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Almost Hermitian metrics

@ Let (X?",J) be an almost complex manifold, n > 1, and g an almost
Hermitian metric, i.e. g(J-,J-) = g(-,-) ~» Q := g(J-,-) positive
(1,1)-form

o Since AX’T*X = QA AN'T*X @ NS T*X

AQ=7AQ+v, A =0

where A=adjoint of Q A -
e 0 := (n— 1)r=the Lee form of Q ~~» 0 = Jd*Q

At =9 A Q!
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n—1

e 0 =0 < d*Q = 0: balanced metric (modifications of Kahler
manifolds)

e ¢p=0anddf =0 (if n>2, ¢ =0= df = 0): locally conformally
Kahler metric (IcK) (Hopf manifolds, most complex surfaces)

@ df =0 : locally conformally balanced metric (Icb) (blow-downs of
IcK manifolds)

e dd°Q) = 0: pluriclosed/SKT metric (even-dim compact semisimple Lie
gps)

~ Ifn=2:dQ2 =60 A Q ~ Balanced=Kahler and Icb=IcK.

~> The notions of Icb and IcK, i.e. the case dff = 0, are conformally
invariant.
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Conformal classes of Hermitian metrics

Definition

An almost Hermitian metric €2 with Lee form 6 on an almost complex
manifold is called Gauduchon if d*6 = 0, or, equivalently, dd°Q"~! = 0.

L, in general dd°Q"~! = nd*H - Q"
L, allows for a good definition of a degree of a holomorphic vector bundle

Theorem (Gauduchon '77)

Let (X2 J) be a compact almost complex manifold of real dimension
2n > 2 and let ¢ be a conformal class of almost Hermitian metrics on X.
Then there exists a Gauduchon metric g € ¢. Moreover, g is unique up to
multiplication by a constant.
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Functionals - |

(X, J) compact complex manifold, #; = {Hermitian metrics of total
volume 1}, H1 o {Q}1=conformal class of normalised metrics.

Gauduchon '84: Lo:Hi—>R, L) = J \Q\deg
X

Vaisman '90: Ly:Hi—R, Ly(Q)= J |d6|?dvq
X

o If dim¢ X > 3 then the only critical value of Ly is 0. So
{critical points of Ly} = {l. c. balanced metrics}

o If dim¢ X = 2, Ly is conformally invariant.
o Gauduchon '84: If dim¢c X = 2 then

{critical points of L5} = {K&hler metrics}
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Functionals - |l

e G:{Q}; - R
G() := JX(d*e)deQ
o F:{Q}; - R
F(Q) :=J |d.J6>dvg
X
o A:{Q}; - R

AQ) = JX 1420 2dv — L 192 dve

o R: {Q}l —- R
R(Q) ::j |dd“Q|?dvq
X
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The functional G

(X?7,J) compact almost complex manifold, {Q2};=a conformal class of
almost Hermitian metrics of total volume 1.

G: {0} - R, Q HJ (d*8q)2dvg,.
X

{Critical points of G} 2 {Gauduchon metrics}

Theorem (Angella, I, Otiman, Tardini '20)

Let (X, J) be a compact almost complex manifold of real dimension

2n > 2. Then G has a unique critical point, given by the Gauduchon metric
of {Q}1. If H; = {almost Hermitian metrics of total volume 1}, then any
critical point of G on H; is a Gauduchon metric.
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Proof

e Qs a critical point iff %|;—oG(€) = 0, for any variation
0 = o e {Q)1 with Qp = Q.

o If o =1+ tp+o(t) then §y ¢dvg =0, dvg := ar

n! "

° O := 0o, = o+ (n— gy "depr *if g1 = ¢f g |\

() = f d + 04]2don
X

= Q(Q)—th

(d*0)pdvg+2t(n — 1) f {dd* g, 0 )pdug
X X

ot(n — 1) f Ad*00, - pduvg + oft).
X
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~ € is critical iff

Ad*0 + (dd*0,0) — ﬁ(d*eﬂ —keR.
n J n—2
2(n—1) Jx 2(n—1)

At a minimum point 29 € X for d*0 Ad*0(z() < 0 so:

~ k= J (d*H)QdUQ— (d*G)deQ = j (d*0)2d1;9 > 0.
X X

n

(d*60)*(x0) <0

v d*0(xo) = 0. As § d*0dvg = 0 = d*0 = 0 so Q is Gauduchon. m
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The form dJ6

Suppose (X, J) is a compact complex manifold

e dJO = 0 iff Q is balanced:
0=dJl=—-dd*Q=d*Q=0=0=0.

o If Q) is given, there exist on T X two natural Hermitian connections,
the Chern connection V" and the the Bismut connection, i.e.
the unique connection V5B, characterized by:

VvEBJ =0, VBQ =0, VP has totally skew-symmetric torsion

and one has p? = p" + d.Jh, where p = the Ricci form of the
connection= the curvature induced on det T'X.



The form dJ6

e If df =0 (i.e. {2} is IcK or Icb), then
[0lar € H'(X,R) = Hom (71 (X),R=0) 3 p
defines a flat holomorphic line bundle

EszpC



The form dJ6

e If df =0 (i.e. {2} is IcK or Icb), then
[0lar € H'(X,R) = Hom (71 (X),R=0) 3 p
defines a flat holomorphic line bundle
L=X x,C

and {Q} € C*(X, S?T*X ® (L£*)Y/"1).



The form dJ6

e If df =0 (i.e. {2} is IcK or Icb), then
[0lar € H'(X,R) = Hom (71 (X),R=0) 3 p
defines a flat holomorphic line bundle
L=X x,C

and {Q} € C*(X,S?T*X ® (L*)/"1). Any 0 € [0]qr induces a C*
trivialisation of £ ~» natural Hermitian structure hy on L



The form dJ6

e If df =0 (i.e. {2} is IcK or Icb), then
[0lar € H'(X,R) = Hom (71 (X),R=0) 3 p
defines a flat holomorphic line bundle
L=X x,C

and {Q} € C*(X,S?T*X ® (L*)/"1). Any 0 € [0]qr induces a C*
trivialisation of £ ~» natural Hermitian structure hy on L

V—=10Chern (£ hy) = dJe
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The functional F

Let (X2 .J) be a compact almost complex manifold. Fix {Q2}; a conformal
class of normalised almost Hermitian metrics on (X, .J) and consider:

F:{Q} — R, Qr»\[ |dJ0q > dvg.
X

Proposition (Angella, I, Otiman, Tardini '20)

Let (X, J) be a compact almost complex 2n-dimensional manifold. Then Q
is a critical point of F if and only if

(n—2)|dJbg|* — 2(n —1)(dd)*AQ =k, keR.
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Minima of F on complex surfaces

Theorem (Angella, I, Otiman, Tardini '20)

Given a compact complex surface (X, J) and a conformal class of
normalized Hermitian metrics {{2};, there exists and is unique an extremal

metric Q2 € {Q}; for the functional F restricted to {Q};. Moreover, F(Q) is
an absolute minimum for F on {Q};.

F need not have a minimum on Hj:

@ on any Inoue-Bombieri surface X of type Sy, there exist (25)ser € H1
such that

4
]:(Qs) = ?

—0as s —>
@ each Qg minimizes F on {2},

@ however 0 ¢ im F since X admits no Kahler metric (b;(X) = 1)
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Beginning of the proof

Q is critical for F iff

(dd®)*AQ = 0 < (dd°)*dJO = 0 < dd(+d.J6) = 0.

«dJO = A(dJO)Q — dJOV + dJe20)+0.2),

Since J is integrable (i.e. dQP7 < QPatL @ OP+La) and n = 2:
dd®(dJoR0+02)y — 0. dd°(d.Jg) = 0 = dd°(d.Jo)V) = 0.

Hence Q is critical for F iff dd(A(d.J0)2) = 0.
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Distinguished metrics

Let (X2 J) be an almost complex manifold and © an almost Hermitian
metric. We call Q) distinguished if

dd°(fa~tQ" 1) = 0, where fo = A(—dJ0) = |0]* + d*0.

Theorem (Angella, I, Otiman, Tardini '20)

Let (X, J) be a compact almost complex manifold of real dimension 2n > 2
and let ¢ be a conformal class of almost Hermitian metrics of volume 1.
Then there exists and it is unique a distinguished metric €2 in ¢. This metric
is either balanced, i.e. fo =0, or fo > 0 on X. In the second case, fo2 is
a Gauduchon metric.




Proof

Qn
dd(gQ" 1) = A(dd°q — d°q A 0 + dq A JO + qdJO + qf A J@)7

Q
= — (Aq —{dq,0) + qd*0) o
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Proof

Qn
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@ Hopf maximum principle: L has no zero-order term ~- ker Lg = R.

dim ker Ly — dim ker L§ = IndLy = Ind(A) = 0.
~» dimker Ly = 1.

e Gauduchon '77 (using Hopf maximum principle): ker Ly = Ra, a > 0.
o If ) = e¥Qy, then:

Lq = & Lo(ge™?)
fa=e"(fo+ (n—1)Lgy)
e We are looking for ¢ € C*(X) and k € R s.t.

(fo+ (n=DL§e)" " = k"o e (n— 1) Lip = ka'/" ' — fo
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so ka'/""! — fo e im LE = (ker Lo)tr? = (Ray)*e2



so ka'/""! — fo e im LE = (ker Lo)tr? = (Ray)*e2

@J (ko™ — fo)advg = 0
X

=k J Q" Ly = j foaduvg.
X X



so ka'/" 1 — fy e im Li = (ker Lo)tr? = (Ra)te2
@J (ko™ — fo)advg = 0
X
=k J Q" Ly = j foaduvg.
X X

@ Thus Jp € C*(X) with L erijglo =0iff k = §x foadug



so ka'/""! — fo e im LE = (ker Lo)tr? = (Ray)*e2

@J (ko™ — fo)advg = 0
X

=k J Q" Ly = j foaduvg.
X X

@ Thus Jp € C*(X) with L n—1 _ giff k = §x foaduvo

e?Qo SX an/n—ldvo .

@ Any other solution ¢ is of the form ¢’ = o + %5, a e ker L§ = R



so ka'/""! — fo e im LE = (ker Lo)tr? = (Ray)*e2

@J (ko™ — fo)advg = 0
X

=k J Q" Ly = j foaduvg.
X X

@ Thus Jp € C*(X) with L n—1 _ giff k = §x foaduvo

e?Qo SX an/n—ldvo .
@ Any other solution ¢ is of the form ¢’ = ¢ + 45, a € ker L§ = R~
unique normalised distinguished metric €2.



so ka'/""! — fo e im LE = (ker Lo)tr? = (Ray)*e2

@J (ko™ — fo)advg = 0
X

=k J Q" Ly = j foaduvg.
X X

@ Thus Jp € C*(X) with L n—1 _ giff k = §x foaduvo

e?Qo SX an/n—ldvo .
@ Any other solution ¢ is of the form ¢’ = ¢ + 45, a € ker L§ = R~
unique normalised distinguished metric €2.

o We have fo = |0]? + d*0 = ke ?a!/" ! = k > 0 so:



so ka'/""! — fo e im LE = (ker Lo)tr? = (Ray)*e2

@J (ko™ — fo)advg = 0
X

=k J Q" Ly = j foaduvg.
X X

@ Thus Jp € C*(X) with L n—1 _ giff k = §x foaduvo

e®Qo T an/m=Tdug "
@ Any other solution ¢ is of the form ¢’ = ¢ + 45, a € ker L§ = R~
unique normalised distinguished metric €2.
o We have fo = |0]? + d*0 = ke ?a!/" ! = k > 0 so:
e k=0= fo=60=0and Q is balanced



so ka'/""! — fo e im LE = (ker Lo)tr? = (Ray)*e2

@J (ko™ — fo)advg = 0
X

=k J Q" Ly = j foaduvg.
X X

@ Thus Jp € C*(X) with L n—1 _ giff k = §x foaduvo

e®Qo T an/m=Tdug "
@ Any other solution ¢ is of the form ¢’ = ¢ + 45, a € ker L§ = R~
unique normalised distinguished metric €2.
o We have fo = |0]? + d*0 = ke ?a!/" ! = k > 0 so:
e k=0= fq=0=0and Q is balanced
e k>0= fq>0and fois Gauduchon. m



Distinguished versus Gauduchon metrics

Corollary

Let (X, J,Q2) be a compact almost complex manifold endowed with an

almost Hermitian metric. Then any two of the following affirmations imply
the third one:

Q@ 2 is Gauduchon
Q ( is distinguished
@ |0q| is constant.




Distinguished versus Gauduchon metrics

Corollary

Let (X, J,Q2) be a compact almost complex manifold endowed with an
almost Hermitian metric. Then any two of the following affirmations imply
the third one:

Q@ 2 is Gauduchon
Q ( is distinguished
@ |0q| is constant.

~» Vaisman metrics, i.e. locally conformally Kahler metrics with V6 = 0,
are both Gauduchon and distinguished.



Distinguished versus Gauduchon metrics

Corollary

Let (X, J,Q2) be a compact almost complex manifold endowed with an
almost Hermitian metric. Then any two of the following affirmations imply
the third one:

Q@ 2 is Gauduchon
Q ( is distinguished
@ |0q| is constant.

~» Vaisman metrics, i.e. locally conformally Kahler metrics with V6 = 0,
are both Gauduchon and distinguished.

~~ on manifolds with x(X) # 0, distinguished# Gauduchon unless balanced
(6 =0).
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o If |§] = k € R~ and  is distinguished then Lfa~* = 0 reads:

(n—1)faAq = (n—1)(n — 2)|dg|> — (n — 1) foldq, 0) — f3q

where ¢ := d*6. At a minimum point 29 € X for ¢, since fq(xzg) > 0:
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Proof

Suppose 6 # 0.

e If Q Gauduchon, fq = |8]? ~ € distinguished iff |§|?Q Gauduchon iff
|| ct.
o If |§] = k € R~ and  is distinguished then Lfa~* = 0 reads:

(n—1)faAq = (n—1)(n — 2)|dg|> — (n — 1) foldq, 0) — f3q

where ¢ := d*6. At a minimum point 29 € X for ¢, since fq(xzg) > 0:

0= (n—1)folzo)Aq(zo) = — f§(z0)a(x0) = ql(ao) = 0.

But { gdv = 0 ~» ¢ =0 so Q is Gauduchon. m



The functional A

Let (X?",J) be a compact almost complex manifold and let {Q2}; be a
conformal class of normalised almost Hermitian metrics.

A {0 >R, AQ f 1d°02dveg

Proposition (Angella, I, Otiman, Tardini '20)

The extremal metrics for the functional A are characterized by the equation:

(n—1)|dQ? +2d*0 =k, keR.




The functional R

Let (X?",J) be a compact almost complex manifold and let {Q2}; be a
conformal class of normalised almost Hermitian metrics.

R:{Qh - R, R(Q):= f |dd°Q|*dvg,
X

Proposition (Angella, I, Otiman, Tardini '20)

The extremal metrics for the functional R are characterized by the equation:

(n — 4)|dd°Q? + 2A(dd°)*dd°Q = k, keR.




