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Abstract: It is shown that the Hermitian-symmetric space CP* x CP* x CP? and the flag manifold Fy »
endowed with any left invariant metric admit no compatible integrable almost complex structures (even
locally) different from the invariant ones. Asan application it is proved that any stable harmonicimmersion
from F1, 2 equipped with aninvariant metricinto anirreducible Hermitian symmetric space of compact typeis
equivariant. Itisalso shownthat CP1 x CP1 x C P and Fy » withitsinvariant K ahler—Einstein structuresare
the only compact K ahler—Einstein spin 6-manifolds of non-negative, non-identically vanishing holomorphic
sectional curvaturethat admit another orthogonal complex structureof Kahler type. A necessary and sufficient
condition on a compact oriented 6-manifold to admit three mutually commuting almost complex structures
is given; it is used to characterize CP! x CP! x CP! and Fy » as Fano 3-folds admitting three mutually
commuting complex structures which satisfy certain compatibility conditions.
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1. Introduction

Let (M2", g) be an oriented Riemannian manifold of dimension 2n. A complex structure
on M, viewed asan integrabl e al most-complex structure J, is positive and orthogonal whenever
J induces the same orientation on M and J is g-skew-symmetric.
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Given aRiemannian manifold (M?", g) itisnatural to ask [35] doesthere exist an orthogonal
complex structureon (M, g)? If so, wewould like to describe the set of all orthogonal complex
structures. Thisquestion (whichinfact concernstheconformal structuredeterminedby g) canbe
asked either locally or globally, and the corresponding answers can berather different in nature.
Whileonanoriented (real) surfacethe compl ex structuresand the Riemannian conformal classes
coincide, whenn > 2 thelocal existence of orthogonal complex structuresimposes constraints
on the (conformally invariant) Wey! curvaturetensor of M, cf. [37]. Consider for example CP",
n > 3 with the Fubini—Study metric. It iswell known that the unique globally defined positive
orthogonal complex structureisthecanonica onewhilelocally thereareinfinitely many positive
orthogonal complex structures since the Bochner tensor of the canonical Hermitian structure
of CP" vanishes, cf. [29].

If M isa (rea, oriented) 4-dimensional manifold, then any positive orthogonal complex
structure J is determined (up to a 4-fold ambiguity) by the self-dual Weyl tensor W+ at any
point where it isnon-zero. More precisely, J isequal to auniversal function of the eigenforms
and the eigenvalues of W™, operating on the bundle of self-dua 2-forms, cf. [34, 4] (the above
mentioned ambiguity comesfromthelack of acanonical orientation for the eigenspacesof W™).
Inparticular, if W* isnot identically zero, there are (even locally) at most 2 distinct compatible
positive complex structures [31]. (Here and henceforth, distinct means that there is a point
where the complex structures are not equal up to sign.) On the other hand the anti-self-dual 4-
manifoldsadmit locally infinitely many compatible complex structures[8]. Compact Riemann-
ian 4-manifolds admitting two distinct globally defined positive orthogonal complex structures
arecalled bihermitian surfaces. It followsfrom theresultsin [31, 6] that few of the complex sur-
faces could admit bihermitian structures, i.e., “generically” on acompact oriented Riemannian
4-manifold thereis at most one globally defined positive orthogonal complex structure.

When the dimension of M is more than 4 the situation is more complicated (see [35] and
the included references). However, the question of global existence of orthogonal complex
structures has been successfully studied for some specia classes of Riemannian manifolds
as Riemannian (inner) symmetric spaces of compact type [13,12], compact quotients of ir-
reducible symmetric spaces of non-compact type [16], quaternionic manifolds (of dimension
4an, n > 2) [30, 2, 3]. Unfortunately, for a general Riemannian manifold little is known for the
set of orthogonal complex structures.

In this paper we are interested in 6-dimensional Riemannian manifolds, admitting three
commuting orthogonal complex structures. This condition comes naturally from the geometry
of thetwistor spaceandinsuresthetriviality of thetwistor bundle (see Section 2). Itisequivalent
to the splitting of thetangent bundleinto threetwo-dimensional subbundlesand leadsto acertain
topological restriction on the manifold (Proposition 1).

The simplest example of such a manifold is the product X1 x X, x X3 of three Riemann
surfaces X1, X, X3. It canbeinfact characterized by the existence of four mutually commuting
Kahler structures (Section 3.1) and we observe in Theorem 3 that if the Gauss curvatures k;,
i =1,2 30of & satisfy

ki+kj #0, i#]

at some point, then these are the only orthogonal complex structures. Concerning the reducible
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Hermitian-symmetric space CP! x CP! x CP?!, our local observation fits in with the results
of [13].
We also consider the flag manifold

Fi2=U(Q)/(U1) x U(D) x U(1))

with an arbitrary U(3)-left-invariant Riemannian metric (Section 3.2). It has been already
observed by the authors that with respect to a certain 1-parameter family of U(3)-left-invariant
metrics on Fy, the only orthogonal complex structure are the three commuting U(3)-left-
invariant complex structures, [5, Theorem 1]. This has been derived by considering F; » asthe
twistor space over CP? with its standard metric; hence thereisamap 7 : Fy, — CP? and
1-parameter family of (U(3)-left-invariant) Riemannian metrics h;,t > 0 of F; , such that
forany t > O, = isaRiemannian submersion from (Fy 2, h;) to CP?2. It thus can be seen that
any orthogonal complex structure on (Fy 2, hy) is either the tautological complex structure, or
elseit isthe lift of one of the two (differing by sign) orthogonal complex structures on C P2,
Considering now F1 » with its algebraic structure of a homogeneous space we extend the result
for an arbitrary left-invariant metric.

Theorem 1. Let F1 o = U(3)/(U(1) x U(1) x U(1)) be the flag manifold, endowed with a
U(3)-left-invariant metric. Then the only orthogonal complex structures (even locally defined)
are the three U(3)-left-invariant complex structureson Fy ».

Recall that amap from aflag manifoldinto aRiemannian manifoldissaid to be equiharmonic
if it is harmonic with respect to any invariant metric of the flag manifold. As consequence of
Theorem 1 we get

Corollary 1. Let f : F;2 — M be a stable harmonic map from the flag manifold F; >
equi pped with someinvariant metric into an irreducible Her mitian-symmetric space of compact
type M, and suppose that there is a point where the differntial of f has maximal rank. Then f
is equiharmonic map which is +=-holomor phic with respect to some of the invariant complex
structures Jq, Jo, Js.

In Section 4 we characterize (up to abiholomorphism) CP! x CP! x CP* and Fy » asFano
3-folds admitting spin structure and three mutually commuting complex structures, satisfying
certain natural compatibleconditions (Proposition 2). Moreover, regardingto CPtx CPx CP?
and Fy > with its (left) invariant Kahler—Einstein structures (see Remark 2 bellow), we prove
the following result, which nicely linksto Mok’s characterization [26] of compact Hermitian-
symmetric spaces as Kahler manifolds of non-negative bisectional curvature:

Theorem 2. Let (M, g, J) be a compact Kahler—Einstein spin-manifold of real dimension 6
with non-negative non-identically vanishing holomor phic sectional curvature. If (M, g) admits
another orthogonal complex structure J° = +J which is of Kahler type, then (M, g, J) is
biholomor phically isometric to either CP* x CP* x CP?! or Fy, with its (left) invariant
Kahler—Einstein structure, and the complex structure J’ isinvariant too.
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2. Commuting orthogonal almost complex structures and twistor spaces of Riemannian
6-manifolds

2.1. Twistor space of a Riemannian manifold of even dimension

Let (M, g) be a2n-dimensiona oriented Riemannian manifold. We wish to study positive
orthogonal (almost) complex structures on (M, g), which we view as sections of the fibre
bundle ;. : ZtM = P xg(n) (SO(2n)/U(n)) > M, where P > M denote the canonical
principa O(2n)-bundle. The vertical distribution V =Ker(rr, ), inherits a canonical complex
structure JV sincethefibre H, = SO(2n)/U(n) isaHermitian-symmetric space. Moreover, the
Levi-Civitaconnection V on M induces a splitting TZ*M = 3 & 'V of the tangent bundle of
Z*M into horizontal and vertical components, so that 7 = (7,.)~'T M acquires atautological
complex structure J7¢ given by JJ = j forx e M and j € (7r4) ' (x) = Hy. Following [8],
we define an almost-complex structure J on Z*M by

J=J"+J".

It iswell known that in the case when M is 4-dimensional, the aimost complex structure J is
integrable iff the positive Weyl tensor of (M, g) vanishes [8]; if dimM = 2n > 4, then the
integrability of J is equivalent to the vanishing of the Weyl tensor of (M, g) [29]. Moreover, in
[32], Salamon shows that integrability of a positive orthogonal almost complex structure J of
(M, g) isequivalent to the holomorphicity of J viewedasamap J : (M, J) = (ZTM, J). In
fact one can say more. In [29], the Nijenhuis tensor N is calculated and it is shown that NY
vanishesat j € Z*M iff

RTYO()), TN TH(j) € THO()), D

where TA9(j) ¢ T,(jyM ® Cisthe (1, 0)-space of j and R isthe curvature of g.

Denote by Z3 M the zero-set of NY. Since any positive orthogonal complex structure J
satisfies (1) we have that J lies entirely in Z§' M, but a section J of Z§'M is not necessarily
integrable.

2.2. Twistor space of a Riemannian 6-manifold

Now we restrict our attention to the twistor space Z(M, g) of a6-dimensional Riemannian
manifold (M, g). Since the positive and the negative twistor spaces can be identified via the
map j — —| on the fibre, we will consider Z(M, g) as the quotient space of the principal
0O(6)/U(3)-bundle of all orthogonal almost complex structures of (M, g) under this action.
The fiber Hy = SO(6)/U(3) is then isomorphic to C P2 and we will make use of the explicit
identification given in [1] (for more details see also [33,38,18,5]). Let V be a complex 4-
dimensional vector space endowed with a Hermitian inner product h and a volume form @ €
A%V The Hodge operator = is defined on A%V by

§ Axn =h(, n)d.
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Thus the C-anti-linear endomorphism = induces on the 6-dimensional complex vector space
A?V ared structure. The fixed points set of « forms a real 6-dimensional vector space W
with a positive definite inner product g coming from h. For any [v] € P(V) we then have the
h-orthogonal splitting

A%V =V, oV}, )
where V, denotes the vector space generated by the 2-vectors v A u with h(u, v) = 0 and
V! is the orthogonal component of V, in A2V. Notice that V.- is spanned by the 2-vectors
u’ A u” with h(u, v) = hu”, v) = 0. The splitting (2) of A2V = W ® C defines a positive
g-orthogona complex structure on the vector space W with (1,0) and (0,1)-spaces equal to V,
and V.1, respectively. This givestheidentification of P(V) = C P3 with the space SO(6)/U(3)
[1, Lemma4.1]. In terms of this correspondence we have that two distinct positive orthogonal
complex structures J’ and J” on (W, g) commuteiff the corresponding [v'] and [v”] € P(V) are
h-orthogonal, [5, Lemma 1]. Moreover, if wefix aunitary frame {vg, v1, v2, vz} of (V, h) with
vo A vy A vz A vz = @, the corresponding orthogonal almost complex structures {Jo, Ji, Jo, J3}
mutually commute, cf. [5, Corollary 1], and the complex vectors

Z1=v9Av1, Zo=vgAvy, Zz=vgA U3, (©)]
give aunitary frame of T Jlo’o; their complex-conjugated vectors are respectively

Z1=v2Av3, Zop=—viAUV3, Z3= V1A Uy,
and the corresponding (1, 0)-spaces of Jy1, Jo, J; are respectively spanned by the triples

{21, 22, 23}, (21,25, 23}, {Z1,2>, Z3)}.

For an element [v] € P(V) let [wo, a1, a2, 3] be the homogeneous coordinates with respect
to {vg, v1, v2, v3}; the corresponding positive orthogonal complex structure J is determined by
its (1, 0)-space spanned by the vectors (see [5]):
Z) = —a1Z1 — apZp — a3Zs3,  Z] = apZy — aaZ3 + asZs, @
Zé] = aoZZ+a123—a321, Zé] = a023—a122+a221.
The only relation among themis ©2_y; Z) = 0.
We then decompose C P2 as
cPix=cC*uc?ucP?,
where:
(a) The copy of CP? consists of the elements of C P2 with homogeneous coordinates[0, 81,
85, 0]; the corresponding CP*-family of positive orthogonal complex structures on (W, g)

consists of al elements which commute with but differ from both Jy and J;. The (1, 0)-space
of any such a structure is spanned by the complex vectors

23 = 8121+ 82Z5;
Zi] = 23; (5)
Zé] = —8221 + 8122.



284 V. Apostolov, G. Grantcharov, S. Ivanov

(b) The copy of C2 in CP? is determined by the elements with homogeneous coordinates
[0, y1, ¥2, 1], 1.e., thecorresponding family of positive orthogonal complex structureson (W, g)
consists of al elements which commute with Jy but do not commute with J;. The (1, 0)-space
of any such a structure is spanned by the complex vectors

Z3 = n1Z1+ v2Zo + Zs;
Z3 = Zp — yoZs; (6)
Zé] = — 21 + )/123.

(c) The copy of C2 is determined by the elements of C P2 with homogeneous coordinates
[1, B1, B2, B3], i.e., which have a (1, 0)-space spanned by the complex vectors

Z) = Z1+ B3Zy — BoZs;
Z) = Zp — B3Z1 + B1Zs; (7)
Z3 = Z3+ PoZ1 — P1Zo.

Equivalently, thefamily (c) consistsof al positive orthogonal a most-complex structureswhich
do not commute with Jp.

2.3. Riemannian 6-manifolds with trivial twistor bundle

We will apply the above pointwise considerations to study global orthogona complex struc-
tures on Riemannian 6-manifolds (M, g) whose twistor bundle ZtM — M istrivialized by
four mutually commuting orthogonal almost complex structures {Jo, Ji, Jo, J3}. Observe that
Jo = £J1 0 J 0 J3, hence our condition isin fact equivaent to the existence of three mutually
commuting orthogona almost complex structures. As in the 4-dimensional case, the triviality
of the twistor bundle leadsto sometopological restrictions of the manifold. More precisely we
have the following

Proposition 1. Let M be a compact 6-manifold admitting three mutually commuting almost
complex structures. Then there exist elements w;, i = 1, 2, 3 of H2(M, Z) satisfying the fol-
lowing properties:

(1) w1 + w2 + w3 = wa(M) (mod 2);

(i) % + 0 + w§ = P1(M) = wrw2 + V1W3 + wow3 (MOd 2);

(III) wiwrwz = e(M),
where w>(M), p1(M) and e(M) are the second Stiefel class, the first Pontrjagin class and the
Euler classof M, respectively, and (mod 2) denotes the natural homomorphism H2(M, Z)
H2(M, Z,).

Conversely, for any oriented compact 6-manifold M whose cohomology group H4(M, Z)
has no elements of order four, existence of elements wj, i = 1, 2, 3 € H2(M, Z) satisfying the
conditions above implies the existence of three mutually commuting almost complex structures
on M.

Proof. Let{J;, Jo, J3} beatriple of mutually commuting almost complex structureson M and
put Jo=JioJods, Qi = Jpo J,i =1, 2 3. Then Jy isan amost complex structure on M
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commuting with any almost complex structure J;, and Q; are Jo-invariant, mutually commuting
involutions on the tangent bundle T M. We then have the splitting

TM=T18T2® T3, (8)

where Ti,i = 1, 2,3 are Jp-invariant 2-dimensional sub-bundles of T M, which are eigen-
spaces for any Q;. The ailmost complex structure Jy induces complex structures on the real
vector bundlesTM and Tj, i = 1, 2, 3. Denote by w; thefirst Chern classes of the complex line
bundles T;, respectively. We then have by (8):

(M, Jp) = w1 + w2 + w3,
(M, Jo) = 3(cE(M, Jo) — p1(M)) = w10 + w03 + w13,
c3(M, Jo) = e(M) = wiwows3.

Moreover, on any oriented compact 6-manifold the Stiefel classes are determined by the Wu
formula (cf. [25]); we calculate wa(M) = va; wa(M) = v3 = wy(M)?, where, we recall, v, is
determined as dual to

So? : HA(M, Zy) > HO(M, Zy) = Z,.

Now theclaimfollowsby thewell known properties: wo(M) = c1(M, Jp) (mod 2); wo(M)? =
p1(M) (mod 2); wa(M) = c2(M, Jo) (mod 2).

Let M be an oriented compact 6-manifold whose cohomology group H*(M, Z) has no
elements of order 4 and suppose that there are elementsw;, i = 1, 2, 3 of H?(M, Z) satisfying
conditions (i), (ii) and (iii). Any w; determines acomplex line bundle L; over M, such that the
first Chernclasscy(L;) of L; iswj. Consider the 6-dimensional oriented real vector bundle Lr
over M, underlying the complex rank 3bundleL = L; & L, & L3; we easily compute:

wz(Lr) = c1(L)(Mod 2) = w1 + w2 + w3 (Mod 2),
wa(Lr) = c2(L)(Mod 2) = wiwz + w1w3 + w2w3 (Mod 2),
pr(Lr) = cF(L) — 26o(L) = of + &5 + o5,

e(Lr) = c3(L) = mwaws,

where wi(Lg),i = 2,4, pi(Lgr) and e(Lg) are the corresponding Stiefel classes, the first
Pontrjagin class and the Euler class of Lg, respectively, and ¢;(L),i = 1, 2, 3 are the Chern
classes of L. As we have already mentioned, on any oriented compact 6-manifold M, the
Stiefel classes w4(M) and wo(M) are related by w4(M) = wo(M)?; we then get from (i), (ii),
(iii): wa(Lgr) = w2(M); wa(Lr) = wa(M); p1(Lr) = p1(M); e(Lr) = e(M). According to
[15, Prop.1] (seedso[39)]), thetangent bundle T M isthen isomorphic to thereal vector bundle
Lg, i.e, the splitting (8) holds true for some oriented 2-dimensional vector subbundles T; of
T M. Choosing complex structure jj on any T, and putting

b= Jitiet+ijs h= j1—J2—Js
h=—j1+j2—jza IB=—j1—j2+]s
we get four mutually commuting almost complex structureson M. [
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Remark 1. Given four commuting almost complex structures {Jo, Ji1, Jo, J3} on M it can be
easily seen that there exists a Riemannian metric g compatible with any Ji,i = 0,1, 2, 3.
Indeed, considering the splitting (8) of the tangent bundle T M determined by {Jo, J1, Jo, J3}
let gi be aHermitian metric on T;. Then a Riemannian metric g on M is compatible with any
J; iff the splitting (8) is g-orthogondl, i.e., iff g hastheformg = 10, + >0, + f3g3 for some
positive smooth functions f,, f,, f3 of M.

3. Examples
3.1. Product of three Riemann surfaces

The simplest example of Riemannian 6-manifold admitting four commuting complex struc-
turesistheproduct M = 33 x 3o x X3 of threeoriented Riemann surfaces (i, g;). Changingthe
orientation of any X; weobtainin fact four commuting Kahler structures{Jo, Ji, J», J3}, which
are the products of the corresponding Kahler structureson (%, g;). Conversely, any Riemann-
ian 6-manifold (M, g) that admits four mutually commuting Kahler structures {Jo, J1, Jo, J3}
islocally isometric to the product of three Riemann surfaces. Indeed, in this casetheinvolutions
Qi = Jo J,i = 1,2 3are preserved by the Levi-Civita connection of (M, g), hence the
holonomy group of (M, g) preserves the orthogonal splitting (8) of T M.

The next statement shows that in general {Jo, Ji, J», J3} are the only orthogona complex
structureson 1 x o X X3!

Theorem 3. Let (M,g) = X1 x Xo x X3 be the product of oriented Riemann surfaces
(Zi, g),i =1, 2, 3with Gauss curvatures k;, respectively. Suppose that

at some point of M. Then g admits exactly four positive orthogonal complex structures, which
are Kahler and mutually commute.

Proof. Denoteby j; the complex structure on X; and let

b= hitij2+ijs A j1—J2— s,
b=—j1+j2—jza B=—j1—j2+]3
bethe four commuting K&hler structuresof (M, g). Consider the open subset U of M, where (9)

is satisfied and let Z§U be the zero set of the Nijenhuis tensor of the twistor space of (U, @),
see Section 2.1. Then we have

Lemmal. Thezeroset Z§U consists of Jo, Ji, Jp and Js.

Proof of Lemma 1. Consider the unitary complex (1, 0)-vectors Z;,i = 1, 2, 3 on the com-
plexified tangent bundle Ty ® C of each Riemannian surface (Zi, g, ji). Then the curvature R
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of the product metric g is given by

R(Zi A Zi) =k Zi A Zi;

. . o (10)
R(ZiAnZ)=0; R(ZinZj)=0, i,je{l,23},i#].

Suppose that J is an orthogonal almost complex structure of (U, g), defined at some point
x € M, which satisfies (1) (i.e., J belongsto = ~1(x) N ZU). If J belongsto the CP-family
(a) of orthogona almost complex structures at x, then there are complex numbers §; and 6,
such that the (1, 0)-space of J is spanned by the complex vectors Zg, Z;, Z3 defined by (5).
Thus, using (10) and the fact that J satisfies (1), we obtain (k; + k2)8282 = 0, i.e, 815, = 0
since on U the condition (9) holds. Hence J coincides with either J; or J,. Similarly, if J
belongs to the C2-family (b), we get by (6) and (10) that the condition (1) is equivalent to
yi(ko +k3) = y2(ky +ks) = 0, i.e,, y1 = y» = 0 because of (10). This showsthat J = Ja.
Finally, consider the case that the almost complex structure J belongs to the C3-family of
amost complex structures at x, described in (¢). Using (7) and (10) we obtain in this case that
the condition (1) is equivalent to

BL(ka + ka) = BE(Ky + k3) = p2(ky + ko) =0,
hencewegetfrom (10) i =0,i = 1,2, 3,i.e,J=J. O

Now Theorem 3followsimmediately. Indeed, if J isanintegrableorthogonal almost complex
structure of (M, g), then J belongsto Zg U and it follows by Lemma 1 that J coincides with
one of the orthogona complex structures Jo, Ji1, J2, J3 on any connected open subset of U.
Hence, according to [31, Remark 1.5 (2)], this holds everywhereon M. [

3.2. Flag manifold

Let F12 = U(3)/U(1) x U(1) x U(1) bethecomplex 3-dimensional flag manifold. Consider
the reductive decomposition of u(3)

uid® =haom,

where u(3) isthe Lie algebra of the unitary group U(3) and h and m are determined by:

i« 0 O
h=10 ig 0} =Zu@a®uldaul cu®);
0 0 iy
0O a b
m={-a 0 ¢ ¢y Cu®.
b —c 0
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Identifying any element X € TF; 2 = m with the corresponding triple of complex numbers
(a, b, c), we consider the U(3)-left-invariant Riemannian metric g, ,, 2, on F1 2 defined by

Uisinias(Xs X) = Aq]af® + A2|b|% + Aslcl?, ¥X € TFy2,

where A1, Ao, A3 arereal positive numbers. It iswell known that when A1, A», A3 vary, the set
of the metrics g;, 5,.,, exhaust all U(3)-left-invariant metrics on Fy ».
The (left) invariant almost complex structures on F; , are described by

Jeeres - (A, D, C) — (€1i@, €2ib, e3iC), € € {£1},i =1,2,3.

The positive ones are characterized by the condition €;e2¢3 = 1, hence there are exactly four
distinct positiveU(3)-left-invariant almost complex structures, J; = J_1 _11; Jo = J11.1; 3 =
J1—1-1and Jy = J_11 1, whicharecompatiblewith any invariant metricg,, »,.,, and mutually
commute. It is easily checked that J;, J, and J; are integrable, while Jp is bi-invarint with
nowhere vanishing Neijenhuis tensor. Since J;, J, and Jz al satisfy (1) with respect to any
invariant metric (asbeing integrable), so does Jy = Ji 0 Jy0 J3 (See Section 2.2). More precisely,
the zero set Z3 (F1.2, g) with respect to any left-invariant metric g of Fy , is determined by the
following

Lemma 2. Let g = 0;,.5,.1, be aleft-invariant metric of F1,. For any i € {1, 2, 3} denote
by P; the CP*-bundle over F1.2 whose fibre at any point X € F; consists of all positive,
g-orthogonal almost complex structures at x that commute with but differ from Jo and J;. If we
put Ci = 3(hi_1 4+ AizDA — (Ai—1 — Aig1)? | =1, 2, 3, (where g = A3; A4 = A1), thenthe
zero set Z§ (Fy.2, g) is determined as follows:

(i) if for somei e {1, 2, 3} the positive real numbers A;,i = 1, 2, 3 satisfy C; = 0 and
Ai_1# Ai # Aiy1, then Zd (F12, g) consists of Jp, J and the bundle P;;
(ii) if for somei € {1, 2, 3} the positive real numbers A;,i = 1, 2, 3 satisfy C; = 0 and

Ai = Ai_1, then Zg (Fy.2, g) consists of Jy and the bundles P; and P; _s;
(iii) in any other case Zo(Fy.2, ) consists of Jy, J1, Jo and Js.

Proof. We will use the following well-known expression for the curvature R of g (see for
example[11, Ch.7]):
R(X, Y, X, Y) = 39X, YIm, [X, YIm) + 9([X, YIn, Y1, X)
+ %g(xa [Y’ [Y? X]m]m) + %g(Ya [X7 [X’ Y]m]m) (11)
+gU (X, X), U(Y,Y)) —gU (X, Y),U(X,Y)),
whereU : m x m — m isthe tensor defined by
Zg(U (Xv Y)a Z) = g([zv X]mv Y) + g([za Y]m, X)7

forany X,Y,Z e mand[-, -]m (resp. [+, -]n) denotes the projection of the commutator of two
elements of m into m (resp. h).

Consider the g-unitary frame{Z1, Z», Z3) of T;:° determined by theelements.;*/*(1, 0, 0);
A5 %0, 1, 0); A5 2(0, 0, 1) of m. Then we have the parametrization (4) of the orthogonal al-
most complex structuresof (F; 2, g), obtained with respect to the four commuting left-invariant
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amost complex structures {Jo, J1, Jo, J3}. Suppose that J is a positive orthogonal complex
structure at X € Fy,. If J belongs to the CP-family (a) (see Section 2.2), then there are
complex numbers 681, 82, such that the (1, 0)-space of J is spanned by the complex vectors
23,23, Z3, defined by (5). Observethat Zg, Z7 € TS and Z7, Z3 € T, hence
R(Z3,2),23,2)y =Rz, 23,2}, 2}) =0, (12)
since any of Jo, J1, J2, Js belongsto Z3 (F1 2, g). Using (11) and (12) we further compute
282582
A1A2A3

R(ZJ,23,23,23) = Cs;

2R(Z3,23,27,2))
=R(Z3+2],2],23+2],2)) - RZJ,23,23,23) =0, (13)
2R(Z3,23,23,2))
=R(Z} +23,23,2] + 273, 23)) - R(ZJ, 23, 23, 23) =0,
2R(Z3,2),2],2)) = R(Z§ + 23. 2],23 + 23, Z)) = 0.
It followsfrom (12) and (13) that J belongsto = ~1(x) N Z3 (F1 2, g) iff §152C3 = 0. Inthe case
when the positive real numbers 1; satisfy C3 = 0 any element in the CP-family (a) satisfies
(1), i.e, P3 C ZZ (Fy2, g); otherwise we obtain that either ; = 0, i.e., J = +Jp, 0r §, = 0,
ie,J= +J5.

If J belongs to the C?-family (b) at x € Fy,, then there are complex numbers y», y3 such
that the (1, 0) space of J is spanned by the complex vectors Zg, Z3, Z3 defined by (6). Using
(11) and the fact that Jp, J1, Jo, J3 satisfy (1) we obtain

R(ZJ,23,27,23) =0,
_

A1AoA3
_ 2

Aoz
2R(Z3.23,.29,23) =R(Z3,23,23,23) — R(ZJ — 23,23, Zo — 2, Z3)

_
A1hoA3
2R(Z3,27,23,23) = R(Z3,Z) + 23, Zo, Z5 + Z3) — R(Z3, 23, 23, Z3)
_ 2nye
 hadzhs
2R(Z3,23,29,23) =R(Z3,23,23,2)) — R(ZJ — 23,25, Z0 — 23, Z3)

R(Z3, 23, 23,2)) C1,

R(Z3. 23,23, 23)

Co,

Co,

[C1+Co—Cy],
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It thus follows that J belongsto = ~1(x) N Zg (Fy.2, @) iff

¥1Co = 12C1 = y12C3 = 0. (14)

Since the equality C; = C, = Cz = 0 isimpossible we get from (14) y1y» = 0. Moreover, in
the case when the positive real numbers A, i = 1, 2, 3satisfy Ay £ A, and Cy = 0o0r A1 # Ao
and C, = 0 we obtain respectively y, = 0or y; = 0, i.e,, 7 71(x) N Z§ (Fy.2, g) restricted to
the family (b) consists of P; or P, respectively; if A1 = A, and C; = C, = 0 it consists of
both P; and P,; in any other case we get from (14) y1 = y» = 0, i.e., 7~ 1(x) N Zg (F1.2, )
consists of Jz only.

Finally, consider the case that J belongs to the C3-family (c) of positive orthogonal almost
complex structuresat X € Fy . Similarly, we get from (7) and (11) that if (1) holdsfor J, then

for the corresponding complex numbers 8i,1 = 1, 2, 3 the following equalities hold:
2
R(Z},z2J,2},2)) = P [3A3 + (A — 22)?] = 0;
AAoAs
B

Rz}, z3.27.23) = [3A3 4 (A3 — 21)?] = 0;

A1A2A3

B?
AA2A3

R(ZJ,Z3,27,23) = [3A% + (A3 — 12)?] =0,

andwegetg =0,i =1,23,i.e,J = Jp.
Summarizing, the lemmafollows. O

Remark 2. It can be east deduced from (11) that (gz,l,l, J1), (gl,g’l, J>) and (91,1,2, J3)
are Kahler—Einstein structures of non-negative (but not identically vanishing) holomorphic
sectional curvature on Fy 5. It is also known that there are automorphisms of F; , (coming
from elements of the Weyl group of SU(3)) which switch the three Kahler—Einstein structures.
The bi-invariant metric g; 1.1 isaso Einstein but non-Kahler with respecttoany J,i =1, 2,3

(see [7]).

Proof of Theorem 1. Assume that J is an integrable positive g-orthogonal almost complex
structure on an open subset U of Fy o, different from J;, Jp, Js. Since (1) issatisfied at any point
of U, according to Lemma 2, J isasection of P; for somei € {1, 2, 3}. Suppose for example
that J isasection of P; (the casethat J isasection of P, and P3 can be considered similarly).
Any section of P; has homogeneus coordinates [0, 0, a, as] withrespectto {Jy, Ji, o, J3} ; it
thusfollowshby (4) that it isorthogonal with respect to the one-parameter family of left-invariant
MELrics g;, tx,.t2s, t > 0. We get that the complex structure J belongs to ZE{ (F1.2, Oap.tantas)
forany t > 0. According to Lemma 2 the equality 3t (Ao 4+ Az)A1 — t?(A2 — A2)? = 0 holds for
any t > 0, acontradiction. O

Proof of Corollary 1. Let U be the non-empty open subset of F; , where the differential of
f has maximal rank. As f is a harmonic map between real analytic spaces, U is dense in
F12. It follows from [14, Cor. 2] that there is a positive orthogonal complex structure J on
U and f is J-holomorphic. According to Theorem 1, J coincides with one of the structures
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+J,i = 1,2, 3 0nany connected subset of U. But for any left-invariant metric g on Fy » the
co-differential of the Kahler form of (g, J;) is zero. Indeed, since the Kahler form of (g, J)
is U(3)-left-invariant, the same s true for its co-differential, hence it is of constant length and
then vanishes because the Euler characteristic of F1 » is positive. Thus f is a harmonic map
from (U, g) to M [32, Prop. 2.1], and since U is dense in Fy 2, we obtain that f is harmonic
with respect to any left-invariant metricon Fy 2, i.e., f isequiharmonic. Itiseasy now to prove
that f is +-holomorphic with respect to some of the complex structures Ji,i = 1,2, 3: As
we have aready observed, on any connected subset Ug of U the function f is holomorphic
with respect to some of the complex structures +J;,i = 1, 2, 3, say J;. Take the left-invariant
Kahler—Einstein metric g = gy.1,1 With respect to J; (see Remark 2). Then f isaharmonic map
between compact Kahler manifolds, (Fy 2, g, J1) and M, which isholomorphic on anon-empty
open subset of F1 », henceon al of F1 2 by Siu's Unique Continuation Theorem [36]. [J

Remark 3. See[12] for the corresponding results concerning stable harmonic maps between
Hermitian-symmetric spaces.

4, Fano 3-folds admitting commuting complex structures

We now consider the two homogeneous 6-manifolds C P! x CP? x CP! and Fy , with some
of itsinvariant complex structures described in the preceding section. Observing that they are
both spin manifoldswith positivefirst Chern class, we give anecessary and sufficient conditions
a compact spin Fano 3-fold to be biholomorphically equivalent to either CP! x CP! x CP?
or Fy » interms of the existence of three commuting almost complex structures.

Proposition 2. Suppose that a compact spin 6-manifold M admits three commuting almost
complex structures J;, J,, J3 which satisfy the following properties:
(i) Jy isintegrableand (M, J;) isa Fano 3-fold, i.e, c1(M, J;) > 0;
(i) Jo isintegrable of Kahler type;
(iii) there exists a Kéhler metric g on (M, J;), which is compatible with J,.
Then (M, J;) isbiholomorphic to either CP? x CP x CP or Fy».

Proof. We claim that the second Betti number b,(M) isgrater that 2. To this end, suppose that
bo(M) = 1. Thenwehavec, (M, Jp) = c23,, where Q2,, isaKahler formon (M, J;) andcisa
real constant. Supposefirstthat c = 0, i.e,, c1(M, J,) = 0. Since (M, J;) isaFano 3-fold with
bo(M) = 1, we havein fact H2(M, Z) = Z. According to Proposition 1 the existence of three
commuting almost complex structures J;, J,, J3 on M with ¢ (M, J;) = 0 implies that there
areintegersa;, a, a1 + ap > 0, such that

c1(M, J) = 2(a1 + ap)h;
p1(M) = 2(a% + a3 + aap)h?; (15)
e(M) = ayap(ay + ap)h®,

where h isthe generator of H2(M, Z). Moreover, since the Chern numbers of any Fano 3-fold
satisfy c;¢, = 24 (see for example [28] for a nice overview on the classification and some
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properties of Fano manifolds), we get by (15)
(a1 + &) (andz + (a1 + a)?)h® = 12, (16)

Ifa;+a, > 2, by theresult of Kobayshi and Ochiai [22] (M, J;) isbiholomorphically equival ent
toCP3andthena; +a, = 2, h3 = 1,i.e, a;a, = 2, acontradiction. Wethushavea; +a, = 1
and then 1 < h® < 9, cf. [28], which again contradicts with (16).

Assume now that ¢ # 0, i.e, c1(M, Jo) is either positive or negative definite. Consider the
caec > 0,i.e, ci(M, Jp) > O (the case c1(M, J,) < 0 can be considered similarly). As
J; and J, are mutually commuting orthogonal (almost) complex structures with respect to the
Riemannian metric g, it followsthat the Kahler form €25, of (g, J1) isa(1, 1)-form with respect
to J,. From the assumption b,(M) = 1 we get

3931 :)/Jz+i832532 f, (17)

wherey;, isapositive (1, 1)-formon (M, Jp), representing c]f( J,), aisanon zeroreal constant,
and f isareal-valued function. Let x be a point of minimum of f. Then at x the (1, 1) form
i 325 3, T is semi-positive with respect to J,. Since J; and J, commute but do not coincide,
there exist non-zero tangent vectors X', X’ € TyM such that J; X’ = X", 1 X" = —J,X'.
We obtain from these

Q3 (LX, X)=9g(X, X), (X", X")=—-g(X", X"). (18)
But we have at x
Y5(X, X) >0, 13303 (X, LX) >0,

for any non-zero tangent vector X, hence (18) contradict (17).

Thus b, (M) > 2 and since M isspin, (M, J;) isaFano 3-fold of index 2 and Picard group
of rank > 2. It follows from the classification of Fano 3-folds [19,20,27], that (M, J) is
biholomorphic to one of the following complex 3-folds: CPLxCP!x CP!, F12, CP3, where
CP3 = P(O ® O(1)) is one-point blow-up of CP3. We are going to prove that C P3 does not
admit 3 commuting almost complex structures (but it is clear that it admits two commuting
amost complex structures defined by reversing the sign of the complex structure on the fibre).
We shall make use of some standard facts about Chern classes and the cohomology ring of
projective bundle over complex manifold, which could be found in [17]. For any holomrphic
vector bundle p : E — X thereisaprojectivization = : P(E) — X and an exact sequence of
sheaves:

O — OIP’(E) — 1'E® OE(l) — TIP’(E) — 7Ty — 0,

where Tx is the holomorphic tangent bundle of X and Og (1) is the bundle over P(E) which
restricted on the fibre is O (1). We then have

C(Tpey) = (" TG (T E ® 0e(1)),
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where ¢; isthe Chern polynomial of the corresponding bundle. It is also known that

Po/r—i ,
C(E®L) = ) G (E)ey(L)P,
p(E®L) ;(p_l) {(E)cr(L)
for thepundles E and L of ranksr and 1, respectively. ~
Seth = c1(0e(1)), h= C1(m*Ocp2(D)). Then thg cohorpology ring H*(CP3, Z) is gener-
ated by h and h with the relations h® = h® = 0.and h + hh = 0 between them. Furthermore,
we compute for the projectivisation CP3 of E = O @ O(1)

c1(CP®) = c1(* Tepa) + CL(n*E ® O (1)) = 4h + 2R;

C2(CP3) = (™ Tep?) 4 C2(T*E ® Oe(1) + C1(Tep2)Ca(r*E ® O (D);
c2(CP3) = 3h? + 2 + hh + 3h(2h + h) = 6h? + 6hA;

pL(CP3) = Z(CP? — 2c,(CP3) = (4h + 2h)? — 2(6h? + 6hh) = 4h?.

Suppose that CP? admits three mutually commuting orthogonal almost complex structures.
Then by Proposition 1 there exist wj € H2(CP3, Z),i = 1, 2, 3 such that:

w14 w3 + w3 = C(CP%) = 4h 4+ 20, w? + w3 + 0} = py(CP3) = 4h2.
If oj = ash +bih,i =1, 2, 3, we obtain from the above formul as that
a+ata=4 a+as+a;=4

But the latter equalities are impossible for any integers a;, az, as, hence CP? doesn't admit
three commuting almost complex structures. [

Regarding now to the homogeneous spaces CP! x CP! x CP! and Fy, with its (left)
invariant Kahler—Einstein structures described in the preceding section (see Remark 2) we are
ready to prove Theorem 2.

Proof of Theorem 2. We start with the following observation, which can be considered as a
6-dimensional analogue of [13, Theorem 5.6].

Lemma 3. Let (M, g, J) be a Kahler—Einstein, non-Ricci-flat manifold of real dimension 6
with non-negative (non-positive) holomor phic sectional curvature. Then any orthogonal conm+
plex structure on (M, g) commutes with J.

Proof of Lemma 3. Suppose that J’ is a positive orthogonal complex structure on (M, g),
different from J. Fix apoint x € M and let [v], [v'] € P(V) = CP? be the points of the
twistor fibre SO(6)/U(3) = CP? at x, corresponding to J and J’ (see Section 2.2). Aswe have
aready mentioned (cf. [5, Lemma1]), J and J’ commute if and only if h(v, v') = 0, where
h is the standard metric on the twistor fibre C P3. Thus, writi ngv' = av/|v| + vy, wherea is
a complex number and v1 is non-zero vector, orthogonal to v, we have to prove that « = 0.
Without lose of generality we may assume that h(vq, v1) = 1. Setting vg = v/|v|, we consider
aunitary frame {vg, v1, v2, v3} of (V, h), which defines four mutually commuting orthogonal
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complex structures J = Jo, Ji1, Jo, J3 Of (TxM, g). According to (4) we have
T30 = span{Z1, «Zy + Z3, aZ3 — 2}, (19)

where {Z1, Z,, Z3} is the unitary frame of T1°, defined by (3). Since J’ is integrable, the
condition (1) is satisfied at x. Using (19) and the fact that (g, J) is Kahler we then calculate

o?(R(Z2, Z2, Z2, Z) + R(Zs, Z3, Z3, Z3) + 2R(Z2, Z5, Z3, Z3)) = 0, (20)

where R is the curvature of (M, g). The Einstein condition on a Kahler manifold of real
dimension 6 reads as

R(Z1, Zy,-,-) + R(Z2. 2o, -, ) + R(Z3, Z3, -, -) = —%isg(J-, -),
where s #£ 0 isthe scalar curvature of (M, g). Then (20) can be rewritten as
o?[Es+ R(Z1, 21, Z1, Z1)] =0,

and hence « = 0 since the holomorphic sectional curvature and the scalar curvature could not
have opposite signs, cf. [9, Theorem 2]. O

To prove Theorem 2 observe first that the scalar curvature s of g is a positive constant
since the holomorphic sectional curvature of (g, J) is non-negative but does not identically
vanish. Indeed, using the first Bianchi identity and the fact that g is Kahler, we get for the
scalar curvature s:

S = 22 R(Zj, Zi, Zi, ZJ)
i
= ZZ R(Zy, Zk, Zx, Zk) + ZZ R(Z;, Zi, Zj, Zj),
k i#]
where {Zy}2_, is any unitary frame of T}’O. On the other hand it is shown in the proof of

[9, Theorem 2] that on any Kahler manifold (M, g, J) of non-negative holomorphic sectional
curvature the following inequality holds:

2(3dimg M — 1) Y " R(Zk, Zk. Z. Z) +4 Y _R(Zi. Zi. Z}. Zj) > O.
k i#]
Itiseasilly seen that the inequality aboveis strict at any point where the holomorphic sectional
curvature does not identically vanishes. On Kahler 3-folds it reducesto s > 0 and since the
holomorphic sectional curvature does not identically vanishes, weinfer that the scalar curvature
s is a positive constant. Now it follows from Lemma 3 that J and J’ mutually commute. As
(g, J) is Kahler—Einstein of positive scalar curvature we have c1(M, J) > 0, i.e, (M, J) is
Fano 3-fold. Using the same arguments asin the proof of Proposition 2we obtainthat (M, J) is
biholomorphic to one of the following spaces: C Plx CP!xCP!, F1.2, CP3 where, werecall,
CP3isone-point blow-up of CP3, But the automorphism group of CP? has non-reductive Lie
agebra since its matrix representation has a zero column. By the Matsushima-Lichnerovich
obstruction (see, e.g.,[11, 11.D]), weknow that C P2 does not admit K ahler—Einstein metrics at
al. Moreover, according to theuniquenessof K ahler—Einstein metricsmodul o biholomorphisms



Orthogonal complex structures on 6-manifolds 295

[10, 24, 23] we have that (g, J) must be one of the invariant Kéhler—Einstein structures on
CP! x CP! x CP! or F1 5. Now thelast part of the theorem follows from Theorems 3 and 1.
O

Remark 4. The proof of Lemma3 showsthat the Kahler—Einstein condition can be relaxed by
an appropriate pinching condition onthe Ricci tensor. On the other hand thefoll owing examples
arerelated to the necessity of the conditions of Theorem 2:

(i) CP3 with the Fubini—Study metric is a Kahler—Einstein spin manifold with positive
holomorphic sectional curvature admitting abundance of local orthogonal complex structures,
which does not admit a global one.

(ii) CP! x CP? admits K ahler—Einstein metric of non-negative holomorphic sectional cur-
vature and global orthogona complex structure different from the standard one, but it is not a
spin manifold.
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