¢ Go-instantons: For M cCY(2) its natural Ga-structure
¢ =0 +Im(T),

Theorem (Portilla-S."2019)
& — M Sasakian holomorphic on a cCY manifold; then:

(i) A Chern connection is tHYM <= it is a Go-instanton.
(ii) Every contact instanton is a Gp-instanton.

(iii) A Chern connection is a Go-instanton <= it is a contact instanton.

In particular, among Chern connections the three notions are equivalent.

v
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2. Gauge theory on cCY manifolds

Main theorem



Ingredient: cCY” with small fibres

Let (V3,gv,w,T) be a CY 3-orbifold, with

w3 ReTAImT
VOI\/ = ? = f (5)

Suppose that the total space of 7: K — Visa cCY”7, ie. K is a
S*-(orbi)bundle, with connection 1-form 7, such that dn = w.

Sl-invariant Gy-structure on K

Fixing ¢ = e(a’) > 0, define

e =enAw+ReT, (6)
1
Ye = sz —enAIm T, (7)
NB.:
g = 5277 ®n+gy and vol. =en Avoly. (8)
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Main theorem: existence of heterotic G5 data on cCY’

Let (K",n,&,J,T) bea cCY’, fibering by w : K" — V over the Calabi-Yau
3-fold (V,gv,w,J,T), and let E .= 7m*TV — K.
Given any o' > 0, there exist k(a'),e(a/) > 0 and m,§ € R such that:

@ The Go-structure (6) is coclosed and satisfies the torsion conditions
(3), withA=5, peR, H. = —enAw+eReT.
® A:= 7Ty is a Gp-instanton on E, wrt (7).

@ There exists a connection 0 := «9?:’,(7, on TK, which is a Gy-instanton

to order O(’)?, wrt (7).
® (H-, A, 0) satisfy the heterotic Bianchi identity (4):
/

dH. = %(tr F2 — tr R2). (9)

® lim e(d/)=0 and lim k(d') = cc.
a’—0 a’—0
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3. Geometric and gauge fields
Fundamental structures



Torsion forms and flux of .

It is easy to check that

dp. =ew?® and dip. = 0. (10)

Torsion forms and flux of ¢,

6
T0 = S€, 7‘1:0,

8 6 :
7 =0, 7'3:?5217/\w—?6ReT.

H. = —’pAw+eReT. (11)

In particular, the prescribed Chern-Simons defect is

dH. = —&%w?. (12)
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The Gy-instanton Aon E :=n*TV

Since the Levi-Civita connection of the Calabi-Yau (V, gy) on TV is HYM:

Let E = ©*TV be the pullback via the projection w : K — V. Then
A = w*Ty is a Ga-instanton on E = w* TV, with holonomy contained in
SU(3).
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Local orthonormal coframe

Given € > 0, choose the local Sasakian real orthonormal coframe on K:
€ = ¢&n, €1, €2, €3, JE]_, JeZu Je3a (13)
where J is the transverse complex structure acting on 1-forms, such that

w=er NJer + e A Jer + e3 N Jes, (14)
T = (e1 + iJer) A (e2 + iJex) A (€3 + iJe3). (15)
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The Levi-Civita connection 6. as a perturbed Go-instanton

Structure equations of the coframe (13) on K

Letting / := (0;;) and e := (e1 e e3)T, the Levi-Civita connection 6. of the

metric g. in (8) is given locally by

€ §JeT —%eT €
d| e =—| —5Je a b—3Sel | A e |,
Je se —b+ Seol a Je
0:=A+5B
0 0 O 0 JeT —eT
A=| 0 a b and B=| —Je 0 —el |,
0 —b a e el 0

(17)

NB.: Since A has holonomy in SU(3), get local 1-forms aj;, bj;,
1<4,j <3, st aji = —ajj, bj' = b,'j, Z?:l b; = 0.
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Squashed Levi-Civita connection 6% on TK

Definition

For each 0 # k € R, let «92‘ be the connection on TK given, in the local
coframe, by

® Since K — V is a non-trivial S1-bundle, we require k #£0.

® We may view ‘951:( as a metric connection on K, with torsion

(1—k)ew ® ep:
€0 €0 w
d|l e |==0“A| e |+(1—-kKe| O
Je Je 0

Since k # 0, 6 is essentially the LC of gy., but in the metric g., 0%
appears as a ‘squashing” of the LC connection 6. of g..
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3. Geometric and gauge fields

‘Squashed’ Bismut and Hull connections on TK



Connections with torsion induced by the flux

00 O a 0 a3  —a
letZ:=| 0 0 —K% and a» =1 —-a3 O a .
0 /3 0 as ar —ail 0

Proposition

In the local Sasakian coframe, let
0 JeT —eT 0 JeT  —¢eT

C=| —Je —[e] el +[Je] | =| —Je —le] [Je] |—eZ.
e —epl +[Je] [e] e [Je] €]

Raising an index on the 3-form H., we view it as a vector-valued 2-form:

- 0 JeT —@t € . €
HE—E(Je —[€] eol—l—[Je])/\(e)—iC/\(e).
e —el + [Je] [e] Je Je
(
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Bismut, Hull and beyond

Corollary

In the terms of Definition 5 and Proposition 3.1, let 7. := €C; then each
local matrix

k6 ke . kes
02k =0k + r = A+ —B+—-C, for k£0andS€R, (20)

defines a connection on TK, with torsion

Ho* = (1 — k)ew ® ey + kdHs. (21)

02”‘ is never a Go-instanton on TK.
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An extra twist

Proposition

In the local Sasakian coframe, define a connection Hg;ﬁq on TK by

kme

eﬁ;f‘n is an “approximate”’ Go-instanton on TK whenever these are O(ca’)?:

ke2(6(1 — & 4+ m) + k(1 —6)(1 + 36))

1:= 4 )
2.2
Ao = kTE(l +m—50)(1+9),
k2s2
A3 = 75(52 — 22+ m)s —1).
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Asymptotics for small o/ > 0

The heterotic Bianchi identity for 6 = ngfn and . is:

/
dH. = —2w? = %(tr F2 — tr R2). (23)

There is an approximate solution to the heterotic G, system if and only if

Ao i= k2 (K262 (1 4 6)> + (1 — 6 + m) (k(46% — (1 +6)%) —3)) >0 (24)

is large so that
a=—>0 (25)

is small and the terms in the Ga-instanton condition are all O(a/)>.
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Many solutions! Eg. 1 =9+ m =0 and § # 0, —1:

o = 52(18+5)2 Ezlku A2 =01+ (5)/(262,
N = (175)gl+35) K22 A3 = _(64;1)2 K22

In order to have k%2 = O(c’)?, we may take

1
and &2 8

@p T e

with § #0,—1 and m=9§—1,
which is physically meaningful with ¢ <1 and k > 1.
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Many solutions! Eg. § =0 and (1 + m)(k + 3) < 0:

0/ :_$ L 1 2.2
m(+3) 2k Ny = Hmk2e?

(1+m) 1
A1 :7(1+ 3 )ka A3 = —gkee?.

In order to have k%2 = O(a’)?, we may take

1 , 8 s
k:W and ¢ :(1+m)(1+3(o/)3)(0/)’ with m < —1,

which is physically meaningful with ¢ < 1 and k > 1.
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Many solutions! Eg. 6 = —1 and (2 + m)(4k —3) > 0

O/ _ 8 1
T (2+m)(a-3) 2k A =0,
2 2.2
A\ = (W — 1) P D R L

In order to have ke? = O(a/)? and k%2 = O(a’)?, we may take

1 8 .
and &2 = 2+ m)@é— 3(0/)3)(0/)8> with m > -2,

which is physically meaningful with ¢ < 1 and k > 1.
@ Several other solution regimes are possible, in particular one may
adjust the choices of m and ¢ to the string scale o itself.
@® The asymptotics of e(a’) and k(a') as o’ — 0 are a consequence of
the heterotic Bianchi identity and the Gs-instanton condition ‘up to
O(a')? terms’, and therefore not a choice imposed on the Ansatz.
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Merci!
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