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Almost Hermitian metrics

Let pX2n, Jq be an almost complex manifold, n ą 1, and g an almost
Hermitian metric, i.e. gpJ ¨, J ¨q “ gp¨, ¨q  Ω :“ gpJ ¨, ¨q positive
p1, 1q-form

Since
Ź3 T ˚X “ Ω^

Ź1 T ˚X ‘
Ź3

0 T
˚X

dΩ “ τ ^ Ω` ψ, Λψ “ 0

where Λ=adjoint of Ω^ ¨
θ :“ pn´ 1qτ=the Lee form of Ω

 θ “ Jd˚Ω

dΩn´1 “ θ ^ Ωn´1
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Special classes of Hermitian metrics

dΩ “ 1
n´ 1θ ^ Ω` ψ

θ “ 0 ô d˚Ω “ 0: balanced metric

(modifications of Kähler
manifolds)

ψ “ 0 and dθ “ 0 (if n ą 2, ψ “ 0 ñ dθ “ 0): locally conformally
Kähler metric (lcK)

(Hopf manifolds, most complex surfaces)

dθ “ 0 : locally conformally balanced metric (lcb)

(blow-downs of
lcK manifolds)

ddcΩ “ 0: pluriclosed/SKT metric

(even-dim compact semisimple Lie
gps)

 If n “ 2: dΩ “ θ ^ Ω  Balanced=Kähler and lcb=lcK.
 The notions of lcb and lcK, i.e. the case dθ “ 0, are conformally
invariant.
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Conformal classes of Hermitian metrics

Definition
An almost Hermitian metric Ω with Lee form θ on an almost complex
manifold is called Gauduchon if d˚θ “ 0, or, equivalently, ddcΩn´1 “ 0.

ë in general ddcΩn´1 “ nd˚θ ¨ Ωn

ë allows for a good definition of a degree of a holomorphic vector bundle

Theorem (Gauduchon ’77)
Let pX2n, Jq be a compact almost complex manifold of real dimension
2n ą 2 and let c be a conformal class of almost Hermitian metrics on X.
Then there exists a Gauduchon metric g P c. Moreover, g is unique up to
multiplication by a constant.
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Questions

Can one express special Hermitian metrics as (unique) extremals of
some functionals?

Find interesting metrics as extremals of natural functionals.
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Functionals - I
pX, Jq compact complex manifold, H1 “ tHermitian metrics of total
volume 1u, H1 Ą tΩu1=conformal class of normalised metrics.

Gauduchon ’84: LG : H1 Ñ R, LGpΩq “
ż

X
|θ|2dvΩ

Vaisman ’90: LV : H1 Ñ R, LV pΩq “
ż

X
|dθ|2dvΩ

If dimCX ě 3 then the only critical value of LV is 0. So

tcritical points of LV u “ tl. c. balanced metricsu

If dimCX “ 2, LV is conformally invariant.
Gauduchon ’84: If dimCX “ 2 then

tcritical points of LGu “ tKähler metricsu
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The functional G

pX2n, Jq compact almost complex manifold, tΩu1=a conformal class of
almost Hermitian metrics of total volume 1.

G : tΩu1 Ñ R, Ω ÞÑ
ż

X
pd˚θΩq

2dvΩ.

tCritical points of Gu Ě tGauduchon metricsu

Theorem (Angella, I, Otiman, Tardini ’20)
Let pX, Jq be a compact almost complex manifold of real dimension
2n ą 2. Then G has a unique critical point, given by the Gauduchon metric
of tΩu1. If H1 “ talmost Hermitian metrics of total volume 1u, then any
critical point of G on H1 is a Gauduchon metric.



The functional G

pX2n, Jq compact almost complex manifold, tΩu1=a conformal class of
almost Hermitian metrics of total volume 1.

G : tΩu1 Ñ R, Ω ÞÑ
ż

X
pd˚θΩq

2dvΩ.

tCritical points of Gu Ě tGauduchon metricsu

Theorem (Angella, I, Otiman, Tardini ’20)
Let pX, Jq be a compact almost complex manifold of real dimension
2n ą 2. Then G has a unique critical point, given by the Gauduchon metric
of tΩu1. If H1 “ talmost Hermitian metrics of total volume 1u, then any
critical point of G on H1 is a Gauduchon metric.



The functional G

pX2n, Jq compact almost complex manifold, tΩu1=a conformal class of
almost Hermitian metrics of total volume 1.

G : tΩu1 Ñ R, Ω ÞÑ
ż

X
pd˚θΩq

2dvΩ.

tCritical points of Gu Ě tGauduchon metricsu

Theorem (Angella, I, Otiman, Tardini ’20)
Let pX, Jq be a compact almost complex manifold of real dimension
2n ą 2. Then G has a unique critical point, given by the Gauduchon metric
of tΩu1.

If H1 “ talmost Hermitian metrics of total volume 1u, then any
critical point of G on H1 is a Gauduchon metric.



The functional G

pX2n, Jq compact almost complex manifold, tΩu1=a conformal class of
almost Hermitian metrics of total volume 1.

G : tΩu1 Ñ R, Ω ÞÑ
ż

X
pd˚θΩq

2dvΩ.

tCritical points of Gu Ě tGauduchon metricsu

Theorem (Angella, I, Otiman, Tardini ’20)
Let pX, Jq be a compact almost complex manifold of real dimension
2n ą 2. Then G has a unique critical point, given by the Gauduchon metric
of tΩu1. If H1 “ talmost Hermitian metrics of total volume 1u, then any
critical point of G on H1 is a Gauduchon metric.



Proof

Ω is a critical point iff d
dt |t“0GpΩtq “ 0, for any variation

Ωt “ ϕtΩ P tΩu1 with Ω0 “ Ω.

If ϕt “ 1` t 9ϕ` optq then
ş

X 9ϕdvΩ “ 0, dvΩ :“ Ωn

n! .
θt :“ θΩt “ θΩ ` pn´ 1qϕ´1

t dϕt

˚t|Ź1 “ ϕn´1
t ˚Ω |Ź1

GpΩtq “

ż

X
|d ˚ θt|

2dvt

“ GpΩq ´ tn
ż

X
pd˚θΩq

2 9ϕdvΩ ` 2tpn´ 1q
ż

X
xdd˚θΩ, θΩy 9ϕdvΩ

` 2tpn´ 1q
ż

X
∆d˚θΩ ¨ 9ϕdvΩ ` optq.
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 Ω is critical iff

∆d˚θ ` xdd˚θ, θy ´ n

2pn´ 1qpd
˚θq2 “ k P R.

 k “

ż

X
pd˚θq2dvΩ´

n

2pn´ 1q

ż

X
pd˚θq2dvΩ “

n´ 2
2pn´ 1q

ż

X
pd˚θq2dvΩ ě 0.

At a minimum point x0 P X for d˚θ ∆d˚θpx0q ď 0 so:

0 ď k “ ∆d˚θpx0q ´
n

2pn´ 1qpd
˚θq2px0q ď 0

 d˚θpx0q “ 0. As
ş

X d
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The functional F

F : tΩu1 Ñ R, Ω ÞÑ
ż

X
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The form dJθ

Suppose pX,Jq is a compact complex manifold

dJθ “ 0 iff Ω is balanced:

0 “ dJθ “ ´dd˚Ω ñ d˚Ω “ 0 ñ θ “ 0.

If Ω is given, there exist on TX two natural Hermitian connections,
the Chern connection ∇Ch

and the the Bismut connection, i.e.
the unique connection ∇B, characterized by:

∇BJ “ 0, ∇BΩ “ 0, ∇B has totally skew-symmetric torsion

and one has ρB “ ρCh ` dJθ, where ρ “ the Ricci form of the
connection” the curvature induced on detTX.
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The form dJθ

If dθ “ 0 (i.e. tΩu is lcK or lcb), then

rθsdR P H
1pX,Rq – Hompπ1pXq,Rą0q Q ρ

defines a flat holomorphic line bundle

L “ X̃ ˆρ C

and tΩu P C8pX,S2T ˚X b pL˚q1{n´1q. Any θ P rθsdR induces a C8
trivialisation of L  natural Hermitian structure hθ on L

?
´1ΘChernpL, hθq “ dJθ
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The functional F

Let pX2n, Jq be a compact almost complex manifold. Fix tΩu1 a conformal
class of normalised almost Hermitian metrics on pX, Jq and consider:

F : tΩu1 Ñ R, Ω ÞÑ
ż

X
|dJθΩ|

2dvΩ.

Proposition (Angella, I, Otiman, Tardini ’20)
Let pX, Jq be a compact almost complex 2n-dimensional manifold. Then Ω
is a critical point of F if and only if

pn´ 2q|dJθΩ|
2 ´ 2pn´ 1qpddcq˚∆Ω “ k, k P R.
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Minima of F on complex surfaces

Theorem (Angella, I, Otiman, Tardini ’20)
Given a compact complex surface pX,Jq and a conformal class of
normalized Hermitian metrics tΩu1, there exists and is unique an extremal
metric Ω P tΩu1 for the functional F restricted to tΩu1. Moreover, FpΩq is
an absolute minimum for F on tΩu1.

F need not have a minimum on H1:

on any Inoue-Bombieri surface X of type SM , there exist pΩsqsPR P H1
such that

FpΩsq “
4
s4 Ñ 0 as sÑ8

each Ωs minimizes F on tΩsu1

however 0 R im F since X admits no Kähler metric (b1pXq “ 1)
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Beginning of the proof

Ω is critical for F iff

pddcq˚∆Ω “ 0

ô pddcq˚dJθ “ 0 ô ddcp˚dJθq “ 0.

˚dJθ “ ΛpdJθqΩ´ dJθ1,1 ` dJθp2,0q`p0,2q.

Since J is integrable (i.e. dΩp,q Ď Ωp,q`1 ‘ Ωp`1,q) and n “ 2:

ddcpdJθp2,0q`p0,2qq “ 0, ddcpdJθq “ 0 ñ ddcpdJθqp1,1q “ 0.

Hence Ω is critical for F iff ddcpΛpdJθqΩq “ 0.
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Distinguished metrics

Definition
Let pX2n, Jq be an almost complex manifold and Ω an almost Hermitian
metric. We call Ω distinguished if

ddcpfn´1
Ω Ωn´1q “ 0, where fΩ “ Λp´dJθq

“ |θ|2 ` d˚θ.

Theorem (Angella, I, Otiman, Tardini ’20)
Let pX, Jq be a compact almost complex manifold of real dimension 2n ą 2
and let c be a conformal class of almost Hermitian metrics of volume 1.
Then there exists and it is unique a distinguished metric Ω in c. This metric
is either balanced, i.e. fΩ ” 0, or fΩ ą 0 on X. In the second case, fΩΩ is
a Gauduchon metric.
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Proof

ddcpqΩn´1q “ Λpddcq ´ dcq ^ θ ` dq ^ Jθ ` qdJθ ` qθ ^ JθqΩ
n

n

“ ´p∆q ´ xdq, θy ` qd˚θq Ωn

n
.

 we are looking for Ω with ddcpfn´1
Ω Ωn´1q “ 0, i.e. Lfn´1

Ω “ 0, where:

Lq “ ∆q ´ xdq, θy ` qd˚θ
L˚q “ ∆q ` xdq, θy.

Fix Ω0 P c, and let L0, L
˚
0 denote the same operators w.r.t. Ω0.
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Hopf maximum principle: L˚0 has no zero-order term  kerL˚0 “ R.

dim kerL0 ´ dim kerL˚0 “ IndL0 “ Indp∆q “ 0.

 dim kerL0 “ 1.

Gauduchon ’77 (using Hopf maximum principle): kerL0 “ Rα, α ą 0.
If Ω “ eϕΩ0, then:

Lq “ e´nϕL0pqepn´1qϕq

fΩ “ e´ϕpf0 ` pn´ 1qL˚0ϕq

We are looking for ϕ P C8pXq and k P R s.t.

pf0 ` pn´ 1qL˚0ϕqn´1 “ kn´1αô pn´ 1qL˚0ϕ “ kα1{n´1 ´ f0
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so kα1{n´1 ´ f0 P imL˚0

“ pkerL0q
KL2 “ pRαqKL2

ô

ż

X
pkα1{n´1 ´ f0qαdv0 “ 0

ô k ¨

ż

X
αn{n´1dv0 “

ż

X
f0αdv0.

Thus Dϕ P C8pXq with Lfn´1
eϕΩ0

“ 0 iff k “
ş

X f0αdv0
ş

X αn{n´1dv0
.

Any other solution ϕ1 is of the form ϕ1 “ ϕ` a
n´1 , a P kerL˚0 “ R 

unique normalised distinguished metric Ω.
We have fΩ “ |θ|

2 ` d˚θ “ ke´ϕα1{n´1 ñ k ě 0 so:

k “ 0 “ fΩ ñ θ “ 0 and Ω is balanced
k ą 0 ñ fΩ ą 0 and fΩΩ is Gauduchon.
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Distinguished versus Gauduchon metrics

Corollary
Let pX, J,Ωq be a compact almost complex manifold endowed with an
almost Hermitian metric. Then any two of the following affirmations imply
the third one:

1 Ω is Gauduchon
2 Ω is distinguished
3 |θΩ| is constant.

 Vaisman metrics, i.e. locally conformally Kähler metrics with ∇θ “ 0,
are both Gauduchon and distinguished.
 on manifolds with χpXq ‰ 0, distinguished‰ Gauduchon unless balanced
(θ “ 0).
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Proof

Suppose θ ‰ 0.

If Ω Gauduchon, fΩ “ |θ|
2

 Ω distinguished iff |θ|2Ω Gauduchon iff
|θ| ct.
If |θ| “ k P Rą0 and Ω is distinguished then Lfn´1

Ω “ 0 reads:

pn´ 1qfΩ∆q “ pn´ 1qpn´ 2q|dq|2 ´ pn´ 1qfΩxdq, θy ´ f
2
Ωq

where q :“ d˚θ. At a minimum point x0 P X for q, since fΩpx0q ą 0:

0 ě pn´ 1qfΩpx0q∆qpx0q “ ´f
2
Ωpx0qqpx0q ñ qpx0q ě 0.

But
ş

X qdv “ 0  q ” 0 so Ω is Gauduchon.
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The functional A

Let pX2n, Jq be a compact almost complex manifold and let tΩu1 be a
conformal class of normalised almost Hermitian metrics.

A : tΩu1 Ñ R, ApΩq :“
ż

X
|dcΩ|2dvΩ

Proposition (Angella, I, Otiman, Tardini ’20)
The extremal metrics for the functional A are characterized by the equation:

pn´ 1q|dΩ|2 ` 2d˚θ “ k, k P R.



The functional R

Let pX2n, Jq be a compact almost complex manifold and let tΩu1 be a
conformal class of normalised almost Hermitian metrics.

R : tΩu1 Ñ R, RpΩq :“
ż

X
|ddcΩ|2dvΩ

Proposition (Angella, I, Otiman, Tardini ’20)
The extremal metrics for the functional R are characterized by the equation:

pn´ 4q|ddcΩ|2 ` 2Λpddcq˚ddcΩ “ k, k P R.


