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1. Introduction

Let (M?", g) be an oriented Riemannian manifold of dimension 2 complex
structure onM, viewed as an integrable almost-complex structiiyés positive
andorthogonalwheneverJ induces the same orientation &h andJ is g-skew-
symmetric. Then, for any such structure, the pairJ) determines gositive
Hermitian structureon M.

Given a Riemannian manifold/?*, g) it is natural to ask [39] if there exist
orthogonal complex structures oM, g)? If so, we would like to describe the set
of all orthogonal complex structures. This question (which in fact concerns the
conformal structure determined kgy can be asked either locally or globally, and
the corresponding questions can be rather different in nature. While on an oriented
(real) surface the complex structures and the Riemannian conformal classes coin-
cide, whenn > 2 thelocal existence of orthogonal complex structures imposes

* Research partially supported by the Bulgarian Ministry of Science and Education under contract
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constraints on the (conformally invariant) Weyl curvature tensoMo(see, for
example, [40]).

If M is a (real, oriented) 4-dimensional manifold then any positive orthogonal
complex structured is determinedup to a 4-fold ambiguity, by the self-dual Weyl
tensorW* at any point where it is non-zero. More preciselyis there equal to
some universal function of the eigenforms and the eigenvaluégfofoperating
on the bundle of self-dual 2-forms (the above mentioned ambiguity comes from the
lack of a canonical orientation for the eigenspace® of cf. [5, 36]). In particular,
if W™ is not identically zero, there are (up to sign) at most 2 distinct compatible
positive complex structures [34]; here and hencefadiktinct means that there
is a point where the complex structures are not equal up to sign. A criterion for
the (local) existence of an orthogonal complex structure in terms of the covariant
derivative of W is obtained in [5], where a “Goldberg—Sachs theory” for the Rie-
mannian 4-manifolds is developed. A convincing manifestation of the effectiveness
of this theory appears in the case whgeis Einstein [5, 16, 32, 35]; we have there
that the local existence of a positive orthogonal complex structure is equivalent
to the degeneracy of the spectrumsf'; if the metric is not anti-self-dual, then
the compatible complex structure is unique (up to sign) and is globally defined,
replacingM by a 2-fold covering if necessary.

In the case otompactanti-self-dual manifold M, g) (i.e. whenW* = 0) the
problems of local and global existence of positive orthogonal complex structures
are quite different: locally there are infinitely many compatible complex structures
[8], while the existence of more than two distinct everywhere, globally defined,
compatible positive complex structures for¢ads, g) to be hyperhermitian surface
[34], i.e. (M, g) is either a K3 surface with a Calabi-Yau Ricci-flat metric, a flat
4-torus, orS* x §° with a hyperhermitian conformally flat metric [11]. Compact 4-
manifolds admitting two distinct positive orthogonal complex structures are called
bihermitian surfacesin the anti-self-dual case these have been classified by Pon-
tecorvo in [34]. For some results concerning the non-anti-self-dual case, see [6, 28].
As consequence of these works appears the observation that “generically” on a
compactoriented Riemannian 4-manifold there is at most ghabally defined
compatible positive complex structure.

When the dimension oM is more than 4 the situation is more complicated
(see [39] and the references included therein). For example, coi@ien > 3
with the Fubini—Study metric. It is well known that the unique globally defined
positive orthogonal complex structure is the canonical one while locally there are
infinitely many positive orthogonal complex structures since the Bochner tensor
of the canonical Hermitian structure &P" vanishes, see [33]. More generally,
in the case of a compact Riemannian symmetric sgafeg) the question of
global existence of orthogonal complex structures has been successfully studied by
Burstall and Rawnsley [12] by introducing the twistor spacaflf (M, g) is a
compact inner-symmetric Riemannian manifold tiiémdmits a global orthogonal
complex structure if and only i# is a Hermitian symmetric space; in this case the
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only orthogonal complex structures are the invariant ones, cf. [13]. Using different
approach Gauduchon has obtained the same reddlisfa compact quotient of an
irreducible Riemannian symmetric space of non-compact type [19]. The existence
of complex structures on thguaternionicmanifolds (of dimension#, n > 2) has

been recently studied in [3, 4]. Unfortunately, for a general Riemannian manifold
little is known for the set of orthogonal complex structures.

The main concern of the present paper is the local existence of orthogonal
complex structures on some special type 6-dimensional Riemannian manifolds,
namely the twistor spaces of oriented self-dual Einstein 4-manifolds. Adga{
tive) twistor space of an oriented Riemannian 4-manifdlds the 2-sphere bundle
Z over M consisting of the unit anti-self-dual two forms af. The 6-manifoldz
admits a natural 1-parameter family of Riemannian metkics > 0, which are
firstly defined and studied by Friedrich and Kurke [21]. Wligf g) is an oriented
self-dual Riemannian 4-manifold the canonical almost-complex strudtoreZ
(which is orthogonal with respect to any methig is integrable [8] and defines a
1-parameter family of Hermitian structurés,, J) on Z.

If moreover(M, g) is Einstein, the O’Neill formulas give an expression of Rie-
mannian curvature ofZ, k,) in terms of the curvature afM, g) [14, 15, 20, 27,

43]. In Section 3 we make use of the special form of the curvatu¢&of,) given
in [14] which allows us to relate the orthogonal complex structureszark,) to
these onM, g).

A particular case of our considerations is the flag manifald = U(3)/U(1) x
U(1) x U(1), which is the twistor space @P? endowed with the Fubini—Study
metric (of constant holomorphic sectional curvature 4) and whigrés a 1-
parameter family oU(3)-invariant metrics (see Example 2). In Theorem 1 we
obtain that for any > 0 the metrich, has exactly three commuting orthogonal
complex structures (which are tievariant complex structures ofy ). Accord-
ing to [20] the metricsi,,, andhy,4 are Einsteinian and it is well known that any
invariant Einstein metric oy » is equivalent to one of them (see, for example, [7]).

In particular, this gives that for any such a metric there are exactly three (invariant)
commuting orthogonal complex structures (Corollary 2 below). As a consequence
of the classification of Fano 3-folds of index at least 2 the same is true for any
Kahler—Einstein metric of positive type with respect to arbitrary complex structure
on Fi ,, see Corollary 3.

As another application of the results in Section 3 we provid€Bh(considered
as the twistor space ¢f*) a Bochner-flat non-Kahler almost Hermitian structure in
the classA #,, see Example 1.

Finally, using theRiemannian Goldberg—Sachs Theorfim32, 35], we show
in Theorem 2 that the twistor spac&, /,) of a compactself-dual Einstein 4-
manifold (M, g) has an orthogonal complex structure different fret for any
t > 0iff (M,g) is isometrically equivalent to one of the followin@P? with
the Fubini—Study metric; a compact flat 4-manifold; a K3-surface oZ jteind
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Z, x Z-quotients endowed with the opposite orientation and a Calabi—Yau metric;
a compact quotient of the complex hyperbolic space with the Bergman metric.

2. Positive Orthogonal Complex Structures and Twistor Spaces —
Preliminary Results

Let (M, g) be a 2-dimensional oriented Riemannian manifold. We wish to study
positive orthogonal (almost) complex structures (@, g), which we view as
sections of the fibre bundle, : Z*M = P xp@u (S0(2n)/U(n)) —> M,
where P — M denote the canonical principa@(27)-bundle. The vertical dis-
tribution vV = Ker(r,), inherits a canonical complex structuré since the fibre
H, = SO(2n)/U (n) is a Hermitian-symmetric space. Moreover, the Levi—Civita
connectionV on M induces a splittingfr Z*M = # & 'V of the tangent bundle
of Z*M into horizontal and vertical components, so tHét= (r,) 1T M ac-
quires a tautological complex structuse given bnyf"j = jforx € M and
Jj € (@) (x) = H,.

Following [8, 17], we define two almost-complex structudeand! on Z+ M
by

J=J" 47", 1=7"-J".

It is well known that
(@) (2n = 4) Jis integrable iff the positive Weyl tensa¥ ™ of (M, g) vanishes,

i.e. g is an anti-self-dual metric [8];

(b) (2n > 4) J is integrable iff the Weyl tensoW of (M, g) vanishes, i.eg is a

locally conformally flat metric [33];

(c) I is never integrable [17].

In [36], Salamon shows that integrability of a positive orthogonal almost com-
plex structureJ of (M, g) is equivalent to the holomorphicity of viewed as a
mapJ : (M, J) — (Z*M,J). In fact, one can say more. In [33], the Nijenhuis
tensorN” is calculated and we have:

PROPOSITION 1.Leto = (x, j) € Z+M with (1, 0)-spaceT > (j) € .M ®
C. Denote byR the Riemannian curvature tensor &f. Then the Nijenhuis tensor
N vanishes atr iff

R.(TY(j), TN T0(j) < THO()). (1)

Denote by ZJ M the zero-set ofN”. Since any positive orthogonal complex
structureJ satisfies Equation (1) we have thaties entirely inZJ M.

In the case whelM, g) is a 4-dimensional oriented Riemannian manifold the
twistor fiber H, is isomorphic to the 2-sphere and the set(x) N Z; M either
consists of 4 or 2 (antipodal) points or it is whaié-fibre, according to the spec-
trum of the positive Weyl tensor operating on the bundle of self-dual 2-forms. More
precisely, we have [5, 38, 39]
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PROPOSITION 2. Let (M, g) be an oriented Riemannian 4-manifold and let
A_ < Ao < A, be the eigenvalues of of the positive Weyl teri&or, considered
as an endomorphism of the vector bundié(M) of self-dual 2-forms oM. Then
we have:

(i) If W+ is non-degenerate at € M thenz~1(x) N ZJM consists of 2
(determined up to sign ) different positive orthogonal almost complex structures
J" and J” whose Kéahler form&’ and 2" are respectively given by:

AL — A 1/2 )\_)\_1/2
Q/=(+ 0)1/2 __(0 )1Q+,
oy = 22) (hy —A_)2
and
Q' — Ay — Ao)V/? (ho — A_)Y/?
(e =227 T L o

where2, (resp.€2_) stands for a generator of the eigenspacetof with respect
to A, (resp.A_), normalized by, |> = |Q_|> = 2.

(i) If W+ is degenerate but non-zero ate M then there is one (up to sign)
element/ € ()" 1(x) N Z4 M whose Kahler fornf2 is determined at as being
the generator of the simple eigenspacétof with square-norm equal to 2.

(iii) If at point x € M the positive Weyl tensor vanishes, then any element of the
fibre (1) ~1(x) belongs toZ .

Note that a sectiow of Zj M may or may not be integrable. In the case when
(M, g) is Einstein 4-manifold, or more generally, when the positive Weyl tensor
is harmonic, a Riemannian version of Goldberg—Sachs theorem [5, 35, 32] asserts
that there is a positive orthogonal complex structiiieand only if the spectrum of

W is degenerate. Moreover, according to a result of Derdzinski [16], an oriented
Einstein 4-manifold with degenerate positive Weyl tensor at any point is either
anti-self-dual or the positive Weyl tensor never vanishes. Summarizing, we have
the following:

PROPOSITION 3. Let (M, g) be an oriented Einstein Riemannian 4-manifold.
Then the following three conditions are equivalent:
(i) the spectrum of¥* is degenerate;
(i) there exists an orthogonal, positive, integrable almost complex strudtume
the neighborhood of some (or equivalently, of each) poidt pf
(i) (M, g) is either anti-self-dual, o'W* has two distinct eigenvalues at any
point of M.

We now focus our attention to the 6-dimensional manifolds. Since the positive
and the negative twistor spaces of oriented 6-dimensional Riemannian manifold
(M, g) can be identified via the map — —j on the fibre, we will consider the
twistor spaceZ(M, g) as the quotient space of the principi®(6)/ U (3)-bundle
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of all orthogonal almost complex structures(df, g) under this action. It is well
known that the fibetH; = SO (6)/U (3) is isomorphic toCP® and we will make

use of the explicit identification given in [1] (for more details, see also [25, 37, 44]).
Let V be a complex 4-dimensional vector space endowed with a Hermitian inner
products and with a volume formd € A%V. The Hodgex-operatorx is defined

on A2V by

& Ak = h(g, mP.

Thus theC-anti-linear endomorphism induces on the 6-dimensional complex
vector spaceA?V a real structure. The fixed points set offorms a real 6-
dimensional vector spad® with a positive definite inner produgt coming from

h. For any[v] € P(V) we have the&:i-orthogonal splitting:

A’V =V, ® Vi 2

whereV, denotes the vector space generated of all 2-vectatswith i (u, v) =0
and V- is the orthogonal component &f, in A2V. Notice thatV,* is spanned
by the 2-vectorsu’ A u” with h(u',v) = h@”,v) = 0. The splitting (2) of
A’V = W ® C defines a positive-orthogonal complex structure on the vector
spaceW with (1, 0) and (0, 1)-spaces equal t§, and V.1, respectively. This gives
the identification ofP(V) = CP? with the spaces0(6)/U (3) [1, lemma 4.1]. In
terms of this correspondence we have the following

LEMMA 1. Two different positive orthogonal complex structutEsand J” on
(W, g) commute if and only if the correspondirig’] and [v"] € P(V) are k-
orthogonal.

Proof. If we assume thak(v’, v”) = 0 then the non-zero 2-vectaf = v’ A
v” belongs to thgl, 0)-space of both/’ and J”. The (complex) 2-dimensional
subspacé’; = span{v' Au : h(v', u) = h(v”, u) = 0} of V,» belongs to th&1, 0)-
space of/’ and to the(0, 1)-space of/”, henceJ’ andJ” commute. Conversely,
any two commuting positive orthogonal complex structuréand J” on (W, g)
have a commoril, 0)-vector, sayZ. Thenh-orthogonal complemerZ* of Z in
le;0 (with respect to the appropriate extensiomiab A2V) lies entirely inT%?.
Letting Z = v’ A’ for anyv with 2 (v', v) = h(’, v) = 0, we haveh (v A v, v A

u') = 0 and sinca’ A v e T;;° N TY;H we inferv’ € V. O

As immediate consequence we obtain

COROLLARY 1. Let{Jy, J1, J2, J3} be orthogonal complex structures oW, g).
ThenJ;,i = 0,..., 3 mutually commute iff the corresponding generatars =
0,...,3in P(V) can be chosen in such a way tHag, v, vo, v3} is a unitary frame
of (V, h) andvg A vy A vp A vz = D,
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Fix an orthogonal complex structutk of (W, g) which corresponds tfvg] €
P(V) and let{vg, v1, vo, v3} be a unitary frame ofV, h) with vgAv AV A V3 = D.
Then the vectors

Z1=v9AVv1, Zo=v9gAVy, Z3=1vgA U3,
give a unitary frame OT}O’O ; their complex-conjugated vectors are

71 = Uy N\ V3, 72 = —V1 A\ V3, 73 = V1 N\ V2.

Denote by{Jy, J1, J2, J3} the corresponding commuting positive orthogonal com-
plex structures oW, g). Itis easily seen that th@, 0)-spaces ofly, J1, J», J3 are
respectively spanned by the triples:

(Z1, 22, 73}, {Z1,Z2,Z3}, {Z1,Z2,Z3}, (Z1,Z2, Z3)}.

For an elemenfv] € P(V) with homogeneous coordinatégg, a1, ay, az], the
corresponding positive orthogonal complex structiiie determined by it$1, 0)-
space spanned by the vectors:

Z§ = —ouZi —axZy — asZs;
Z] = aoZi— axZ3+ az3Zs; (3
Zy = aoZy+a1Z3—asZy;
Z:,.{ = ogZz— a172 + 06271.

The only relation among them Ef’zoaj Z]! =0.
We can decomposgP? as

CcP®=Cc3uc?ucCPt, (4)

where:

(a) the copy ofCP! consists of the elements @P® with homogeneous co-
ordinates[0, 81, 8,, 0]; the correspondingP-family of positive orthogonal
complex structures oW, g) consists of all elements which commute with
but differ from bothJy and J5;

(b) the copy ofC2 in CP? is determined by the elements with homogeneous co-
ordinates([0, y1, v», 1], i.e. the corresponding family of positive orthogonal
complex structures oW, g) consists of all elements which commute with
Jo but do not commute withyz. The (1, 0)-space of these complex structures
is spanned by the complex vectors

Zo—yoZz Z1—wnZs; Zs+yiZi+ yaZo. (5)

(c) the copy ofC? is determined by the elements @ with homogeneous coor-
dinates[1, B1, B2, B3], i.e. which have 41, 0)-space spanned by the complex
vectors

Z1+ BsZo — PaZs;  Za— B3Zi+ PiZs;  Za+ B2Z1— PiZa. (6)
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Equivalently, the family (c) consists of all positive orthogonal almost-complex
structures which do not commute wiil.

REMARK 1. It follows from Proposition 1 and Equation (3) that at ang M,
Zo(M, g) N 7~ 1(x) is the zero set of at most six independent homogeneous
polynomials onCP? of degree 4. In particular, it is complex algebraic subset of
CP3.

3. Hermitian Structures on the Twistor Space of a Self-Dual Einstein
4-Manifold

Suppose from now on th&, g) is an oriented, self-dual, Einstein, Riemannian
4-manifold. Denote byZ the (negative) twistor space 8f. Besides the almost
complex structurek, J the splitting of7 Z into horizontal and vertical components
determines 1-parameter family of Riemannian metkicen Z [21] defined by

h,= (@ )'g+1tg¥, t>0,

wherer_ is the twistor projectiong is the metric ofM and gV is the standard
metric (of constant curvature 1) on the fitile = CP?.

By the O’Neill formulas for the Riemannian submersian : (Z,h;) —
(M, g) whose fibers are totally geodesic submanifoldézfh,) one can calculate
the Riemannian curvature tensff of (Z, h,), cf. [14, 15, 20, 21, 27, 43]. We
shall use the following formula [14, 15]: i£, F,G,H € T,Z and X = JHE,
Y=HF,Z=#G, T=3H#H,A=VE,B=VF,C=7VYG, D = VH denotes
respectively the horizontal and vertical component& of”, G, H then

R;(E7 F’ G’ H) = Rj]'y_(o')((n—)*x’ (ﬂ_)*Y, (ﬂ_)*Z, (ﬂ_)*T)

s \2 K}
_2 [t (ﬂ) _ ZJ [k, (3X, Y)h,(3C, D) + h,(3Z, T)h,(JA, B)]

SV _ 3t (X, TR (IB. C) + b (JY. Z)h.(JA. D
+t(ﬂ)—ﬂ[t< . T)h,(3B, C) + h,(3Y, Z)h,(JA, D)

—h/(JX, Z)h,(IB, D) — h,JY, T)h,(JA, C)]

S 2
+1 (ﬂ) [ (X, Z)hi(B, D) — hi(X, T)h,(B, C)
+ (Y, T)hi (A, C) = hy(Y, Z)hi(A, D)]

N

i (ﬂ)z [h, (X, Z)h, QY. T) — h,AX. T)h, Y. Z) + 2h, AX. Y)h,(3Z. T)]

s \2
_ 3 (Zl) [h(X, Z)h (Y, T) — hy(Y, Z)h,(X, T)]

+;1[hz(A,C)hz(B,D)—hz(A,D)hz(B,C)]- (7)
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The metricsh, are compatible with both almost-complex structures and
the almost Hermitian 6-manifold&Z, h,;, 1) and (Z, h,, J) belong to the class
A, see [15]. In particular, botth and J satisfy (1), i.e.l andJ lie in the
zero setZo(Z, h,) of the twistor spaceZ(Z, h,) of (Z, h,). Setgo = J and
g3 = —l. Then we can decompose the fiblg = CP® of the twistor bundle
w . Z(Z,h) — (Z,h;) as in the preceding section. For any paint= (x, j)
of Z the elements o€P!-family (a) of positive orthogonal complex structures on
(T, Z, h,) coincide on the vertical component &f Z, so these can be identified
with the fibre of positive twistor space, : Z*(M) — M overx € M using the
map:

Jentx) > gen o),
gxX" = JX VX eTM,
JA = —JYA YAeV, (8)

whereX" denotes the horizontal lift of.
Moreover, we have the following

LEMMA 2. Let J be a positive orthogonal almost complex structure(df, g)

and letg be the corresponding lift to an orthogonal almost complex structure on

(Z, h;). Then

(i) ¢ belongs taZy(Z, h,) iff J itself satisfies Equation (1).

(i) ¢ is integrable iff(M, g, J) is either a flat Hermitian surface or a Kahler—
Einstein surface.

Proof. The first part is immediate consequence of Equation (7) and the fact
that 4 andJ commute. To prove the second statement we shall use the O’Neill
formulas for the Riemannian submersien : (Z, ;) — (M, g) and the fact that
the fibers are totally geodesic submanifolds(#f #,). Thus if we denote byD’
the Levi-Civita connection ofZ, i,) then we have at any poiat = (x, j) of Z
[14, lemma 3.1]:

1
(D' Y")y = (VxYV)! + SRUX, X)), 9)

(D, Y", = —é(Rx(JVA)X)ﬁ, (10)

where X, Y are vector fields onV ; X" Y" are their horizontal lifts ;A is an
arbitrary vertical vector field o andR, (X, Y)j denotes thg-anti-invariant two
form R, (X, Y)(j.,.) + R.(X, Y)(., j.) atx viewed as an element 6f,. Now it is
easily seen thab' preserved, °Z if and only if V preserves;°M andfor any
(1, 0) vectorsX, Y we haveR(X A Y) € A~ M. The first condition is equivalent
to J being integrable. LeR = (s/12)ld + B + W + W~ be theS O (4)-splitting
of the curvature operataR. It is well known that the traceless Ricci opera®r
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switchesA™M and A~ M, so since for anyl, 0)-vectorsX, Y the 2-vectorX A Y
belongs taA* M ® C, the second condition reads/12)X AY + WH(X AY) =0
for any (1, 0)-vectorsX, Y. It follows from [5, lemma 1] (see also [42]) that the
latter is equivalent t&V* being degeneratendx = s, wherek = 3(W*(R), Q)
is the conformal scalar curvature ¢f, J) ; Q is the Kéhler form of(g, J). In
particular, in the Einstein case, we haVveé"| = const [5, lemma 1] and according
to [5, proposition 1] eithes = 0 or (g, J) is Kahler. O

REMARK 2. The proof of Lemma 2 shows that for any Kahler surféik g, J)
(which is not necessary Einstein) the almost complex strugtune Z is integrable
and the converse is true provided thais compact (see [42]). Moreover, if we de-
note byX_, K¥/? andT the (locally defined) bundle of negative spinors, a (locally
defined) square-root of the canonical line bun&lend the holomorphic tangent
bundle of(M, J, g), respectively, they is the canonical complex structure coming
from the identifications

Z=P(S)ZP(T @ K?),
see [41].

If J is anegativeorthogonal almost complex structure @, g) we can use (8) to
lift J to an almost complex structugeon Z, compatible withz, for anyr > 0. On
the analogy of Lemma 2 we obtain

LEMMA 3. LetJ be anegativeorthogonal almost complex structure oM, g)
and letg be the corresponding lift to an orthogonal almost complex structure on
(Z, h;). Then we have the following equivalences:

g belongs t&@o(Z, h,) < s =0;
4 is integrable < s =0and/J isintegrable

Proof. If s = 0, then from (7) we have thgt satisfies Equation (1) iff itself
satisfies (1). The latter condition is true for any negative orthogonal almost com-
plex structure since the negative Weyl tensor vanishes. Conversely, suppgge that
satisfies (1) at any point &. Chooser = (x, j) with j anti-commuting with/,.

We then obtain from (7) that (1) is equivalentste= 0. We conclude the second
part as in the proof of Lemma 2(ii). O

Let J be a positive orthogonal almost complex structurg &) g) satisfying con-
dition (1) (i.e.J is determined according to Proposition 2) andgetand 4, be

the almost Hermitian structures @, 4,) which are the lifts of/ and —J by

(8), respectively. Thugl, 41, > and g3 all satisfy (1) and mutually commute.
Using the quadruplédo, 91, 42, 3} we can introduce the homogeneous coordi-
nates on the fibr€P® as in the above section (with respect to these coordinates
90=11,0,0,0]; 43 =[0,0,0,1]; 1 = [0,1,0,0]; 4> = [0, O, 1, 0]). Denote by
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{Z1, Z», Z3, Z1, Z», Z3} the corresponding frame of tife Z ® C. Notice that the
complex vectorsZy, Z, are horizontal whileZs belongs to the vertical component
of T, Z ® C. By Equations (7), (5) and (6) we easily determine the positive orthog-
onal almost-complex structures in the families (b) and (c) which satisfy (1Y, let
Q(,.) =g(J.,.)andk = 3(WT (), Q) be the scalar curvature, Kahler form and
the conformal scalar curvature @¥, J, g) and set

1
Pl () 1)

0 = (@) (WHQ)(Z1, Z2);

then we have the following:

LEMMA 4. An orthogonal almost complex structure in the family (b) belongs to
Zo(Z, h;) if and only if its homogeneous coordinates y» satisfy

Py’ + Qniyz = G;
P(y2)?— Qniy2 = G;

0()? — 0(12)* +2(P + %)ylyz = 0.

LEMMA 5. An orthogonal almost complex structure in the family (c) belongs to
Zo(Z, h;) if and only if its homogeneous coordinatés B., Bz satisfy

sps = 0O;

L(B1)%+ 0p1po = O

L(B2)* — QB1f2 = O

QB2 + 0 (B)? — (L + g) BBy = 0O

El

We are now ready to describe the s&f(Z, h;). First of all, notice that from
Propositions 2 and 3 and using the analyticity pthe following three possibilities
appears for a self-dual Einstein Riemannian 4-manifofd g):

(1) The positive Weyl tensoW " is identically zero, i.e(M, g) is an oriented
4-manifold of constant sectional curvatur 2.

(2) The positive Weyl tensoW * has exactly two different eigenvalues at any
point, i.e. by replacing/ by a 2-fold covering if necessary/ is a self-dual
Einstein Hermitian surface. If moreove/ is compact, therd/ is a complex
space form by a result of Boyer [11].
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(3) The positive Weyl tensor is non-degenerate in a dense open suldget of

In the notations above we hav@: = 0 iff the spectrum ofW ™ is degenerate;
k=0& Q =0iff WF =0, cf. [5, 38]. Substituting = 0, « = 0 into Lemmas 4
and 5 and using Lemmas 2 and 3, we obtain for case (1)

PROPOSITION 4. Let (M, g) be an oriented 4-manifold of constant sectional

curvatures/12. Then:

(i) if st/12=1+./3/20rst/12=1—./3/2thenZy(Z, h,) has two connected
components which aré-g3; and theCP?-bundle overz of all positive or-
thogonal almost complex structures(@f, i,) which commute with, but differ
from+gs;

(i) if st = 12thenZy(Z, h,) has two connected components which &g, and
the CP2-bundle overZ of all positive orthogonal almost complex structures
of(Z, h,) which commute with, but differ froeh Jo;

(i) if s = 0O, i.e. (M, g) is flat, then for any > 0 the zero-setZo(Z, h;) is a
CP! x CP!-bundle overz of the lifts of the orthogonal (positive and negative)
almost complex structures @M, g);

(iv) in any other caseZy(Z, h,) has three connected componentsfo; £z and
the CP!-bundle overz of the lifts of the positive orthogonal almost complex
structures of( M, g).

EXAMPLE 1. According to the results in [33], in the case (i) of the above propo-
sition the almost Hermitian manifoldz, &,, g3 = —I) has vanishing Bochner
tensor (for the definition of the Bochner tensor of an almost Hermitian manifold,
see [40]). As already mentioned, the almost Hermitian struaityd ) belongs to
the classA#, [14]. Thus,(Z, h;, 1) with st/12 = 1 + /3/2 is anon-Kahler
Bochner-flat almost Hermitian structure of clags¢, on CP°.

We also observe that in case (ii) of Proposition(3, h,, Jo) is a Kahler
Bochner-flat manifold (which is also of constant holomorphic sectional curvature,
see [14]).

When(M, J, g) is a self-dual Kéhler—Einstein surface we hawe= 0 andx = s,
cf. [18, 16]. In this case, Lemmas 4, 5, 2 and 3 give

PROPOSITION 5. Let (M, J, g) be a self-dual Kahler-Einstein surface. Then:

(i) if st/12 = (54 +/33)/4 or 5t/12 = (5 — /33)/4, then Zo(Z, h,) consists
of +¢3 and twoCP*-bundles®; and £, determined as the orthogonal almost
complex structures ofZ, i,) which commute with botli; and g, (resp. 43
and ¢,) but differ from+¢3 and+¢; (resp. fromt gz and+4>);

(ii) if s1/12 # (5+ +/33)/4andsr/12 # (5 — +/33)/4thenZo(Z, h,) consists of
+Jo, £F1, £F1 and £ Fs.

EXAMPLE 2. LetF1, = U(3)/U(1) x U(1) x U(1) be the 3-dimensional flag
manifold. Consider the following reductive decompositioru¢d)

u@ =haom,
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whereu(3) is the Lie algebra of the unitary groly(3) andh andm are determined
by:

ia 0 O
h=10 i 0 Zud) ®ud) ®ul) cu®);
0 0 iy
0 a b
m=4{ —a0 ¢} cu@.
—b — 0

Identifying any elemenX € m with the triple (a, b, ¢) we consider th&J(3)-
invariant Riemannian metric o »

Suv(X, X) = Aal® + ulb? + vic?,

wherea, u, v are positive real numbers. Whenu, v vary the set of the metrics
& v €Xhaust allU (3)-left-invariant metrics orfy ,.

It is well known thatF; , can be considered as the negative twistor spaGPof
with the Fubini—Study metric, see [10, 813.80]. It is easily shown that the metrics
h:, t > 0 coincide with thenvariant metricsgs ;61 and the complex structures
o, $1 and g, defined above are thavariant complex structures o# », acting
on the elements ah by

Jola,b,c) = (ia,ib,ic);
J1(a,b,c) = (—ia, —ib,ic);
I2(a,b,c) = (ia, —ib, —ic).

We also observe that the non-integrable almost complex strugiyris also
invariant and acts by

I3(a,b,c) = (—ia,ib,—ic).

Moreover, forst = 6 we obtain thebi-invariant metric on Fy , and forsr = 12
(h;, $o) is one of the invariant K&hler—Einstein structures/n, see [7, 21]. Our
main observation concerning, , is given by the following

THEOREM 1. The only (local) orthogonal complex structures compatible with
some of the metrick,, t > 0 are the invariant ones.

Proof. Except for the caser /12 = (5+ +/33)/4 the claim follows from Propo-
sition 5. Suppose now that/12 = (5++/33)/4 and letg be a compatible complex
structure, different frongo, 41 and .. According to Proposition 5, at any point
g belongs to the family (c) wittB; = B3 = 0 or 8, = B3 = 0. Suppose, for
example, that in the neighborhodd of some pointg belongs to the family (c)
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with 81 = B3 = 0. Then, onU, the complex structurg is compatible with
the invariant metricgs s, 1,1. It is well known (see, for example, [2]) that there
exists an automorphism df;, coming from an element of the Weyl group of
SU(3) which switches the metricgs,;,1,1 and g1 6/5,,1. But existence of a com-
plex structure compatible withy 6/, 1 different fromgo, #1 and g, contradicts to
Proposition 5. O

REMARK 3. Using the algebraic structure #f , the authors have recently ob-
tained the same result fany invariant metricg, ,.,. A detailed proof and some
other applications will appear in a forthcoming paper.

As a consequence of Theorem 1 we obtain

COROLLARY 2. The only orthogonal complex structures compatible with some

invariant Einstein metric on the homogeneous spBEcgare the invariant ones.
Proof. Any invariant Einstein metric ot  is isometric to eithefg;, Or h12/,

(see, for example, [7]). O

Another consequence of Theorem 1 is the following

COROLLARY 3. For any Einstein metric of positive scalar curvature &,
which is Kahler with respect to some compatible complex structure there are
exactly three commuting orthogonal complex structures.

Proof. For any such Kahler structure, s@y, &), on F; , the complex structurg
has positive first Chern class, hence, sifige is spin-manifold,(Fi 2, §) is a Fano
manifold of index at least 2. From the classification of 3-dimensional Fano man-
ifolds [26, 31] it follows thatd is biholomorphic to one of the invariant complex
structuresdo, ¢1, $2. Moreover, according to uniqueness of Kéhler—Einstein met-
rics modulo biholomorphisms [9, 30, 29], we can assume(thgf) is equivalent
to (h,, $o) with st = 12 and our claim follows from Theorem 1. O

To complete our discussion we consider the case (3) when the spectriih isf
not degenerate. We then hage£ 0, so Lemmas 2, 4 and 5 give

PROPOSITION 6. Let (M, g) be an oriented self-dual Einstein Riemannian 4-
manifold. Suppose that the spectrum of positive Wey! téiiiSois non-degenerate.
After replacingM by a finite covering if necessary, denoteJdyand J” the glob-
ally defined by Proposition 2(i) positive orthogonal almost complex structures on
(M, g) and letgy, 45 and 7, §5 be the corresponding lifts to the negative twistor
spacez. Then:
(i) if the scalar curvature is non-zero theto(Z, h,) consists of: o, £4;, £45,

+91, +; and+gs;
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(i) if the scalar curvature is zero the&y(Z, h;) has 7 connected components
given by+do, £, 5, =37, +95, +J3 and theCP*-bundle of the lifts of
the negative almost Hermitian structures @¥l, g).

Concerning the twistor spaces odmpactEinstein self-dual four manifolds, we
describe these of them that admit orthogonal complex structure differentJfrom
with the following

THEOREM 2. Let (M, g) be a compact, self-dual, Einstein Riemannian 4-
manifold. Then there exists in the neighborhood of some (or equivalently of each)
point of the negative twistor spacg a positiveh;-orthogonal complex structure
different fromJ for anys > 0 if and only if (M, g) is isometrically equivalent to
one of the following:
(i) CP? with the Fubini-Study metric;
(i) an oriented compact flat 4-manifold;
(iif) a K3 surface or its quotients by groups, or Z, x Z,, endowed with the
opposite orientation and a Calabi—Yau Ricci-flatmetric;
(iv) a compact quotient of the (complex) hyperbolic spae with the Bergman
metric.

Proof.If (M, g) is CP? with the Fubini—-Study metric then there are (locally and
globally) exactly three orthogonal complex structures associated with any of the
metricsh,, t > 0, as already proved in Theorem 1. According to Proposition 5 and
Lemma 2, the same is true for the compact quotients of the complex hyperbolic
space with the Bergman metric whery12 # (5 — +/33)/4; for st/12 = (5 —
V/33)/4 we do not know if there exist some positive orthogonal complex structures
different fromdo, 41 andg,. When(M, g) is a flat torus or a K3-surface endowed
with a Calabi—Yau metric, then according to Lemmas 2 and 3 begigléke other
h,-orthogonal complex structures @f are the lifts of the positive and negative
orthogonal complex structures @#/, g). Since any globally defined orthogonal
complex structure on the flat torus and a K3 surface is Kéhler in the case of the
flat torus there are exactly twif-families of globally defined complex structures,
commuting with but different frong, (corresponding to two hyper-Kahler families
of (M, g)) while in the case of a K3 surface there is exactly ¢iefamily of
globally defined complex structures, commuting with but different figgm

Suppose now that on a simply-connected openisetf (Z, h,) there is a
positive orthogonal complex structugewhich differs fromgoy. Denote byU the
projection of U by 7_. We claim that either the scalar curvature(of, g) van-
ishes or the spectrum &7+ on (U, g) is degenerate. Indeed, suppose that 0
and the spectrum oV * is not degenerate. Then Proposition 6 implies tjas
one of the structureg;, 31, 35, $5. In any caseg is projectable into a positive
orthogonal almost complex structueon (U, g) which coincides with one of the
structurestJ’ or £J” defined by Proposition 2(i). The integrability condition for
g implies thatJ is an integrable structure o/, g) (see Lemma 2), hence the
spectrum of Wt is degenerate by Proposition 3, a contradiction. Sinds an
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Einstein metric (in particular, it is real analytic) we obtain that eittr, g, J)

is of zero scalar curvature or the spectrumWf is degenerate everywhere on
M. In the first case a result of Hitchin [22] implies th@W, g) is isometric to

one of the manifolds given in (ii) and (iii) of Theorem 2. In the second case,
according to Proposition 3, eithéM, g) is of constant sectional curvature (i.e.
(M, g) is isometric toS* or to a compact quotient of the real hyperbolic space)
or W* has exactly two distinct eigenvalues at any pointMf If (M, g) is of
constant non-zero sectional curvature, then it follows from Proposition 4ftisat
projectable to a positive orthogonal almost complex struciuom (M, g) which

is Kéhler by Lemma 2. This is impossible since for a Kéhler surface the positive
Weyl tensor vanishes iff the scalar curvature is zero (see, for example, [18, 16]). If
W™ has two distinct eigenvalues, by replaciigby 2-fold covering if necessary,

we obtain that there is a Hermitian structufeon (M, g), see [16]. According to

the classification of the compact self-dual Einstein Hermitian surfaces, obtained by
Boyer in [11],(M, g, J) is isometrically and biholomorphically equivalent to one

of the following Kéhler surface<£P? with the Fubini—Study metric; a flat complex
surface; a compact quotient of the unit ballGA with its Bergman metric, which
completes the proof. O

REMARK 4. 1. WhileS* and the manifolds appearing in (i), (ii) and (i) are the
only oriented compact self-dual Einstein manifolds of non-negative scalar curva-
ture, see [21-23], in the case of negative scalar curvature a complete classification
is not available and the only known examples are the compact quotients of real and
complex hyperbolic spaces. (If we do not assume Midas compact some other
examples appear, cf. [24].)

2. The proof of Theorem 1 shows that if feomer > 0 there exists a positive
h,-orthogonal complex structure different frahthen (M, g) is either of constant
non-zero sectional curvature or isometrically equivalent to one of the Riemannian
manifolds described in (i—iv) of Theorem 2. In the case wiigh g) is the 4-
spheres* the metrich, with r = 12/s is the Fubini-Study metric o@P2, which
locally admits infinitely many orthogonal complex structures [33], while for the
twistor space of the compact quotients of real hyperbolic space the authors do not
know if there areh,-orthogonal complex structures different frggg. According
to Proposition 4 if any, thesy /12 =1 — /3/2.
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