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Direct images of adjoint line bundles

We consider

L // X

f
��
S

f : X → S proper holomorphic submersion of complex manifolds
L line bundle

Theorem (Berndtsson ’09)
If L is (semi-)positive, then the direct image sheaf f∗(KX/S + L) is locally
free and (semi-)positive in the sense of Nakano.

In case L is relatively positive, there is an intrinsic curvature formula!
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Application of Berndtsson’s result

Application
f : X → S a family, X Fano =⇒ S Fano

Proof.

L = −KX is positive Berndtsson
=⇒

f∗(KX/S − KX ) = f∗(KX − f ∗KS − KX ) = −KS is positive.
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Singular version

Theorem (Berndtsson-Păun)
In the same setting as above and (L, h) merely pseudoeffective, the direct
image sheaf

f∗((KX/S + L)⊗ I(h)) ⊂ f∗(KX/S + L)

admits a singular hermitian metric with semipositive curvature in the
singular sense of Griffiths.

Closely related question: Positivity properties of mKX/S .
No curvature formula in general that has a geometric interpretation!
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Main Motivation

Conjecture (Iitaka)
If f : X → Y is an algebraic fiber space, i.e. X and Y are non-singular
projective and f is surjective with connected fibers, we have

κ(X ) ≥ κ(Y ) + κ(X/Y ),

where κ(X/Y ) is the Kodaira dimension of a general fiber of f .

Iitaka’s conjecture holds true if Y is an abelian variety (Cao-Păun).
Main ingredients: Positivity properties of mKX/Y and f∗(mKX/Y ).
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Poincaré type Setting I

f : X → S proper holomorphic submersion of complex manifolds

D =
∑l

i=1Di ⊂ X relative simple normal crossing divisor,
i.e. Ds := D|Xs snc on Xs = f −1(s) for all s; X ′s = Xs \ Ds

(L, h)→ X hermitian holomorphic line bundle s.t. h is smooth on
X ′ = X \ D with the asymptotic behaviour

h−1|X ′ = exp(u) ·
hC
∞

L−1∏l
i=1 ||σi ||2i log

2 ||σi ||2i
(1)

where:
• hC

∞

L−1 is a smooth metric on L−1

• ||σi ||i is the norm of the canonical section cutting out Di w.r.t. a
smooth metric s.t. ||σi ||i < 1

• u is a function on X ′ s.t. u|X ′s ∈ C k,α for all s and the map s 7→ u|X ′s is
Fréchet differentiable

• ωs := −i∂∂̄ log(h)|X ′s is a Poincaré type Kähler metric on each fiber X ′s .
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Poincaré type setting II

The curvature form of the hermitian line bundle (L, h) restricted to X ′ is
given by

ωX ′ := −
√
−1∂∂̄ log h.

With respect to coordinates z = (z1, . . . , zn) and s on X s.t. f (z , s) = s
and D = {z1 · · · zk = 0} we have

ωs = ωX ′ |X ′s '
√
−1

(
k∑

i=1

dz i ∧ dz i

|z i |2 log2(1/|z i |2)
+

n∑
i=k+1

dz i ∧ dz i

)

ωs Kähler forms =⇒ L⊗D is relatively big and nef.

We say: h−1 has Poincaré type singularities along D.
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Bundle of Logarithmic n-forms

On the open fiber X ′s consider the bundle of L2 integrable holomorphic
n-forms with values in Ls = L|Xs :

H0
(2)(X

′
s ,KX ′s ⊗ Ls |X ′s ).

By the work of Zucker and Fujiki, we can identify this space with

H0(Xs ,Ω
n
Xs

(logDs)(Ls)),

where
Ωn
Xs

(logDs) = KXs ⊗ Ds

is the the bundle of logarithmic n-forms with log-poles along Ds .
More globally, we have

O(2)
(
KX ′/S ⊗ L|X ′

) ∼= KX/S ⊗D ⊗ L = Ωn(logD)X/S(L)
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L2 metric on the direct image

Assume that the dimension of

H0(Xs ,Ω
n
Xs

(logDs)(Ls))

is constant on S .

=⇒ f∗(KX/S ⊗D ⊗ L) is locally free on S .
For a local holomorphic section

ψ ∈ f∗(KX/S ⊗D ⊗ L)(V ) = H0(f −1(V ),KX/S ⊗D ⊗ L)

we have ψs := ψ|X ′s ∈ H0(Xs ,KXs ⊗ Ds ⊗ Ls) = H0
(2)(X

′
s ,KX ′s ⊗ Ls |X ′s ),

thus we define the natural L2 metric by

〈ψ , φ〉L2(s) =

∫
X ′s

(ψs · φs)
ωn
s

n!
= in

2
∫
X ′s

(ψs ∧ φs) · h.
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Defining the intrinsic objects I

For simplicity: S one-dimensional

∂/∂s a tangent vector on the base S
How to describe the Kodaira-Spencer class ρs(∂/∂s), where

ρs : TsS → H1
(2)(X

′
s ,TX ′s )

is the Kodaira-Spencer map? Consider

0→ TX ′s → TX ′ |X ′s → f ∗TsS → 0

Let vs be the horizontal lift of ∂/∂s to X ′ with respect to ωX ′ ,
i.e.

f∗(vs) = ∂/∂s and 〈vs , u〉ωX′ = 0 for all u ∈ TX ′/S .
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Defining the intrinsic objects II

Define the Kodaira-Spencer form by

As := ∂̄(vs)|X ′s ∈ A0,1
(2)(X

′
s ,TX ′s ).

Define the geodesic curvature by

ϕ := 〈vs , vs〉ωX′ .

We have
ωn+1
X ′ = ϕ · ωn

X ′/S
√
−1 ds ∧ ds,

where
ωX ′/S =

√
−1 gαβ(z , s) dzα ∧ dzβ.

It holds
(L, h) > 0 if and only if ϕ > 0.
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Curvature formula

Theorem (N.)

Let D i
↪→ X f→ S be a family of smooth log pairs and (L, h)→ X a

hermitian line bundle as described above. With the objects just described,
the L2-metric on f∗(KX/S ⊗D ⊗ L) is smooth and its curvature Θ is given
by

〈 Θψ,ψ 〉L2(s) =

∫
X ′s

ϕ · (ψ · ψ)
ωn
s

n!

+

∫
X ′s

(2 + 1)−1(A ∪ ψ) · (A ∪ ψ)
ωn
s

n!

In particular f∗(KX/S ⊗D ⊗ L)is Nakano (semi-)positive if L is
(semi-)positive on X ′ and positive along the fibers X ′s .
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Application to log canonically polarized pairs

Let D i
↪→ X f→ S be a family of smooth log canonically polarized pairs,

i.e. holomorphic family of smooth log pairs (Xs ,Ds)s∈S s.t.

KXs + Ds is ample.

ωKE
s = unique complete Poincaré type Kähler-Einstein metric on X ′s with

Ric(ωKE
s ) = −ωKE

s .
The family of volume forms ((ωKE

s )n)s∈S induces a metric on L = KX ′/S .

Theorem (N.)
The curvature of the hermitian metric on KX ′/S that is induced by the
Poincaré type Kähler-Einstein metrics on the fibers is semipositive. If the
family is effectively parameterized, then KX ′/S is strictly positive.
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Corollaries

Corollary

For a family of smooth log canonically polarized pairs D i
↪→ X f→ S the

relative log canonical bundle KX/S ⊗D equipped with the metric induced
from the fiberwise Kähler-Einstein metrics is nef. If the family is effectively
parameterized, KX/S ⊗D is big.

By combining both theorems we get

Corollary

For a family of log canonically polarized pairs D i
↪→ X f→ S the direct

image sheaf f∗((KX/S ⊗D)⊗ KX/S) is semipositive in the sense of
Nakano. In case the family of log pairs is effectively parameterized this
direct image is Nakano positive.
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Techniques for the computation

Lemma
Let η be a (n, n)-form on X ′. Then we have

∂

∂s

∫
X ′s

η =

∫
X ′s

Lv (η),

where Lv = dδv + δvd is the Lie derivative in the direction of v = vs .

Here η|X ′s = (ψ · ψ)ωn
s /n!.

Lemma
∂

∂s
〈ψ,ψ〉 = 〈Lvψ,ψ〉+ 〈ψ, Lvψ〉,

where Lv = δv∇+∇δv using the hermitian connection ∇ on L-valued
(n, 0)-forms on X ′.
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Application: The case of a big line bundle I

Let f : X → S be a family and F a big line bundle on X such that

F = A + E

where (A, hA) is ample on X and E =
∑

i Ei ⊂ X relative snc.
Define another metric on A by

hA,ε := hA ·

(∏
i

|σi |2hi log
2(|σi |2hi )

)ε
,

where Ei = {σi = 0} and hi a smooth metric on Ei . Assume that

i ΘhA,ε(A) = i ΘhA(A)−ε
√
−1
∑
i

∂∂̄ log
(
|σi |2hi log

2(|σi |2hi )
)
> 0 on X ′

for some ε > 0.
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Application: The case of a big line bundle II

Equip F with the metric

hF ,ε = hA,ε · hE ,sing,

hE ,sing : canonical singular metric on E given by the section σ =
∏

i σi .
(A, hA,ε) fulfills the requirements of our main theorem

=⇒ f∗(KX/S + E + A) = f∗(KX/S + F )

is Nakano positive. If we apply instead the result of Berndtsson-Păun to
(F , hF ) with hF = hA · hE ,sing we only get that

f∗((KX/S + F )⊗ J (hF )) = f∗(KX/S + F +O(−E )) = f∗(KX/S + A)

is positive.
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End of talk

Thanks for your attention!
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