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Abstract. We study the left-orderability of the fundamental groups of cyclic branched covers

of links which admit co-oriented taut foliations. In particular we do this for cyclic branched

covers of fibered knots in integer homology 3-spheres and cyclic branched covers of closed braids.

The latter allows us to complete the proof of the L-space conjecture for closed, connected,

orientable, irreducible 3-manifolds containing a genus 1 fibered knot. We also prove that the

universal abelian cover of a manifold obtained by generic Dehn surgery on a hyperbolic fibered

knot in an integer homology 3-sphere admits a co-oriented taut foliation and has left-orderable

fundamental group, even if the surgered manifold does not, and that the same holds for many

branched covers of satellite knots with braided patterns.

1. Introduction

In this paper we study the left-orderability of the fundamental groups of rational homology

3-spheres M which admit co-oriented taut foliations. Our primary motivation is the L-space

conjecture:

Conjecture 1.1 (Conjecture 1 in [BGW], Conjecture 5 in [Ju]). Assume that M is a closed,

connected, irreducible, orientable 3-manifold. Then the following statements are equivalent.

(1) M is not a Heegaard Floer L-space,

(2) M admits a co-orientable taut foliation,

(3) π1(M) is left-orderable.

The conjecture is known to hold in a variety of situations, most notably whenM has positive first

Betti number ([Ga1], [BRW]), or is a non-hyperbolic geometric 3-manifold ([BRW, LS, BGW]),

or is a graph manifold ([BC, HRRW]). Condition (2) of the conjecture is known to imply

condition (1) ([OS1, KR2, Bn]). Gordon and Lidman introduced the term excellent for manifolds
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satisfying conditions (2) and (3), and therefore (1), of the conjecture, and total L-space for

manifolds satisfying neither (1) nor (3), and therefore neither (2). It is clear that Conjecture

1.1 holds for manifolds which are either excellent or total L-spaces and that the conjecture is

equivalent to the statement that a closed, connected, irreducible, orientable 3-manifold is either

excellent or a total L-space.

Given a closed, connected, irreducible, orientable 3-manifold M , the available techniques for

verifying that M satisfies conditions (1) and (2) of Conjecture 1.1 are far in advance of those

available for verifying (3). An equivalent condition for (3) is the existence of a non-trivial

homomorphism π1(M) → Homeo+(R) ([BRW, Theorem 1.1]), but these are difficult to con-

struct in general. One method for producing them is to consider a non-trivial representation

ρ : π1(M) → PSL(2,R) whose Euler class e(ρ) ∈ H2(M) vanishes (cf. §5). Such a ρ lifts

to a representation π1(M) → S̃L2 ≤ Homeo+(R), and so π1(M) is left-orderable. A draw-

back of this approach is that it gives no insight into potential connections between condition

(3) and conditions (1) and (2). To deal with this point, suppose that M satisfies (2) and let

ρ : π1(M)→ Homeo+(S1) be a non-trivial representation obtained through Thurston’s univer-

sal circle construction applied to a co-oriented taut foliation on M (cf. §6). As before, there is

a characteristic class e(ρ) ∈ H2(M) whose vanishing implies the left-orderability of π1(M). It

is folklore that e(ρ) coincides with the Euler class of the foliation’s tangent bundle (see Propo-

sition 7.1), and while the latter does not always vanish, one goal of this paper is to use contact

geometry to show that it does in topologically interesting situations. In particular, we use this

approach to investigate Conjecture 1.1 in the context of manifolds obtained as branched covers

of knots and links in rational homology 3-spheres.

Gordon and Lidman initiated such a study for links in S3 ([GLid1, GLid2]), focusing on torus

links and certain families of satellite knots, including cables. Here we will be mainly concerned

with cyclic branched cover of hyperbolic links. In this case the cyclic branched covers are almost

always hyperbolic ([BPH, Dun]).

Hyperbolic 2-bridge knots form one of the simplest families of hyperbolic knots and various

aspects of Conjecture 1.1 have been studied for their branched covers. For instance, work of

Dabkowski, Przytycki, and Togha [DPT] combines with that of Peters [Pe] to show that the

branched covers of many genus one 2-bridge knots, including the figure eight knot, are total

L-spaces. Hu showed that for large n, the fundamental group of the n-fold branched cyclic

cover of the (p, q) 2-bridge knot is left-orderable if q ≡ 3 (mod 4) [Hu]. More generally, Gordon

showed that the same conclusion holds for any 2-bridge knot with non-zero signature [Gor].

Boileau, Boyer and Gordon have investigated the n-fold branched cyclic covers of strongly

quasipositive knots [BBG] and have shown that in the fibered case, they are not L-spaces for

n ≥ 6. Given a fibered hyperbolic strongly quasipositive knot with monodromy h, one can

show that its fractional Dehn twist coefficient c(h) (cf. §4) is nonzero ([Hed, HKM1]). In this

case, work of Roberts ([Rob]) can be used to show that if n|c(h)| ≥ 1, the n-fold cyclic cover

branched cover of such K admits co-oriented taut foliations ([HKM2, Theorem 4.1]). In fact,

the latter holds for any hyperbolic fibered knot with non-zero fractional Dehn twist coefficient.

We use the universal circle construction to show that under the same conditions, the branched
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covers have left-orderable fundamental groups (Theorem 1.2). Thus they are excellent. Since

c(h) can be arbitrarily small for a hyperbolic fibered strongly quasipositive knot, the disparity

between the sufficient condition n ≥ 6 for (1) to hold and n ≥ 1
|c(h)| for (2) and (3) to hold is

arbitrarily large. A major challenge is to develop techniques to bridge this gap.

Before we state our results, we introduce some necessary notation and terminology. See §2 for

the details.

Given a 3-manifold V with a connected toroidal boundary, a slope on ∂V is a ∂V -isotopy

class of essential simple closed curves contained in ∂V . We identify slopes with ±-classes of

primitive elements of H1(∂V ), in the usual way, and often represent them by primitive classes

α ∈ H1(∂V ). The Dehn filling of V determined by a slope α on ∂V will be denoted by V (α).

Let K be an oriented null-homologous knot in an oriented rational homology sphere M . We

use X(K) to denote the exterior of K in M and µ, λ ∈ H1(∂X(K)) will denote, respectively,

the longitudinal and meridional classes of K (cf. §2.1). Since K is null-homologous, {µ, λ} is a

basis of H1(∂X(K)).

For each n ≥ 1, Xn(K)→ X(K) will be the canonical n-fold cyclic cover of X(K) and Σn(K)→
M the associated n-fold cyclic cover branched over K. There is a basis {µn, λn} of H1(∂Xn(K))

where the image of µn in H1(∂X(K)) is nµ and that of λn is λ. By construction, Σn(K) =

Xn(K)(µn) (§2.2).

Theorem 1.2. Let K be an oriented hyperbolic fibered knot in an oriented integer homology

3-sphere M with monodromy h.

(1) For n ≥ 1, Xn(K)(µn + qλn) is excellent whenever |nc(h)− q| ≥ 1.

(2) If c(h) 6= 0, then the n-fold cyclic branched cover Σn(K) is excellent for n|c(h)| ≥ 1. In

particular, this is the case if n ≥ 2(2g − 1) where g is the genus of K.

Remarks 1.3.

(1) For a fixed n ≥ 1, there are at most two values of q for which |nc(h) − q| < 1 and if two,

they are successive integers. Such exceptional values of q are necessary as, for instance, the

knot K may admit a non-trivial surgery with finite fundamental group.

(2) The inequality |nc(h)− q| ≥ 1 can be recast in terms of the distance ∆(α, β) between slopes

α, β on ∂X(K). Thinking of α and β as primitive classes in H1(∂X(K)) and using α · β to

denote their algebraic intersection number, we have ∆(α, β) = |α ·β|. If c(h) = a
b where a, b are

coprime integers, then the degeneracy slope of K is represented by the primitive class δ = bµ+aλ

([Ga3, KR1]). Then |nc(h) − q| < 1 if and only if ∆(nµ + qλ, δ) = |na − qb| < |b| = ∆(λ, δ).

Thus the theorem says that Xn(K)(µn + qλn) is excellent if ∆(nµ+ qλ, δ) ≥ ∆(λ, δ).

(3) The theorem and its corollaries below hold for hyperbolic fibered knots in oriented rational

homology spheres under the assumption that the Euler class of the tangent plane bundle of the

fibring of the exterior of the knot is zero. See Proposition 9.1.
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Fix a knot K in an integer homology 3-sphere M and coprime integers p > 0 and q. Let m be a

positive integer and set n = mp. A curve on ∂Xn(K) representing the homology class µn+mqλn
is sent to a curve on ∂X(K) representing nµ+mqλ = m(pµ+ qλ). Thus the n-fold cyclic cover

Xn(K) → X(K) extends to an n-fold cyclic cover Xn(K)(µn + mqλn) → X(K)(pµ + qλ)

branched over the core of the (pµ+ qλ)-filling torus with branching index m.

Here is another point of view. The universal abelian cover of an orbifold O is the regular cover

Õ → O corresponding to the abelianisation homomorphism π1(O) → H1(O). If we take O to

be the orbifold with underlying space X(K)(pµ+qλ) and singular set the core of the filling solid

torus with isotropy groups Z/m, then π1(O) is the quotient of π1(S3\K) by the normal subgroup

generated by the mth power of loop on ∂X(K) carrying pµ+qλ. Hence, H1(O) ∼= Z/mp = Z/n
and the branched cover Xn(K)(µn +mqλn)→ X(K)(pµ+ qλ) considered as a map with range

O is the universal abelian cover of O.

Theorem 1.2 has the following corollary.

Corollary 1.4. Let K be a hyperbolic fibered knot in an integer homology 3-sphere M with

monodromy h and consider coprime integers p > 0 and q as well as a positive integer m.

The universal abelian cover of the orbifold with underlying space X(K)(pµ + qλ) and singular

set the core of the filling solid torus with isotropy groups Z/m is an excellent 3-manifold if

m|pc(h)− q| ≥ 1.

Restricting to the case that m = 1 and referring to Remark 1.3(2) yields:

Corollary 1.5. Let K be a hyperbolic fibered knot in an integer homology 3-sphere with mon-

odromy h. Given coprime integers n ≥ 1 and q, then the universal abelian cover of X(K)(nµ+

qλ) is excellent for q 6∈

{
{nc(h)} if nc(h) ∈ Z

{dnc(h)e − 1, dnc(h)e} if nc(h) 6∈ Z
. Equivalently, if δ is the

degeneracy slope of K, then the universal abelian cover of X(K)(nµ + qλ) is excellent for

∆(nµ+ qλ, δ) ≥ ∆(λ, δ).

Corollary 1.5 is striking in that it says that the universal abelian cover of the generic Dehn

surgery on a hyperbolic fibered knot in an integer homology 3-sphere is excellent even when

the surgered manifold is not. In fact, assuming the truth of Conjecture 1.1, a version of the

corollary holds for all hyperbolic knots in certain integer homology 3-spheres. For instance, if

K is a non-fibered hyperbolic knot in S3, it admits no non-trivial surgeries which yield L-spaces

([Ni]). Conjecture 1.1 then implies that for n and q as in the corollary, the rational homology

sphere X(K)(nµ + qλ) admits a co-orientable taut foliation. Hence the same is true for its

universal abelian cover Xn(K)(µn + qλn). This cover also has a left-orderable fundamental

group, and is therefore excellent, by Remark 6.3 and [BRW, Lemma 3.1].

Conjecture 1.6. Let n, q be coprime integers with nq 6= 0 and let K be a hyperbolic knot in

S3. If the universal abelian cover of X(K)(nµ+ qλ) is not excellent, then K is fibered and if h

is its monodromy, q ∈

{
{nc(h)} if nc(h) ∈ Z

{dnc(h)e − 1, dnc(h)e} if nc(h) 6∈ Z
.
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This suggests that the universal abelian cover of an irreducible rational homology 3-sphere is,

in a very strong sense, generically excellent.

Problem 1.7. Determine necessary and sufficient conditions for the universal abelian cover of

an irreducible rational homology 3-sphere to be excellent.

We also have results on cyclic branched covers of non-fibered hyperbolic links in S3. Here is a

special case of Theorem 10.3.

Theorem 1.8. Let b ∈ B2n+1 be an odd-strand braid whose closure b̂ is an oriented hyperbolic

link L and let c(b) ∈ Q be the fractional Dehn twist coefficient of b. Suppose that |c(b)| ≥ 2.

Then all even order cyclic branched covers of b̂ are excellent.

Theorem 1.8 combines with results of Baldwin ([Bal]) and Li-Watson ([LW]) to prove that:

Theorem 1.9. Conjecture 1.1 holds for irreducible 3-manifolds which admit genus one open

book decompositions with connected binding.

In [GLid1], Gordon and Lidman studied the cyclic branched covers of (p, q)-cable knots in S3.

These are satellite knots whose patterns are (p, q)-torus knots embedded standardly in a solid

torus. They showed that the n-fold cyclic branched covers of (p, q)-cable knots are always

excellent, except possibly for the case n = q = 2 ([GLid1, Theorem 1.3]). In the latter case

they showed that the 2-fold branched covers of a (p, 2)-cable knots are never L-spaces [GLid2,

Theorem 1], and hence the truth of Conjecture 1.1 would imply that they are excellent.

Conjecture 1.10. (Gordon-Lidman) The n-fold cyclic branched cover Σn(K) of a prime, satel-

lite knot K is excellent.

Satellite links whose patterns are closed braids and whose companions are fibered are a partic-

ularly interesting class to investigate because, for instance, all L-space satellite knots in S3 fall

into this category ([BM, Theorem 7.3, Theorem 7.4]; also see [HRW, Theorem 35] and [Hom,

Proposition 3.3]). Moreover, Boileau, Boyer and Gordon have shown that the cyclic branched

covers of satellite L-space knots are never L-spaces [BBG, Corollary 6.4]. We show:

Theorem 1.11. Assume that L is a satellite link in an integer homology 3-sphere M whose

pattern P is hyperbolic and contained in its solid torus as the closure of an n-strand braid b, and

whose companion is a fibered hyperbolic knot C in M with fibre S and monodromy h. Suppose

that the fractional Dehn twist coefficients c(b) and c(h) are non-negative. Then for m ≥ 2

relatively prime to n, the m-fold cyclic branched cover of L is excellent.

Consider an L-space satellite knot K. Baker and Motegi have shown that the pattern P is a

closed braid [BM, §7]. Further, Hanselman, Rasmussen and Watson [HRW] have shown that C

is an L-space knot. Hence it is fibered and strongly quasipositive (cf. [Hed, Theorem 1.2], [Ni,

Corollary 1.3] and the calculations of [OS2]), so its fractional Dehn twist coefficient is non-zero

(cf. [Hed, HKM2]). Up to replacing K by its mirror image, we can suppose that this fractional

Dehn twist is positive.
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In the case that both pattern and companion are hyperbolic, and the fractional Dehn twist

coefficient of the pattern braid is nonnegative (cf. [Hom, Question 1.8]), Theorem 1.11 shows

that Σm(K) is excellent whenever m is relatively prime to the braid index of the pattern.

Our final theorem and corollary verify special cases of Conjecture 1.10.

Theorem 1.12. Assume that L is a satellite link in an integer homology 3-sphere M whose

pattern is hyperbolic and contained in its solid torus as the closure of an n-strand braid b, and

whose companion is a fibered hyperbolic knot C in M with fibre S and monodromy h.

(1) If c(h) = 0, then the m-fold cyclic branched cover of L is excellent whenever gcd(m,n) = 1.

(2) If c(h) 6= 0, then the m-fold cyclic branched cover of L is excellent when gcd(m,n) = 1 and

m ≥ 2
|c(h)| .

We remark that by Proposition 4.4, c(h) ≥ 1
2(2g(C)−1) where g(C) is the genus of the companion

knot C. Hence the condition m ≥ 2
|c(h)| in Theorem 1.12(2) holds if m ≥ 4(2g(C)− 1).

Corollary 1.13. Assume that L is a satellite link in an integer homology 3-sphere M whose

pattern is a hyperbolic closed n-strand braid and whose companion is a fibered hyperbolic knot in

M . Then the m-fold cyclic branched cover of L is excellent when gcd(m,n) = 1 and m� 0. �

Here is the plan of the paper. In §2 we introduce background material and notational con-

ventions. Section 3 covers some basic concepts regarding mapping class groups and braids. In

particular, we show that hyperbolic links are never the closure of a non-pseudo-Anosov braids

(Proposition 3.1). Section 4 introduces fractional Dehn twist coefficients from two perspectives:

isotopies (§4.1) and translation numbers (§4.2). The Euler classes of representations with val-

ues in Homeo+(S1) and of oriented circle bundles are defined and related in §5. Section 6 is

devoted to a description of the universal circle associated to a rational homology 3-sphere M

endowed with a co-oriented taut foliation. In §7 we prove a folklore result which identifies the

Euler class of the universal circle representation with the Euler class of the associated foliation’s

tangent bundle, and §8 uses this to deduce the left-orderabilty of π1(M) when this Euler class

vanishes. The material of the previous sections is combined in §9 to study the left-orderability

of 3-manifolds given by open books. In particular, Theorem 1.2, Corollary 1.4 and Corollary

1.5 are proved here. In §10 we prove Theorems 1.8 and 10.3, which are used in §11 to deduce

Theorem 1.9. Finally in §12, we apply the results of §9 and §10 to study cyclic branched covers

of satellite knots in order to prove Theorems 1.11 and 1.12.

2. Background notions, terminology, and notation

2.1. Knot exteriors in rational homology spheres. We review some basic facts on null-

homologous knots in rational homology spheres and their meridional and longitudinal slopes.

Let M be an oriented rational homology sphere and K a null-homologous knot in M . We use

N(K) to denote a closed tubular neighbourhood of K ⊂M and X(K) = M \N(K) to denote
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the exterior of K. A meridional disk of K is any essential properly embedded disk in N(K)

which is oriented so that its intersection with the oriented knot K is positive.

The meridional slope of K is represented by a primitive class µ ∈ H1(∂X(K)) corresponding

to the oriented boundary of a meridional disk of K. A meridional class of K in H1(X(K)) is

the image of µ under the inclusion-induced homomorphism H1(∂X(K))→ H1(X(K)).

The assumption that K is null-homologous implies that there is a slope of K is represented

by a primitive class λ ∈ H1(∂X(K)) which is null-homologous in X(K). Duality implies that

such a slope is unique and it is known that the algebraic intersection number of µ and λ is ±1,

which implies that λ is homologous to ±[K] in N(K). We choose λ so that it is homologous to

[K] and refer to it as the longitudinal slope of K. Then µ · λ = 1.

Lemma 2.1. Suppose that K is a null-homologous knot in a rational homology 3-sphere M

with exterior X(K). Then H1(X(K)) ∼= H1(M)⊕ Z where the second factor is generated by a

meridional class of K. Further, the inclusion-induced homomorphism H2(M)→ H2(X(K)) is

an isomorphism.

Proof. The exact sequence of the pair (M,X(K)) yields a short exact sequence

(2.1.1) 0→ H2(M,X(K))
∂−→ H1(X(K))→ H1(M)→ 0

Excision implies that

Hr(M,X(K)) ∼= Hr(N(K), ∂N(K)) ∼=

{
Z if r = 2, 3

0 otherwise

where H2(M,X(K)) ∼= Z is generated by the class η carried by a meridional disk of N(K).

Since K is null-homologous in M , there is a properly embedded, compact, connected, oriented

surface S in X(K) such that (∂[S]) ·µK = [∂S] ·µK = ±1, where [S] ∈ H2(X(K), ∂X(K)) cor-

responds to the fundamental class of S. The homomorphism H1(X(K))→ H2(M,X(K)), α 7→
(α · [S])η splits the sequence (2.1.1) up to sign. This proves the first assertion of the lemma.

For the second, consider the connecting map H1(X(K))
δ−→ H2(M,X(K)) from the cohomology

exact sequence of the pair (M,X(K)). Excision shows that

H2(M,X(K)) ∼= H2(N(K), ∂N(K)) ∼= Hom(H2(N(K), ∂N(K)),Z) ∼= Z

is generated by the homomorphism which takes the value 1 on the class η ∈ H2(M,X(K)) =

H2(N(K), ∂N(K)). On the other hand, since H1(X(K)) ∼= H1(M) ⊕ Z where the Z factor is

generated by ∂η, if ν ∈ Hom(H1(X(K)),Z) ∼= H1(X(K)) is the homorphism which takes the

value 1 on a meridian of K and 0 on H1(M), then δ(ν) is a generator of H2(N(K), ∂N(K)).

Thus δ is surjective. It then follows from the exact cohomology sequence of the pair (M,X(K))

that the homomorphism H2(M) → H2(X(K)) is an isomorphism, which completes the proof.

�
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2.2. Cyclic branched covers of null-homologous knots in rational homology spheres.

Given a null-homologous knot K in an oriented rational homology sphere M , we have an

epimorphism H1(X(K)) = H1(M) ⊕ Z projection−−−−−−→ Z (mod n) reduction−−−−−−−−−−→ Z/n which determines an

n-fold cyclic cover

Xn(K)→ X(K)

and an n-fold cyclic cover

Σn(K)→M

branched over K.

We described a canonical basis {µn, λn} of H1(∂Xn(K)) in the introduction which was charac-

terised by the requirement that the image of µn in H1(∂X(K)) is nµ and that of λn is λ. By

construction,

Σn(K) = Xn(K)(µn)

2.3. Fibered knots, open books and H1(Xn(K)). An oriented knot K in M is called fibered

with fibre S if S is a compact, connected, orientable surface properly embedded in X(K) which

has connected boundary carrying and there is a locally-trivial fibre bundle X(K) → S1 with

fibre S. Note that S ∩ ∂X(K) carries the longitudinal slope λ of K.

A monodromy of K is an orientation-preserving homeomorphism h : S → S such that h|∂S
is the identity, X(K) ∼= (S × I)/((x, 1) ∼ (h(x), 0)), and if x ∈ ∂S, then the loop on ∂X(K)

determined by {x}×I carries the meridional slope µ of K. If S has negative Euler characteristic,

h is well-defined up to an isotopy fixed on ∂S.

Conversely, given an orientation-preserving homeomorphism h of a compact, connected, ori-

entable surface S with connected boundary which restricts to the identity on S, there is

a well-defined closed, connected, orientable 3-manifold M obtained from the Dehn filling of

(S× I)/((x, 1) ∼ (h(x), 0)) along the slope determined by the image of {x}× I for x ∈ ∂S. The

core of the filling solid torus is a knot K in M which is fibered with fibre S and monodromy

h. The meridian of K is carried by the image of {x} × I. We call the pair (S, h) an open book

decomposition of M with binding K.

2.4. Contact structures on branched covers. Let M be an oriented rational homology

3-sphere and K an oriented null-homologous knot in M . As above, we use X(K) to denote the

exterior of K in M .

Let ξ = ker(α) be a positive contact structure on M determined by a smooth, nowhere zero

1-form α and suppose that K is a positively transverse knot in (M, ξ). There is a lift of ξ to

Σn(K), denoted by ξ̃, which is the kernel of the pull-back form p∗(α) on X(K) and is positively

transverse to K̃ within the tubular neighbourhood N(K̃) = Σn(K) \Xn(K) of K̃ (cf. [HKP,

§2.5], [Gei, Theorem 7.5.4]). More precisely, ξ can be constructed as follows.

By choosing a suitable cylindrical coordinates (r, θ, z) and (r̃, θ̃, z̃) over the tubular neighbor-

hoods N(K) = M \X(K) and N(K̃) respectively, we may assume that the contact form α

restricted to N(K) is in the standard form α|N(K) = dz + r2dθ and the cyclic branched cover
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p restricts to N(K̃) \ K̃ sends (r̃, θ̃, z̃) to (r, nθ, z). The pull-back p∗(α|N(K)) = dz̃ + nr̃2dθ̃ is

a contact form over N(K̃) \ K̃ which extends smoothly to N(K̃), thus producing the desired

contact form on Σn(K).

Lemma 2.2. Let K be an oriented, null-homologous, positively transverse knot in a contact

rational homology 3-sphere (M, ξ) and suppose that Σn(K) is a rational homology 3-sphere. Let

ξ̃ be the lift of ξ to Σn(K) as described above. If e(ξ) = 0, then e(ξ̃) = 0. In particular, e(ξ̃) = 0

if M is an integer homology 3-sphere.

Proof. Let j : X(K)→M be the inclusion. By construction, ξ̃|Xn(K) is the pull-back of ξ|X(K)

via the covering map p : Xn(K)→ X(K). Since e(ξ) = 0, we have e(ξ̃|Xn(K)) = (j ◦p)∗(e(ξ)) =

0. Let K̃ be the preimage of K under p. In particular, K̃ is null-homologous in Xn(K). So

Lemma 2.1 implies that e(ξ̃) = 0, which is what we wanted to prove. �

3. Mapping class groups and closed braids

Throughout this section S will denote an n-punctured (n ≥ 0) smooth orientable compact

surface with m ≥ 0 boundary components. All diffeomorphisms of S will be assumed to be

orientation-preserving.

We use Mod(S) to denote the mapping class group of isotopy classes of diffeomorphisms of S

which restrict to the identity on ∂S. Isotopies are assumed to be fixed on ∂S.

¿From time to time we will identify an element of Mod(S) with one of its representative diffeo-

morphisms, though only when discussing properties held by all such representatives.

3.1. The Nielsen-Thurston classification of mapping classes. A mapping class f ∈
Mod(S) is called reducible if there exists a nonempty collection C = {c1, · · · cn} of pairwise

disjoint essential simple closed curves in S such that f(C) is isotopic to C. It is called periodic if

some non-zero power of it is freely isotopic to the identity. Finally, it is called pseudo-Anosov if

f is freely isotopic to a homeomorphism ϕ : S → S which preserves a pair (Fs, µs) and (Fu, µu)

of mutually transverse, measured, singular foliations on S, and there is a number λ > 1 such

that ϕ scales the transverse measure µs by λ−1 and the transverse measure µu by λ. We call

(Fs, µs) the stable foliation of ϕ and (Fu, µu) the unstable foliation of ϕ.

By the Nielsen-Thurston classification, each element f in Mod(S) is either periodic, reducible

or pseudo-Anosov. Moreover, a pseudo-Anosov mapping class is neither periodic nor reducible

[Thu] (also see [FM]). In fact, a fundamental result of Thurston is that the interior of the

mapping torus of f ∈ Mod(S) is a finite volume hyperbolic manifold if and only if f is pseudo-

Anosov. It contains an essential torus if and only if f is reducible and it is a Seifert fibre

manifold if f is periodic.

3.2. The braid group Bn and Mod(Dn). We use Bn to denote the group of isotopy classes

of smooth n-strand braids, where each strand of a braid is oriented upward. Let σi be the

standard ith Artin generator of the braid group Bn, i = 1, · · · , n− 1 (Figure 1(A)).
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· · · · · ·

ni+ 1i

d

(a)

1
· · ·
i i+ 1

· · ·
n

σi

1
· · · · · ·

nii+ 1

(b)

Figure 1. (A) σi in Bn; (B) σi in Mod(Dn)

It is well known that the braid group Bn is isomorphic to the mapping class group Mod(Dn),

where Dn denotes the n-punctured disk obtained by removing n points on the real line from

the interior of the complex unit disk D2. We identify these two groups through the following

correspondence. Given an n-strand braid the corresponding diffeomorphism of Dn is obtained

by sliding the n-punctured disk along the braid from the bottom to the top (see Figure 1). The

product of two braids b1 and b2 is the braid obtained by placing b1 on the top of b2. When b1
and b2 are viewed as diffeomorphisms of the punctured disk Dn, we have b1b2(x) = b1(b2(x))

for all x ∈ Dn.

A braid b ∈ Mod(Dn) is called pseudo-Anosov, respectively periodic, respectively reducible, if it

is freely isotopic to a homeomorphism of Dn with the corresponding property.

3.3. Hyperbolic links are closures of pseudo-Anosov braids. The closure of a braid b,

denoted b̂, is an oriented link in S3 obtained by closing the braid b as illustrated in Figure 2. A

classical theorem of Alexander [Al] asserts that for any oriented link L in S3, there is an n ≥ 1

and a braid b ∈ Bn such that L is isotopic to b̂.

b b

ν

Figure 2

Recall that a link L in S3 is hyperbolic if its exterior S3\L is hyperbolic, i.e., it admits a complete

finite volume Riemannian metric of constant curvature −1. Ito has shown [Ito2, Theorem 1.3]

that if the absolute value of the Dehornoy floor (Definition 10.4) of b ∈ Bn is at least 2 and β̂

is a knot, then b̂ is hyperbolic if and only if b is pseudo-Anosov. While this may not hold in

general, we do have the following result.

Proposition 3.1. Given a braid b ∈ Bn, if the closed braid b̂ is a hyperbolic link, then b is a

pseudo-Anosov braid.
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Proof. By the Nielsen-Thurston classification, it suffices to show that b is neither periodic nor

reducible.

Let Nb
∼= Dn × [0, 1]/(x, 1) ∼ (b(x), 0) be the mapping torus of b. The boundary T0 of Nb is

homeomorphic to a torus and if ν = {p} × [0, 1]/ ∼, a simple closed curve on ∂Nb, where p is

a point on ∂Dn (see Figure 2), then the exterior of b̂ is homeomorphic to the manifold Nb(ν),

obtained by performing a Dehn filling Nb along ν.

If b is periodic, then Nb is Seifert fibered, and as each Dehn filling of a Seifert fibered manifold

is a connected sum of Seifert fibered manifolds, our hypothesis implies that this case does not

arise.

Suppose then that b is reducible and fix a collection C = {c1, · · · , cn} ⊂ int(S) of pairwise

disjoint essential simple closed curves in Dn such that b(C) is isotopic to C. After possibly

replacing f from within its mapping class we can assume that b(C) = C.

Each ci bounds a disk Ei in the unit disk, and as ci is essential in Dn, some of the punctures

in Dn are contained in Ei and some are not. By hypothesis, the union
⋃
i(ci × [0, 1])/ ∼ gives

rise to a collection of essential tori in Nb. Each of these tori is separating since Nb is contained

in S3.

Let T denote one of these tori. Then Nb = M1 ∪T M2 where T = M1 ∩M2 = ∂M1 ∩ ∂M2 and

neither M1 nor M2 is the product of a torus and an interval. Without loss of generality we can

assume that T0 ⊂ ∂M1.

The exterior of the closed braid b̂ is obtained by performing a Dehn filling of Nb along ν. That

is, it is given by Nb(ν) = M1(ν) ∪T M2. If T compresses in Nb(ν), it must compress in M1(ν),

and this occurs if and only if M1(ν) ∼= (S1 ×D2)#W for some 3-manifold W , possibly S3.

If W 6= S3, then Nb(ν) is reducible, contrary to our assumption that it is hyperbolic. Thus

M1(ν) ∼= S1 × D2, so in particular M1 is compact. It follows that M2 contains each of the

ends of Nb. Fix integers 1 ≤ i1 < . . . < ik ≤ n such that T ∩Dn = ci1 ∪ . . . ∪ cik . Then each

of the punctures of Dn lie to the side of ci1 contained in M2. But then Ei1 contains each of

these punctures, contrary to construction. Thus b cannot be reducible, which completes the

proof. �

4. Fractional Dehn twist coefficients

Let S be an oriented hyperbolic surface with nonempty geodesic boundary. Given h : S → S

representing an element of Mod(S), let Ht : S → S denote a free isotopy between H0 = h and

H1 = ϕ, the Nielsen-Thurston representative of h.

We are interested in the fractional Dehn twist coefficient of h with respect to a boundary

component of S. Intuitively, the fractional Dehn twist coefficient of h is a rational number

representing the amount of twisting ∂S undergoes during the isotopy Ht from h to ϕ. The

concept was first defined in [HKM1] to study the tightness of the contact structure supported
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by the open book (S, h). When h is pseudo-Anosov it is closely related to the degeneracy

slope of a pseudo-Anosov homeomorphism [GO]. If in addition ∂S is also connected, it gives

a convenient criterion due to Honda, Kazez and Matic for the existence of co-oriented taut

foliations in the open book (S, h) (cf. Theorem 4.1) which provides a key element of the proofs

of our main results.

Originally, the fractional Dehn twist coefficient was defined only for diffeomorphisms freely

isotopic to pseudo-Anosov maps [HKM1], but it is clear that the concept of measuring the

difference between h and its Nielsen-Thurston representative over ∂S makes sense for homeo-

morphisms.

Here we give two equivalent definitions of the fractional Dehn twist coefficient in Section 4.1

and Section 4.2 below, and will take advantage of both points of view.

For simplicity, we also assume that ∂S is connected and leave to the reader the simple task of

extending the definition to the case that ∂S is not connected (also see [HKM1]).

The following theorem summarizes results from [HKM2]. See Theorem 4.1, Theorem 4.3, and

Lemma 4.4 of that paper for the details.

Theorem 4.1 ([HKM2]). Assume that (S, h) is an open book decomposition of a closed oriented

3-manifold M , where the boundary ∂S is connected and h is free isotopic to a pseudo-Anosov

homeomorphism. If the fractional Dehn twist coefficient of h satisfies c(h) ≥ 1, then there exists

a co-orientable taut foliation on M which is transverse to the binding of (S, h) and is homotopic

to the contact structure supported by (S, h).

4.1. Fractional Dehn twist coefficients via isotopies. In this section, we define the frac-

tional Dehn twist coefficient following the idea of [HKM1] and extend the definition to all types

of diffeomorphism h.

Let C ∼= S1 denote the boundary of S and fix a periodic orbit {p0, · · · , pn−1} ⊂ C of the Nielsen-

Thurston representative ϕ of h. When ϕ is pseudo-Anosov, we may choose {p0, · · · , pn−1} to

be a subset of the singular points on C of the stable singular foliation of ϕ.

Assume that p0, · · · , pn−1 are indexed cyclically according to the orientation on C induced

by that on S. Since the set {p0, · · · , pn−1} is preserved under ϕ, there exists an integer k ∈
{0, 1, · · · , n− 1} such that ϕ(p0) = pk. Then Ht|p0 : [0, 1]→ C defines a path on the boundary

component C connecting H0(p0) = p0 to H1(p0) = pk.

The orientation of C determines an oriented subarc γp0pk of C from p0 to pk. Let γ̄p0pk denote

the same arc with the opposite orientation. Then Ht(p0)∗ γ̄p0pk , the concatenation of the paths

Ht(p0) and γ̄p0pk , is a loop in C based at p0. Hence there is a unique integer m such that

(4.1.1) [Ht|p0 · γ̄p0pk ] = [C]m ∈ π1(C, p0)

where [C] is the generator of π1(C, p0) ∼= Z determined by the orientation of C.
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Definition 4.2 ([HKM1]). The fractional Dehn twist coefficient c(h) of the diffeomorphism h

is defined to be

c(h) = m+
k

n
.

Remark 4.3. Since the connected components of Homeo(S) are contractible (see Theorem

1.14 in [FM] and the references therein), any two paths Ht and H ′t between h and ϕ (as above)

are homotopic rel {h, ϕ}. Thus the paths Ht|p0 and H ′t|p0 are homotopic rel {0, 1}, which shows

that c(h) is independent of the choice of Ht. A similar argument shows that c(h) depends only

on the class of h in Mod(S), and so determines an invariant for each mapping class in Mod(S).

Proposition 4.4. (cf. [KR1, Theorem 4.4]) Let S be a compact orientable hyperbolic surface

with connected boundary C and let h be a diffeomorphism of S which restricts to the identity

on ∂S. If h is pseudo-Anosov and c(h) 6= 0, then

|c(h)| ≥ 1

−2χ(S)
.

Proof. This is a straightforward consequence of the Euler-Poincaré formula [FM, Proposition

11.4].

Let Fs be the stable singular foliation of the pseudo-Anosov homeomorphism ϕ that is freely

isotopic to h. By definition, c(h) can be written as a possibly unreduced fraction p/q with q > 0

being the number of the singular points of Fs on C.

Let {xi} be the singular points of Fs contained in the interior of S. For each i, ni ≥ 3 will

denote the number of prongs of Fs at xi. Then by the Euler-Poincaré formula, we have

2(χ(S) + 1) = (2− q) +
∑
i

(2− ni).

Since ni ≥ 3,
∑

xi
(2− ni) ≤ 0 with equality only if {xi} is empty. It follows that −2χ(S) ≥ q.

By assumption, c(h) 6= 0. Therefore,

|c(h)| = |p|
q
≥ 1

q
≥ 1

−2χ(S)
.

�

4.2. Fractional Dehn twist coefficients via translation numbers. Recall that H̃omeo+(S1)

consists of the elements of Homeo+(R) which commute with translation by 1, which we denote

by sh(1) (cf. §5). Fix x0 ∈ R and define the translation number of f̃ ∈ H̃omeo+(S1) to be the

limit

τ(f̃) = lim
n→∞

f̃n(x0)− x0

n
This limit always exists and is independent of the choice of x0.

Let S̃ be the universal cover of S and C̃ ⊂ S̃ be a lift of ∂S = C. By construction, we can take

S̃ to be a closed subset of H2 with geodesic boundary. In particular, C̃ is geodesic. We use

∂∞S̃ to denote the intersection of the Euclidean closure of S̃ in H2
with ∂H2

. Then ∂S̃ ∪ ∂∞S̃
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is homeomorphic to a circle. The complement of the closure of C̃ in this circle is homeomorphic

to R which we parameterise and orient so that the lift of the Dehn twist along C, denoted by

T∂S , is the translation sh(1).

Given any element f ∈ Mod(S), let f̃ : S̃ → S̃ denote the unique lift of f satisfying f̃ |C̃ = idC̃ .

This correspondence defines an embedding of groups

ι : Mod(S)→ H̃omeo+(S1),

with ι(T∂S) = sh(1). It was shown in [Mal] (see also [IK, Theorem 4.16]) that the fractional

Dehn twist coefficient of h in Mod(S) satisfies

c(h) = τ(ι(h)).

To simplify notation we will write τ(ι(h)) as τ(h).

Here are a few properties of fractional Dehn twist coefficients inherited from those of translation

numbers (cf. [Ghy, §5]).

Lemma 4.5. The fractional Dehn twist coefficient map c : Mod(S) → Q takes the value 1 on

T∂S. If h1, h2 ∈ Mod(S) commute, then c(h1h2) = c(h1) + c(h2). In particular, c(hn) = nc(h)

for any h ∈ Mod(S) and n ∈ Z.

5. Euler classes of representations and circle bundles

Each central extension of a group G by an abelian group A determines a class e ∈ H2(G;A),

called the characteristic class of the extension, and the correspondence is bijective (cf. [Ghy,

§6.1]). Such an extension is isomorphic to the trivial extension 1 → A → G × A → G → 1 if

and only if its characteristic class is zero. Of particular interest to us is the central extension

(5.0.1) 1 −→ Z −→ H̃omeo+(S1)
π−→ Homeo+(S1) −→ 1,

where H̃omeo+(S1) = {f ∈ Homeo+(R) : f(x+1) = f(x)+1} is the universal covering group of

Homeo+(S1). The kernel of the covering homomorphism π consists of all integral translations

of the real line. The characteristic class of this extension generates H2(Homeo+(S1)) ∼= Z. See

[MM, Example 2.12].

Given a representation ρ : G → Homeo+(S1), let G̃(ρ) be the subgroup of the direct product

G × H̃omeo+(S1) given by G̃(ρ) = {(g, f) such that ρ(g) = π(f)} and π(ρ) : G̃(ρ) → G the

projection. Then π(ρ) is a central Z-extension of G with Euler class e(ρ) = ρ∗(eS1). It is easy

to see that the extension is trivial if and only if ρ admits a lift to a representation with values

in H̃omeo+(S1). Thus e(ρ) = 0 if and only if ρ lifts to H̃omeo+(S1).

Here is an alternative way of viewing this fact which is convenient for our purposes.

Let ξ be an oriented circle bundle E → X where X is a CW complex. The Euler class

e(ξ) ∈ H2(X) is the obstruction to finding a section of ξ. The class e(ξ) vanishes if and only if

ξ is a trivial bundle. The Euler class of an oriented Euclidean 2-plane bundle is defined to be

that of its associated circle bundle.
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For later use, we record how to express e(ξ) in terms of the Thom class of ξ. For details, see

[Spa, §5.7], where the Thom class is referred to as the orientation class and the Euler class is

referred to as the characteristic class.

Consider the mapping cylinder Dξ → X of E → X. This is an oriented 2-disk bundle and as

such has a Thom class uξ ∈ H2(Dξ, E) uniquely characterised by the condition that for each disk

fibre D of Dξ, the image of uξ under the restriction homomorphism H2(Dξ, E) → H2(D, ∂D)

is the orientation generator. Then the Euler class e(ξ) is the image of uξ under the composition

H2(Dξ, E)→ H2(Dξ)
∼=−→ H2(X).

To relate these two sorts of Euler classes, fix a representation ρ : π1(X)→ Homeo+(S1). There

is an associated oriented circle bundle Eρ → X whose total space is defined by

Eρ = X̃ × S1/(x, v) ∼ (g · x, ρ(g)v),

where X̃ is the universal cover of X. The projection map X̃ × S1 → X̃ descends to the bundle

map Eρ → X.

Lemma 5.1 ([Mi1] Lemma 2). A representation ρ : π1(X) → Homeo+(S1) lifts to a rep-

resentation ρ̃ : π1(X) → H̃omeo+(S1) if and only if the Euler class of the circle bundle Eρ
vanishes. �

We remark that if E → X is an oriented 2-disk-bundle or an oriented R2-bundle with preferred

section, then there is an associated oriented circle bundle ξ over X. The Euler class e(E → X)

is defined to be e(ξ).

6. Universal circle actions

Throughout this section M will denote a closed connected oriented 3-manifold and F a topolog-

ical co-oriented taut foliation on M . Such foliations are known to be isotopic to foliations whose

leaves are smoothly immersed and whose tangent planes vary continuously across M ([Cal1]).

We assume below that F satisfies this degree smoothness. Consequently, the tangent planes of

F determine a 2-plane subbundle TF of TM . Orient TF so that its orientation together with

the co-orientation of F determines the orientation of M .

We suppose that there is a Riemannian metric g on M whose restriction to the leaves of F
has constant curvature −1. By this we mean that the restriction of g to each plaque of F
has constant curvature −1. Under this assumption, W. Thurston constructed a circle S1

univ

associated to F and a non-trivial homomorphism ρuniv : π1(M)→ Homeo+(S1
univ). The key to

the proof of our main results is determining sufficient conditions for the vanishing of e(ρuniv).

To that end, we prove Proposition 7.1, a folklore result which identifies the Euler class of the

circle bundle Eρuniv with the Euler class of the tangent bundle TF of F .

In this section, we review the construction of ρuniv following the approach found in [CD] (see

also [Cal2]). We prove Proposition 7.1 in §7.
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6.1. Bundles from circles at infinity. Let (M, g,F) be as above. As F is taut, the inclusion

map induces an injection from the fundamental group of each of its leaves to π1(M) ([Nov]).

Hence each leaf of the pull-back foliation F̃ on the universal cover M̃ of M is simply-connected.

The leaf space L of F̃ is the quotient space of M̃ obtained by collapsing each leaf of F̃ to a

point. The simple-connectivity of M̃ implies that transversals to F̃ map homeomorphically

to their images in L and as such, the co-orientation on F determines an orientation on these

images. Globally, L is an oriented, though not necessarily Hausdorff, 1-manifold (cf. [Cal2,

Lemma 4.45]).

We use the Poincaré disk model for the hyperbolic plane H2. In particular, the underling space

of H2 is the open unit ball in R2 whose closure, denoted H2
, is the unit disk. The boundary

of H2
is the unit circle S1 and is called the boundary of H2 at infinity. Given a point p in

H2 and a unit tangent vector v ∈ UTpH2, there is a unique geodesic ray γp,v : [0,∞) → H2

for which γp,v(0) = p and γ̇p,v(0) = v, and this geodesic ray limits to a unique point of ∂H2
.

This correspondence determines a canonical homeomorphism between UTpH2 and ∂H2
for any

p ∈ H2.

Since each leaf λ of F̃ is isometric to the hyperbolic plane H2 with respect to the pull-back g̃ of

g to M̃ , each λ gives rise to a circle at infinity which we denote by ∂∞λ. This association allows

us to define two related S1-bundles with fibres ∂∞λ. The first, denoted Ē∞, has base L and

the second, denoted E∞, has base M̃ . The topologies of these bundles are defined similarly.

Let {(Uα, ϕα)} be a regular foliated atlas of F̃ such that ϕα(Uα) ∼= Rα × Bα where Rα is a

rectangular region in R2 and Bα is an open interval in R. We use Fα to denote the foliation on

Rα ×Bα determined by the plaques Rα × {x}.

Recall that we have assumed that the transition maps ϕβ ◦ ϕ−1
α are horizontally smooth. In

particular, the differential “D(ϕβ ◦ϕ−1
α )” is defined and varies continuously over TFα|ϕα(Uα∩Uβ).

Hence if UT F̃ and UTRα denote the unit tangent bundles of F̃ and Rα, the atlas {(Uα, ϕα)}
determines local trivialisations {ϕ̃α} of UT F̃ :

UT F̃ |Uα → (UTRα)×Bα ≡ (Rα × S1)×Bα ≡ (Rα ×Bα)× S1 ∼= Uα × S1

whose transition functions ϕ̃β ◦ ϕ̃−1
α : ϕα(Uα ∩ Uβ)× S1 → ϕα(Uα ∩ Uβ)× S1 are continuous.

Consider the fibre-preserving bijection

(6.1.1) G : UT F̃ → E∞, (p̃, v) 7→ γ(p̃,v)

where γ(p̃,v)(t) is the geodesic ray on the leaf of F̃ containing p̃ which satisfies γ(p̃,v)(0) = p̃

and γ̇(p̃,v)(0) = v. We use this bijection to topologise E∞ and endow it with the structure of a

locally-trivial oriented S1-bundle over M̃ with transition functions {ϕ̃β ◦ ϕ̃−1
α }.

Defining the topology on E∞ is similar. Fix a transversal τ to F̃ . The simply-connectivity of

M̃ implies that τ embeds in L with image l, say. As above, there is a bijection

(6.1.2) Gτ : UT F̃ |τ → Ē∞|l, (p̃, v) 7→ γ = γ(p̃,v)
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which we declare to be a homeomorphism. Distinct transversals with the same image in L
determine the same topology on Ē∞|l since the geometry of the leaves of F̃ varies continuously

over compact subsets of M̃ . See [CD, §2.8] for more details and discussion.

Remark 6.1. By construction, the deck transformations of the cover M̃ → M determine

isometries between the leaves of F̃ and as such, induce homeomorphisms between the fibres

of Ē∞ and E∞. The naturality of the topologies on Ē∞ and E∞ is reflected in the fact these

homeomorphisms determine actions of π1(M) on Ē∞ and E∞ by bundle maps.

6.2. Circular orders and monotone maps. A circular order on a set O of cardinality 4 or

more is a collection of linear orders <p on O \ {p}, one for each p ∈ O, such that for p, q ∈ O,

the linear orders <p and <q differ by a cut on O \ {p, q}. (See [Cal2, Definition 2.34] for the

details.) If O = {x, y, z} has three elements, we add the condition that y <x z if and only if

z <y x. Subsets of cardinality 3 or more of circularly ordered sets inherit circular orders in the

obvious way.

The archetypal example of a circularly ordered set is an oriented circle where the linear orders

<p on S1\{p} are those determined by the orientation. More generally, any subset of cardinality

3 or more of an oriented circle inherits a circular order from the orientation on the circle.

Given a circularly ordered set O of four or more elements, we define an ordered triple (x, y, z) ∈
O3 to be positively ordered if there is a p ∈ O \ {x, y, z} such that x <p y <p z. We call (x, y, z)

negatively ordered if there is a p ∈ O \ {x, y, z} such that y <p x <p z. We leave it to the reader

to verify that a positively ordered triple is never negatively ordered and vise versa. Further,

a triple of distinct points (x, y, z) is positively ordered, respectively negatively ordered, if and

only if (y, z, x) is positively ordered, respectively negatively ordered.

A totally ordered set S admits a natural topology with basis consisting of the open interval

(x, y) = {p ∈ S : x <S p <S y}. A map f : S → T between totally-ordered sets is called

monotone if it is surjective and if f−1(t) is a closed interval [x, y] = {p ∈ S : x ≤S p ≤S y} for

each t ∈ T . Monotone maps are continuous and satisfy f(s1) ≤T f(s2) whenever s1 <S s2.

We make analogous definitions for circularly ordered sets. Given distinct points x, y in a circu-

larly ordered setO, we define the open interval (x, y) to be {p ∈ O : (x, p, y) is positively ordered}.
Closed intervals are defined similarly. The complement of an open, respectively closed, interval

is a closed, respectively open, interval.

The set of open intervals in O forms a basis of the order topology on O. Closed intervals are

closed in this topology. If O is a subset of an oriented circle with the induced circular order,

then the order topology coincides with the subspace topology and the open intervals of O are

intersections of O with open arcs of the circle.

A map f : O1 → O2 between circularly ordered sets is called monotone if it is surjective and

point inverses are closed intervals. Then for any p2 ∈ O2 and p1 ∈ f−1(p2) ⊂ O1, the restriction

of f to (O1 \ f−1(p2), <p1) → (O2 \ {p2}, <p2) is a monotone map of totally ordered sets.

Monotone maps are continous.
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6.3. Sections of Ē∞ and universal circles. The key to the proof of the existence of a

universal circle S1
univ of F is the construction of a certain set of sections S = {σ : L → Ē∞} of

the circle bundle Ē∞ which is circularly orderable and is closed under the action of π1(M) on

Ē∞ ([CD, §6]). The set S is separable with respect to the order topology and contains no pair

of distinct elements σ1, σ2 such that (σ1, σ2) = ∅ (i.e. S has no gaps), so it can be embedded

into an oriented circle as a dense ordered subspace. This circle turns out to be the universal

circle S1
univ.

The action of π1(M) on S is order-preserving and continuous in the order topology, which

implies that it extends to an orientation-preserving action on S1
univ, yielding a homomorphism

ρuniv : π1(M)→ Homeo+(S1
univ).

For each leaf λ of L, the evaluation map eλ : S → ∂∞λ is continuous and sends the closed interval

[σ1, σ2] into the interval [σ1(λ), σ2(λ)]. It extends to a monotone map φλ : S1
univ → ∂∞λ which,

in particular, is continuous of degree one.

It is shown in [CD] that these objects satisfy the conditions of the following definition.

Definition 6.2. ([CD, Definition 6.1]) Let F be a co-oriented taut foliation of a closed oriented

3-manifold M and suppose that M admits a Riemannian metric whose restriction to each leaf

of F has constant curvature −1. A universal circle for F is a circle S1
univ together with the

following data:

(1) A representation

ρuniv : π1(M)→ Homeo+(S1
univ)

(2) For every leaf λ of the pull-back foliation F̃ , there is a monotone map

φλ : S1
univ → ∂∞λ

(3) For every leaf λ of F̃ and every α ∈ π1(M), the following diagram commutes:

S1
univ

∂∞λ

S1
univ

∂∞(α · λ)

φα·λφλ

ρuniv(α)

α·

(4) If λ and µ are incomparable leaves of F̃ , then the core of φλ is contained in the closure of

a single gap of φµ and vice versa.

We refer the reader to [CD] for more details on condition (4), which will not play a role below.

Remark 6.3. Suppose that F is a co-oriented taut foliation on M which has a universal circle.

We claim that the image of ρuniv is an infinite group and if M is a rational homology 3-sphere, it

is non-abelian. To see this, first note that F must have a non-simply connected leaf. Otherwise

each of its leaves is homeomorphic to R2, which implies that M is the 3-torus ([Ros], [Ga2]).
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But this is impossible by [Pla, Lemma 7.2] and, for instance, [Cal2, Theorem 4.35]. Thus F has

a non-simply-connected leaf λ̄. There is a leaf λ of F̃ contained in the inverse image of λ̄ which

is invariant under the deck transformations corresponding to π1(λ̄) ≤ π1(M). Since π1(λ̄) acts

on the hyperbolic plane λ by isometries, it induces a faithful action of π1(λ̄) on ∂∞λ. Since

π1(λ̄) is non-trivial, it is infinite. So by (3) of the definition of a universal circle, the image of

ρuniv is an infinite group. If M is a rational homology 3-sphere, the image cannot be abelian

as otherwise it would finite, which contradicts the fact that ρuniv(π1(λ̄)) is infinite.

7. The Euler class of the universal circle action

Recall that TF denotes the oriented 2-plane field over M determined by F .

Proposition 7.1. Assume that F is a co-oriented taut foliation on a closed oriented 3-manifold

M and that there is a Riemannian metric g on M which restricts to a metric of constant

curvature −1 on each leaf λ of F . Let ρuniv : π1(M) → Homeo+(S1
univ) be a universal circle

representation associated to (M, g,F). Then the Euler class of Eρuniv equals that of TF .

Proof. As above, (M̃, g̃, F̃) denotes the universal cover of M equipped with the pull-back foli-

ation F̃ and the pull-back metric g̃.

Let Φ : M̃ × S1
univ → E∞ be the fibre-preserving map sending (p̃, σ) to φλ(σ), where λ is the

leaf of F containing p̃ and φλ : Suniv → ∂λ is the degree one monotone map of Definition 6.2(2).

The continuity of Φ will be verified in Lemma 7.2 and we assume it for now.

Recall the bundle isomorphism G : UTF → E∞ with (p̃, v) 7→ γ(p̃,v) defined in §6.1. By

composing Φ with G−1, we obtain a fibre-preserving map

F̃ := G−1 ◦ Φ : M̃ × S1
univ → UT F̃

which restricts to a degree one monotone map between fibres.

We claim that F̃ descends to a fibre-preserving map F : Eρuniv → UTF . To see this, note that

π1(M) acts on both M̃ × S1
univ and UT F̃ with quotient spaces Eρuniv and UTF respectively.

The existence of F will follow if we can show that hF̃ = F̃ h for any h ∈ π1(M). But given

p̃ ∈ λ on M̃ and σ ∈ S1
univ, we have

F̃ (h · (p̃, σ)) = F̃ (hp̃, ρuniv(h)σ) = G−1 ◦ φhλ(ρuniv(h)σ).

By Definition 6.2(3), we have φhλ(ρuniv(h)hσ) = hφλ(σ). Hence

F̃ (h · (p̃, σ)) = G−1 ◦ hφλ(σ)

Since π1(M) acts on (M̃, g̃) by isometries,

F̃ (h · (p̃, σ)) = G−1 ◦ hφλ(σ) = hG−1 ◦ φλ = hF̃ (p̃, σ),

which is what we needed to show.
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Let Dρuniv and DTF be the oriented disk bundles associated to Eρuniv and UTF respectively

(cf. §5), and let FD : Dρuniv → DTF denote the map induced by F . We have the following

commutative diagram in which D∞ denotes the fibre of Dρuniv at p ∈M :

(D∞, S
1
univ) (Dρuniv , Eρuniv)

(DTpF , UTpF) (DTF , UTF)

(FD,F )|p (FD,F )

Since F restricts to a degree one map between fibres, (FD, F )|∗p is an isomorphism which sends

the orientation class in H2(D∞, S
1
univ) to the orientation class in H2(DTpF , UTpF). Hence

(FD, F )∗ sends the Thom class of DTF in H2(DTF , UTF) to the Thom class of Dρuniv in

H2(Dρuniv , Eρuniv). Therefore, by definition, we have e(TF) = e(UTF) = e(Eρuniv) (see §5).

�

To complete the proof, it remains to prove that Φ is continuous as we claimed.

Lemma 7.2. The map Φ : M̃ × S1
univ → E∞ is continuous.

Proof. It suffices to show that if for any foliation chart (Uα, ϕα) of F̃ , the restriction Φ|Uα :

Uα × S1
univ → E∞|Uα is continuous. (See §6.1.)

Let lα be the open interval on L corresponding to a transversal in Uα and elα : S → Slα the

map which restricts a section in S to lα. Now define Slα to be the image of elα . That is,

Slα = {σ|lα : σ ∈ S}

The inverse image by elα of an element of Slα is a closed interval in S, since sections in S do not

cross each other. Hence, the circular order on S defines a circular order on Slα and if we equip

Slα with the associated order topology, then elα is a monotone map between two circularly

ordered sets. In particular, elα is continuous.

On the other hand, Slα is a subset of the set of continuous functions C0(lα, Ē|lα) from lα to

Ē|lα . One can check that the order topology on Slα agrees with the subspace topology induced

by the compact-open topology on C0(lα, Ē|lα). We denote the closure of Slα in C0(lα, Ē|lα) by

S̄lα .

Note that for any leaf λ ∈ lα, the evaluation map eλ : S → ∂∞λ factors through Slα . That is,

the left-hand diagram immediately below commutes and its maps extend by continuity to yield

the right-hand diagram.

Uα × S E∞|Uα
Φ

Uα × Slα

Φlα
1uα × elα

Uα × S E∞|Uα
Φ

Uα × Slα

Φlα
1uα × elα
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Since the evaluation map from C0(lα, Ē|lα) × lα → Ē|lα is continuous with respect to the

compact open topology, it follows that Φlα : Uα × S̄lα → E∞|Uα is continous. Therefore, Φ is

continuous over Uα × S1
univ. �

8. Left-orderability of 3-manifold groups and universal circles

A group G is said to be left-orderable if it is nontrivial and there exists a strict total order <

on G such that a < b if and only if ca < cb for any a, b, c in G.

The group Homeo+(R) is left-orderable (see, for instance, the proof of [Ghy, Theorem 6.8])

and serves as a universal host for countable left-orderable groups. Indeed, a countable group

G 6= {1} is left-orderable if and only if it admits a faithful representation into Homeo+(R) (cf.

[Ghy, Theorem 6.8])). If G is the fundamental group of an orientable irreducible 3-manifold,

the condition that the representation be faithful can be removed.

Theorem 8.1. ([BRW, Theorem 1.1]) Assume that M is a compact, orientable, irreducible 3-

manifold. Then π1(M) is left-orderable if and only if it admits a homomorphism to Homeo+(R)

with non-trivial image. Equivalently, if and only if it admits a left-orderable quotient.

Consequently,

Corollary 8.2 ([HS, BRW]). Let M be a compact, orientable and prime 3-manifold and let

b1(M) denote its first Betti number. If b1(M) > 0, then π1(M) is left-orderable. �

The following proposition states a known criterion for the left-orderability of the fundamental

group of a rational homology 3-sphere.

Theorem 8.3. Let M be a rational homology 3-sphere which admits a co-orientable taut foli-

ation whose tangent plane field has zero Euler class. Then π1(M) is left-orderable.

Proof. First we observe that rational homology 3-spheres which admit co-orientable taut foli-

ations are irreducible [Nov]. Hence π1(M) will be left-orderable if it admits a homomorphism

to Homeo+(R) with non-trivial image (Proposition 8.1).

Fix a Riemannian metric g on M . Since F is orientable, any leaf of F which is not conformally

negatively curved with respect to the induced metric gives rise to a nontrivial homology class

in H2(M ;R) ([Pla, Corollary 6.4]), contrary to the fact that M is a rational homology sphere.

Consequently, each leaf of F is conformally hyperbolic. Then by [Can, Theorem 4.1], g is

conformal to a metric g′ whose restriction to each leaf has constant curvature −1. Hence there

exists a universal circle action ρ : π1(M) → Homeo+(S1) which is non-trivial by Remark 6.3.

By Proposition 7.1, we have e(Eρ) = e(TF), which is zero by hypothesis. Hence ρ lifts to a

non-trivial action of π1(M) on the real line (Lemma 5.1) and therefore by Proposition 8.1, the

fundamental group π1(M) is left-orderable. �
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9. The left-orderability of the fundamental groups of cyclic branched covers

of fibered knots

In this section we consider cyclic branched covers of hyperbolic fibered knots and prove Theorem

1.2, Corollary 1.4 and Corollary 1.5.

Proposition 9.1. Let M be an oriented rational homology sphere admitting an the open book

(S, h), with the binding a knot K and the monodromy h pseudo-Anosov. Let F0 denote the folia-

tion on the exterior of K given by locally-trivial fibre bundle structure. Suppose that e(TF0) = 0.

If |c(h)| ≥ 1, then M is excellent.

Proof. If c(h) ≤ −1, we can consider the open book decomposition (−S, h−1) of M . By Lemma

4.5, c(h−1) = −c(h) ≥ 1. Hence, we may assume that c(h) ≥ 1. By Theorem 4.1, M admits

a co-oriented taut foliation F whose tangent plane field is homotopic to the contact structure

ξ supported by (S, h), so the restriction of ξ to X(K) is homotopic to F0. It follows that the

Euler class e(ξ) is sent to 0 under the inclusion-induced homomorphism H2(M)→ H2(X(K))

(Lemma 2.1). Hence, e(TF) = e(ξ) = 0 and therefore M has a left-orderable fundamental

group by Proposition 8.3. �

Proof of Theorem 1.2. Let K be a hyperbolic fibered knot in an oriented integer homology 3-

sphere M with fibre S and monodromy h. Then Xn(K)(µn+qλn) has open book decomposition

(S, T−q∂ hn) with binding the core of the filling solid torus, which we denote by K̃.

The exterior of K̃ in Xn(K)(µn + qλn) is Xn(K). Let F̃0 denote the foliation on Xn(K)

determined by the open book (S, T∂h
n).

Since M is an integer homology 3-sphere, H2(X(K)) ∼= 0, so that if F0 is the foliation of X(K)

determined by the open book (S, h), then e(TF0) = 0. Since the Euler class e(T F̃0) is the

image of e(F0) under the homomorphism H2(X(K))→ H2(Xn(K)), it is also zero.

By Lemma 4.5, we have |c(T−q∂ hn)| = |nc(h)−q| ≥ 1. Hence by Proposition 9.1, if Xn(K)(µn+

qλn) is a rational homology sphere, it is excellent. Otherwise, the first Betti number of

(Xn(K)(µn + qλn)) is positive and it is also excellent ([BRW, Ga1]).

Part (2) of Theorem 1.2 is an immediate consequence of the part (1) and Proposition 4.4. �

Proof of Corollary 1.4. Under the assumption, the n-fold cyclic branched cover of X(K)(pµ+

qλ) is homeomorphic to Xn(K)(µn + mqλn), where n = mp and (p, q) = 1. Then the claim

follows from Theorem 1.2(1). �

Proof of Corollary 1.5. As before, the n-fold cyclic cover of X(K)(nµ + qλ) is homeomorphic

to the surgery manifold Xn(K)(µn + qλn), which is excellent if |nc(h)− q| ≥ 1.

If c(h) = 0, then nc(h) = 0. Since q 6= nc(h), in particular, q 6= 0. Hence |nc(h)− q| = |q| ≥ 1.

If c(h) 6= 0, |nc(h) − q| < 1 only if either q = nc(h) ∈ Z or nc(h) /∈ Z and q ≥ 1 is either

dnc(h)e − 1 or dnc(h)e.
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This completes the proof. �

10. The left-orderability of the fundamental groups of cyclic branched

covers of closed braids

In this section we examine Conjecture 1.1 for cyclic branched covers of hyperbolic closed braids.

10.1. Open book decomposition of cyclic branched covers of closed braids. Given

a punctured surface S, we let S̄ denote the compact surface obtained from S by filling all

punctures. If f : S → S′ is a proper continuous map between two punctured surfaces, we use

f̄ : S̄ → S̄′ to denote the continuous extension of f .

Given a braid b : Dn → Dn, the pair (D̄n, b̄) defines an open book decomposition of S3 with

pages diffeomorphic to the interior of the unit disk D̄n and the monodromy b̄ : D̄n → D̄n is the

extension b to D̄n. This open book decomposition of S3 lifts to an open book decomposition

of the m-fold cyclic branched cover of S3 along the closed braid b̂, as we describe below.

Let p : Sm → Dn be the m-fold cyclic cover of the n-punctured disk associated with the

epimorphism π1(Dn; p) → Z/m which maps each generator xi to the class of 1 in Z/m. See

Figure 3.

p1
· · ·

pi

· · ·
pn

xi

p

Figure 3. Generators xi of π1(Dn).

The group automorphism b∗ : π1(Dn; p) → π1(Dn; p) induced by the diffeomorphism b, sends

each generator xi to the conjugate of a generator xj for some j. Consequently, b∗ restricts to an

automorphism of the kernel of π1(Dn; p)→ Z/m. Hence, b : Dn → Dn lifts to a diffeomorphism

ψ : Sm → Sm such that ψ|∂Sm is the identity on the boundary ∂Sm and b ◦ p = p ◦ ψ. Hence

b̄ ◦ p̄ = p̄ ◦ ψ̄ where p̄ : S̄m → D̄n is an m-fold cyclic branched cover of the disk D̄n along n

points.

It is routine to check that the pair (S̄m, ψ̄) defines an open book decomposition of the m-fold

cyclic branched cover Σm(b̂) of S3 along the closed braid b̂.

Lemma 10.1. If b : Dn → Dn is a pseudo-Anosov braid, then ψ̄ : S̄m → S̄m is also pseudo-

Anosov.

Proof. Let ht : Dn → Dn be a free isotopy from b to its pseudo-Anosov representative, denoted

by β, whose stable and unstable measured singular foliations are denoted by (Fs, µs) and
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(Fu, µu). The isotopy ht lifts to an isotopy Ht : Sm → Sm with H0 = ψ, where ψ : Sm → Sm
is the lift of the braid b as defined above.

By construction, Ht leaves each component of ∂Sm invariant.

Set ϕ := H1 : Sm → Sm. We have ϕ is a pseudo-Anosov homeomorphism, whose stable and

unstable singular foliations are lifts of singular foliations (Fs, µs) and (Fu, µu). We denote

them by (F̃s, µ̃s) and (F̃u, µ̃u) respectively. Note that under this lift, any 1-pronged puncture

on Dn is lifted to an m-pronged puncture on Sm.

p

3-fold cover

Figure 4. A 1-pronged singular point in Dn is covered by an m-pronged sin-

gular point in Sm

Hence F̃s and F̃u extend to a transverse pair of measured singular foliations on the branched

cover S̄m which are invariant under ϕ̄ : S̄m → S̄m. Moreover, the extension H̄t : S̄m → S̄m of the

isotopy Ht : Sm → Sm defines a free isotopy between ψ̄ and the pseudo-Anosov homeomorphism

ϕ̄. By definition, this shows that ψ̄ is pseudo-Anosov. �

It is easy to check that the boundary of Sm has (m,n) components. In particular, ∂Sm is not

connected when m and n are not coprime. On the other hand, since the isotopy Ht in the proof

of Lemma 10.1 is equivariant with respect to the deck transformations of p : Σm → Dn, the

fractional Dehn twist coefficient of ψ with respect to any two boundary components of Σm are

equal. We denote this number by c(ψ). Similarly, the fractional Dehn twist coefficients of ψ̄

are equal with respect to all boundary components of the branched cover Σ̄m, which we denote

by c(ψ̄).

Lemma 10.2. c(ψ̄) = c(ψ) = (m,n)
m c(b).

Proof. We continue to use the notation developed in the proof of Lemma 10.1.

First of all, c(ψ̄) = c(ψ) since the two isotopies Ht and H̄t are identical over the collar neigh-

borhoods of ∂Sm and ∂S̄m. It remains to show that c(ψ) = (m,n)
m c(b).

Assume first that (m,n) = 1. In this case, ∂Sm is connected, and we denote it by C, so

the restriction p|C : C → ∂Dn is an m-fold cyclic cover. The proof that c(ψ) = (m,n)
m c(b) is

essentially contained in Figure 5. To write it down more precisely, we need some notation.

Let {p0, · · · , pN−1} be the set of singular points on ∂Dn of the stable foliation Fs. Fix a

preimage q0 of p0 on C. For k = 0, · · · ,m − 1, let qki ∈ C be the kth lift of the singular point

pi. That is, if γp0pk is the subarc of ∂Dn with endpoints p0 and pk (cf. §4.1), then qki is the end

point of the unique lift of the path Ck · γp0pk starting at q0. To simplify notations, we denote
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q0
i by qi. In particular, q0

0 = q0. Note that {qki } is the set of singular points on ∂Sm = C of the

stable foliation F̃s of ϕ.

∂Sm × [0, 1] ∂Dn × [0, 1]

p|C is a

3-fold cover

ht|p0

Ht|q0

q0

p0

p1

p2

p3

p0

q0
q1

q2

q3

q10

q11
q12

q13

q20

q21

q22

q23

Figure 5. In the figure, {qk0 , · · · , qk3}k=0,1,2 and {p0, · · · , p3} are singular points

of the stable foliations F̃s and Fs respectively. The path Ht|q0 is the unique lift

of the path ht|p0 starting at q0. By Definition 4.2, we have c(b) = 1 + 1
4 = 5

4 and

c(ψ) = 5
12 = 1

3c(b).

Let c(b) = l + k
N . By Definition 4.2, this means that the path ht|p0 is homotopic to the path

[∂Dn]l · γp0pk on ∂Dn.

We write l = ms + r where 0 ≤ r < m. Then by the uniqueness of path lifting, we have that

Ht|q0 is homotopic to the path Cs · γq0qr0 · γqr0qrk , which is equal to Cs · γq0qrk . Therefore,

c(ϕ) = s+
rN + k

Nm

=
N(sm+ r) + k

Nm
=
Nl + k

Nm

=
1

m
c(b).

This deals with the case that (m,n) = 1.

In case that (m,n) 6= 1, the degree of the covering map p : Σm → Dn restricted to each

boundary component of Sm is m
(m,n) . Proceed as in the case that (m,n) = 1 to complete the

proof. �

10.2. The L-space conjecture and cyclic branched covers of closed braids. In this

section we study the left-orderability of branched covers braids. We begin with the proof of

Theorem 1.8: Let b ∈ B2n+1 be an odd-strand braid whose closure b̂ is an oriented hyperbolic

link in S3. Suppose that |c(b)| ≥ 2. Then all even order cyclic branched covers of b̂ admit

co-oriented taut foliations and have left-orderable fundamental groups. M

Proof of Theorem 1.8. First of all, the equivariant sphere theorem ([MSY]) and the positive

solution of the Smith Conjecture ([MB]) imply that as b̂ is prime, all cyclic branched covers of

b̂ are irreducible.
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For each n ≥ 1, there is an n-fold cyclic branched cover pn : Σ2n(b̂)→ Σ2(b̂), branched over the

lift L̃ of b̂ to Σ2(b̂), which the reader will verify is surjective on the level of fundamental groups.

Hence if b1(Σ2(b̂)) > 0, then b1(Σ2n(b̂)) > 0 for all n. As such, Conjecture 1.1 holds for all even

order cyclic branched covers of b̂.

Suppose then that Σ2(b̂) is a rational homology sphere. If c(b) ≤ −2, then c(b−1) = −c(b) ≥ 2

by Lemma 4.5. Since b̂−1 is the mirror image of b̂, their cyclic branched covers are diffeomorphic,

so without loss of generality we may assume that c(b) ≥ 2.

By Proposition 3.1, b is a pseudo-Anosov mapping class of D2n+1. Then Lemma 10.1 shows

that the 2-fold cyclic branched cover of b̂ admits an open book decomposition (S̄2, ψ̄), where

S̄2 is the 2-fold cyclic branched cover of the unit disk branched over (2n + 1) points and the

monodromy ψ̄ is pseudo-Anosov. By Lemma 10.2,

c(ψ̄) =
c(b)

2
≥ 1.

Since b is a braid on an odd number of strands, ∂S̄2 is connected. Then by Theorem 4.1, there

exists a co-orientable taut foliation F on Σ2(b̂) and hence it cannot be an L-space [OS1, Bn, ?].

Moreover, Theorem 4.1 says that the tangent plane field of the foliation F is homotopic to

the contact structure supported by the open book (S̄2, ψ̄). On the other hand, this contact

structure is isotopic to the lift of the contact structure on S3 that is supported by the open

book (D̄2n+1, b̄). (Here “lift” is used in the sense of §2.4.) Therefore, by [HKP, Theorem 1.4]

we have e(TF) = 0. Applying Proposition 8.3, we conclude that π1(Σ2(b̂)) is left-orderable.

This complete the proof for the 2-fold cyclic branched cover.

Now consider Σ2n(b̂) where n > 1 and recall that there is an n-fold branched cyclic cover

pn : Σ2n(b̂)→ Σ2(b̂), branched over L̃. We noted above that pn is surjective on the level of π1,

so π1(Σ2k(b̂)) is left-orderable by Proposition 8.1. Finally, since L̃ intersects the foliation F on

Σ2(b̂) transversely (cf. [HKM2, Lemma 4.4]), F lifts to a foliation Fn on Σ2n(b̂) which is easily

seen to be co-oriented and taut. Consequently, Σ2n(b̂) is not an L-space for any n > 1, which

completes the proof. �

An identical argument yields the following more general statement. We omit the proof.

Theorem 10.3. Let b ∈ Bn whose closure is an oriented hyperbolic link. Assume that its

fractional Dehn twist coefficient satisfies |c(b)| ≥ N . Then the mk-fold cyclic branched cover of

the closed braid b̂ admits a co-oriented taut foliation and has a left-orderable fundamental group

for any m with 2 ≤ m ≤ N , (m,n) = 1 and k > 1. �

10.3. Dehornoy’s braid ordering and cyclic branched covers of closed braids. There is

a special left order <D on the braid group Bn, due to Dehornoy, characterised by the condition

that a braid b is positive if and only if there is a j ≥ 1 such that b can be written (in the standard

braid generators) as a word containing σj , but no σ−1
j , and not containing σ±1

i for i < j. Set

∆n = (σ1σ2 . . . σn−1)(σ1σ2 . . . σn−2) . . . (σ1σ2)(σ1) in Bn. The centre of Bn is generated by ∆2
n
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and for each b ∈ Bn there is an integer d > 0 such that

∆−2d
n <D b <D ∆2d

n

In other words, the subgroup of Bn generated by ∆n is cofinal in Bn with respect to <D.

Definition 10.4. Given an element b ∈ Bn, the Dehornoy floor bbcD is the nonnegative integer

defined to be

bbcD = min{m ∈ Z≥0 | ∆−2m−2
n <D b <D ∆2m+2

n }.

Although the Dehornoy’s floor fails to be an topological invariant of the closed braid, it is

proven a useful concept when studying links via closed braids [Ito1, Ito2].

Malyutin discovered a fundamental relationship between c(b) and bbcD. Though the Dehornoy’s

floor defined by Malyutin [Mal, Definition 7.3] is slightly different from the one given above, it

is easy to check that these two agree for b >D 1 in Bn.

Proposition 10.5. (cf. [Mal, Lemma 7.4]) For each b ∈ Bn, bbcD ≤ |c(b)| ≤ bbcD + 1.

Proof. Let d = bbcD.

By Definition 10.4, this means either ∆2d
n ≤D b <D ∆2d+2

n or ∆−2d−2
n <D b ≤D ∆−2d

n . In the

first case the claim follows directly from [Mal, Lemma 7.4]. In the second, the fact that ∆2
n lies

in the center of Bn implies that ∆2d
n ≤D b−1 <D ∆2d+2

n , so by the first case, bbcD <D c(b−1) =

−c(b) ≤D bbcD + 1. �

Remark 10.6. The proof of Proposition 10.5 shows that c(b) ≥ 0 when b >D 1 and c(b) ≤ 0

when b <D 1.

Given Proposition 10.5, Theorem 1.8 has the following consequence.

Theorem 10.7. Let b ∈ B2n+1 be an odd-strand braid whose closure b̂ is an oriented hyperbolic

link in S3. Suppose that bbcD > 1. Then all even order cyclic branched covers of b̂ admit

co-oriented taut foliations and have left-orderable fundamental groups. �

11. The L-space conjecture and genus one open books

The goal of this section is to prove Theorem 1.9: The L-space conjecture for irreducible manifolds

admitting genus one open books with connected bindings.

A simple Euler characteristic calculation shows that the 2-fold branched cover of a disk branched

over three points is a genus 1 surface with one boundary component (see Figure 6). We denote

this surface by T1 and let θ be its covering involution.

As in §10.1, every element in Bn = Mod(D3) admits a unique lift to Mod(T1) which defines

an embedding of groups B3 → Mod(T1). The Artin generators σ1 and σ2 of B3 lift to the

right-handed Dehn twists Tc1 and Tc2 respectively, where ci is the preimage of the segment
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c2c1

Figure 6. 2-fold cover of 3-punctured disk

connecting the ith and the (i + 1)st punctures of the disk for i = 1, 2 as in Figure 6. Since

Dehn twists Tc1 and Tc2 generates Mod(T1), the embedding B3 → Mod(T1) constructed above

is indeed an isomorphism.

The identification between B3 and the mapping class group Mod(T1) can be used to show that

any 3-manifold which admits an open book decomposition with T1-pages is the 2-fold cyclic

branched cover of a closed 3-braid (§10.1). Hence, the following classification of 3-braids leads

to a complete list of diffeomorphism classes of genus 1 open books with connected binding.

Set h = ∆2
2 = (σ1σ2)3.

Theorem 11.1. ([Mur, Proposition 2.1], [Bal, Theorem 2.2]) Up to conjugation, any braid b

in B3 is equal to one of the following:

(1) hd · σ1σ
−a1
2 · · ·σ1σ

−an
2 , where d ∈ Z, ai ≥ 0 and at least one of the ai is nonzero;

(2) hd · σm2 for some d ∈ Z and m ∈ Z.

(3) hd · σm1 σ
−1
2 , with d ∈ Z and m ∈ {−1,−2,−3}. �

Remark 11.2. The conjugation classification of 3-braids detailed in Theorem 11.1 corresponds

to Neilsen-Thurston classification of mapping classes in Mod(D3) = B3 (§3.1): braids of type

(1) are pseudo-Anosov; those of type (2) are reducible; those of type (3) are periodic. This

can be verified by considering their lifts in Mod(T1), where the Nielsen-Thurston type of an

element f ∈ Mod(T1) is determined by the trace of the linear map f∗ : H1(T1) → H1(T1) (cf.

[FM, §13.1])1.

Baldwin listed all closed 3-braids whose 2-fold branched covers are L-spaces.

Theorem 11.3. (Theorem 4.1 of [Bal]) The 2-fold cyclic branched cover Σ2(b̂) of a closed braid

b̂ for b ∈ B3 is an L-space if and only if b belongs to one of the following lists:

(1) hd · σ1σ
−a1
2 · · ·σ1σ

−an
2 , where ai ≥ 0, ai 6= 0 for some i and d ∈ {−1, 0, 1};

(2) hd · σm2 , for some m ∈ Z and d = ±1.

(3) hd · σm1 σ
−1
2 , with m ∈ {−1,−2,−3} and d ∈ {−1, 0, 1, 2}.

1The Nielsen-Thurston type of an element f ∈ Mod(T1) is, by definition, the same as that of its projection in

the mapping class group of the once-punctured torus, which is isomorphic to SL(2,Z).
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Conjecture 1.1 holds for the manifolds listed in Theorem 11.3 since they admit no co-oriented

taut foliations ([OS1, Bn, KR2]) and it was shown by Li and Watson ([LW]) that they have

non-left-orderable fundamental groups.

Proof of Theorem 1.9. Let M denote an irreducible 3-manifold which admits a genus 1 open

book decomposition with connected binding. Then M is diffeomorphic to the 2-fold cyclic

branched cover of a closed 3-braid b̂, where b ∈ B3 falls into one of the three families listed in

Theorem 11.1.

Suppose first that b is in family (3). Then b = hdσm1 σ
−1
2 with m ∈ {−1,−2,−3}. We noted

above that this implies that b is periodic, so that using the notation from the proof of Proposition

3.1, Nb is Seifert fibered. The reader will verify that b has period 3, 4, or 6 depending on whether

m is −3,−2, or −1. This implies that the fibre class on ∂Nb intersects ν (see Figure 2) more

than once algebraically. In particular, ν is not the fibre class. Thus Nb(ν), the exterior of b̂, is

a Seifert manifold and therefore so is the irreducible manifold Σ2(b̂). Hence the theorem holds

in this case by [BRW, BGW, LS].

If b is in family (2), then b = hd · σm2 with m ∈ Z. We can suppose that d 6= 0 as otherwise

b̂ is a split link and therefore Σ2(b̂) is reducible, contrary to our hypotheses. Hence, given the

paragraph immediately after Theorem 11.3, we can assume that |d| ≥ 2. We can also suppose

that m 6= 0 as otherwise b̂ is a (3, 3d) torus link so that Σ2(b̂) is Seifert fibered and the theorem’s

conclusion follows from [BRW, BGW, LS].

There is a circle C in int(D3) which contains the second and third punctures in its interior, but

not the first, and is invariant under b. If T denotes the torus obtained from C in the mapping

torus of b, the reader will verify that there is a genus 1 Heegaard splitting V1 ∪T V2 of S3 where

V1 ∩ b̂ is a (2,m+ 2d) torus link standardly embedded in the interior of V1 and V2 ∩ b̂ is a (1, d)

torus knot standardly embedded in the interior of V2.

Then Σ2(b̂) is the union of a 2-fold branched cover Σ2(V1, V1 ∩ b̂) of V1 branched over V1 ∩ b̂
and a 2-fold branched cover Σ2(V2, V2 ∩ b̂) of V2 branched over V2 ∩ b̂. Since V1 \ b̂ fibres over

the circle with fibre a twice-punctured disc, Σ2(V1, V1 ∩ b̂) is homeomorphic to the product of

a torus and an interval. On the other hand, V2 admits a Seifert structure for which V2 ∩ b̂ is a

regular Seifert fibre, and therefore Σ2(V2, V2∩ b̂) admits a Seifert structure. Further, as |d| ≥ 2,

Σ2(V2, V2 ∩ b̂) is not a solid torus and so has incompressible boundary. Thus Σ2(b̂) is a graph

manifold. In this case, Conjecture 1.1 has been confirmed in [BC, HRRW].

Finally suppose that b is in family (1). Then b = hd · σ1σ
−a1
2 · · ·σ1σ

−am
2 is pseudo-Anosov,

where ai ≥ 0 and ai 6= 0 for some i. As some of the ai may be zero, we can write b =

hd · σb11 σ
−c1
2 · · ·σbk1 σ

−ck
2 where each bi and each ci is positive. Further, k ≥ 1. We claim that

the fractional Dehn twist coefficient c(σb11 σ
−c1
2 · · ·σbk1 σ

−ck
2 ) is zero.

To see this, first observe that the conjugation by ∆3 = σ1σ2σ1 in B3 exchanges σ1 and σ2.

Then by Lemma 4.5

(11.0.1) c(σb12 σ
−c1
1 · · ·σbk2 σ

−ck
1 ) = c(∆3(σb11 σ

−c1
2 · · ·σbk1 σ

−ck
2 )∆−1

3 ) = c(σb11 σ
−c1
2 · · ·σbk1 σ

−ck
2 ).
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But by the definition of the Dehornoy’s order, σb12 σ
−c1
1 · · ·σbk2 σ

−ck
1 <D 1 <D σb11 σ

−c1
2 · · ·σbk1 σ

−ck
2 .

Hence according to Remark 10.6, Equality (11.0.1) shows

0 ≤ c(σb11 σ
−c1
2 · · ·σbk1 σ

−ck
2 ) = c(σb12 σ

−c1
1 · · ·σbk2 σ

−ck
1 ) ≤ 0.

Thus c(σb11 σ
−c1
2 · · ·σbk1 σ

−ck
2 ) = 0. But then as hd commutes with σb11 σ

−c1
2 · · ·σbk1 σ

−ck
2 ,

c(b) = c(hd) + c(σ1σ
−a1
2 · · ·σ1σ

−am
2 ) = d+ c(σ1σ

−a1
2 · · ·σ1σ

−am
2 ) = d

by Lemma 4.5.

By the discussion immediately preceding the statement of the theorem we can suppose that

|c(b)| = |d| ≥ 2. The reader will verify that the argument in the proof of Theorem 1.8 goes

through as long as b is pseudo-Anosov and b̂ is prime. The former holds by hypothesis while the

latter holds by the assumption that Σ2(b̂) is irreducible. Thus Σ2(b̂) is not an L-space, admits

a co-orientable taut foliation, and has left-orderable fundamental group. �

12. The left-orderability of the fundamental groups of cyclic branched

covers of satellite knots

Let L be an oriented untwisted satellite link in an oriented integer homology 3-sphere M with

pattern P , a link in the solid torus N , and companion C, a knot in M . The m-fold cyclic

branched cover of L, denoted Σm(L), is obtained in the usual way from the regular cover of

the exterior of L determined by the homomorphism which sends the oriented meridians of the

components of L to 1 (mod m). It can be obtained by gluing copies of the cyclic covers of the

knot exterior X(C) to an m-fold cyclic cover of the solid torus N branched over P .

In what follows we assume that L,P and C are as above and that P is the closure of an n-strand

braid b. The reader will verify that H1(N \L) ∼= Z|L|+1, where |L| is the number of components

of L, is freely generated by the meridian classes of the components of L and the class ν carried

by a longitudinal loop on ∂N = ∂X(C) (see Figure 2). We use Nm(P ) to denote the m-fold

cyclic branched cover of P in N determined by the homomorphism H1(N \ L) → Z/m which

sends the meridians of the components of L to 1 (mod m) and ν to 0 (mod m).

We follow the notation developed in Section 10.1. Our discussion there shows that Nm(P ) is

homeomorphic to the mapping torus S̄m×[0, 1]/(x, 1) ∼ (ψ̄(x), 0), where S̄m is the m-fold cyclic

branched cover of the disk branched at n points and ψ̄ is the unique lift of b satisfying ψ̄|∂S̄m is

the identity. (See §10.1 for the details.) The boundary of S̄m is connected when gcd(m,n) = 1,

so ∂Nm(P ) is a torus. It is clear that each of the curves ∂S̄m × t carry the longitudinal slope

of Nm(P ). Let µ is the class in H1(∂Nm(P )) carried by p0 × [0, 1]/ ∼, p0 ∈ ∂S̄m.

Proof of Theorem 1.11. By assumption, (S, hm) is an open book decomposition of Xm(C). As

in §9 we use µm and λm to denote the meridional and longitudinal slopes on ∂Xm(C). Since

gcd(m,n) = 1, we have

Σm(L) = Nm(P ) ∪ϕ Xm(C)
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where the homeomorphism ϕ : ∂Nm(P )→ ∂Xm(C) sends µ to λm and λ to µm. We will show

that Σm(L) admits a co-orientable taut foliation and has a left-orderable fundamental group

(and is therefore excellent) by showing that the Dehn fillingsNm(P )(µ−λ) andXm(C)(µm−λm)

have the same properties.

Consider Xm(C) first. The Dehn filling Xm(C)(µm − λm) has an open book decomposition

(S, T∂ ◦ h), where T∂ denotes the right-handed Dehn twist along ∂S. The assumption that

c(h) ≥ 0 implies mc(h)+1 ≥ 1. By Theorem 1.2(1) we know that Xm(C)(µm−λm) is excellent

and hence has left-orderable fundamental group. However, to obtain a foliation on Σm(L), we

need to use that fact that Theorem 4.1 guarantees a co-oriented taut foliation on Σm(C) which

is transverse to the binding of the open book (S, T∂ ◦ h). In our case, the binding is the core of

the filling torus and consequently there is a co-oriented taut foliation on Xm(C) which restricts

to a linear foliation on ∂Xm(C) of slope µm − λm.

Next consider Nm(P ) ∼= S̄m × [0, 1]/(x, 1) ∼ (ψ̄(x), 0). (See the discussion just prior to the

statement of Theorem 1.11.) By Lemma 10.2, the assumption c(b) ≥ 0 implies that c(ψ̄) =
c(b)
m ≥ 0. Since Nm(P )(µ − λ) is homeomorphic to the open book (S̄m, T∂ ◦ ψ̄), an argument

analogous to that used in the previous paragraph shows that there is a co-orientable taut

foliation F0 on Nm(P ) which intersects ∂Nm(P ) transversely in a linear foliation consisting of

slope µ− λ.

We need to show that π1(Nm(P )(µ− λ)) is left-orderable. Let F denote the co-orientable taut

foliation on Nm(P )(µ − λ) induced by F0. The existence of F implies that Nm(P )(µ − λ) is

irreducible ([Nov]). Hence, if b1(Nm(P )(µ−λ)) > 0, this is true by Corollary 8.2. Assume then

that b1(Nm(P )(µ − λ)) = 0. In other words, Nm(P )(µ − λ) is a rational homology 3-sphere.

We show that e(TF) = 0.

It is clear from our argument that the tangent plane field TF is homotopic to the contact

structure supported by the open book (S̄m, T∂ ◦ ψ̄) (cf. Theorem 4.1). However, it is not

immediately clear wheteher or not the Euler class of the foliation on Nm(P ) given by the

locally-trivial fibre bundle structure is zero. Hence Proposition 9.1 cannot be applied directly

to show that e(TF) = 0. Instead, we observe that the monodromy T∂ ◦ ψ̄ : S̄m → S̄m is the

lift of the braid ∆2m
n b : Dn → Dn (see §10.1). Hence by [HKP, Theorem 1.4], the contact

structure supported by (S̄m, T∂ ◦ ψ̄) has zero Euler class and therefore so does e(TF). As a

result, π1(Nm(P )(µ− λ)) is left-orderable by Theorem 8.3.

Finally, by piecing together the foliations on Nm(P ) and Xm(C) constructed above we obtain a

co-orientable taut foliation on Σm(L). Further, an application of [CLW, Theorem 2.7] implies

that π1(Σ(L)) is left-orderable. Thus Σm(L) is excellent. �

Proof of Theorem 1.12. The proof of the theorem is similar to the one used to prove Theorem

1.11. As such, we only point out a few of the key points.

Note that when m ≥ 2
|c(h)| , the fractional Dehn twist coefficient of the monodromy of the m-fold

cyclic cover Xm(C) satisfies |c(hm)| = m|c(h)| ≥ 2. Then the argument used in the proof of

Theorem 1.11 to analyse Xm(C)(µm − λm) can be used to show that:
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• π1(Xm(C)(µm + λm)) and π1(Xm(C)(µm − λm)) are left-orderable ;

• there is a co-orientable taut foliation on Xm(C) which induces a linear foliation on

∂Xm(C) with leaves of slope µm + λm;

• there is a co-orientable taut foliation on Xm(C) which induces a linear foliation on

∂Xm(C) with leaves of slope µm − λm.

When c(h) = 0, it is simple to see that Xm(C) possess the same properties.

Based on these observations, the rest of the proof follows exactly as in that of Theorem 1.11

when c(b) ≥ 0. In the case that c(b) < 0, one can apply the arguments of Theorem 1.11 but

replacing µm − λm by µm + λm and µ− λ by µ+ λ to complete the proof. �
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