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1. Introduction

We consider connected, oriented (Riemannian) conformal 4-manifolds (M, c)
admitting two independent compatible integrable almost-complex structures J;, for
i = 1,2. Here and henceforth, compatible means that J; and J, are orthogonal
with respect to any Riemannian metric g in the conformal class ¢ and induce the
chosen orientation of M, and independent means that J;(x)# *J,(x) for some
point x in M. Then, (c, J;,J,) will be called a (conformal) bihermitian structure
on M and (M, ¢, Jy, J,) a bihermitian surface.

A bihermitian structure will be called strongly bihermitian if Ji(x) # =J,(x)
everywhere.

In the sequel, an integrable almost-complex structure will occasionally be called
a complex structure.

A Riemannian conformal structure c¢ is called anti-self-dual, ASD for short, if
the self-dual part W' of the Weyl tensor vanishes identically. It is an easy
consequence of Theorem 4.1 in [S] that ¢ is ASD if and only if the following
holds: for any point x of M, any compatible complex structure of the tangent
space T,M can be extended to a compatible complex structure on some
neighbourhood of x. Thus, ASD conformal 4-manifolds locally admit infinitely
many compatible complex structures, but it may happen that no one of them
extends to the whole manifold, as in the case of the standard conformally flat 4-
sphere S*. Kihler complex surfaces with zero scalar curvature provide examples
of ASD Hermitian 4-manifolds; conversely, any ASD Hermitian metric on a
compact 4-manifold is locally conformal to a Ké&hler metric with zero scalar
curvature [7].

Compact ASD bihermitian surfaces have recently been classified by M.
Pontecorvo [19]. Among them, strongly bihermitian surfaces exactly correspond
to hyperhermitian complex surfaces (M, c, ), where % is a 2-sphere of
compatible complex structures generated by two anti-commuting ones; these are
(see [8]) flat complex tori and Ricci flat K3 surfaces, which are hyperkdhler, and
some class of conformally flat Hopf surfaces.

Certain conformally flat Hopf surfaces actually admit fwo distinct hyper-
hermitian structures, say (c,.#) and (c, #'), compatible with the same
(conformally flat) conformal structure and the same orientation; see for example,
[12] or [19]. We thus get two sorts of bihermitian structures (c,J;,J,) with
respect to the same (flat) conformal metric ¢, according to whether or not J; and
J, belong to the same sphere .# or %'. In the former case, (c, J,, J,) is strongly
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bihermitian, whereas it is not in the latter case. More precisely, the subsets where
J is equal or conjugate to J, are then both non-empty; compare with Proposition 2
below. Other ASD bihermitian surfaces appearing in Pontecorvo’s list are obtained
from either a Hopf surface or a parabolic Inoue surface by blowing up points
along a unique elliptic curve [19, Theorem 5.2] (see also Corollary 3 below), that
is, they belong to the class VII in the Kodaira classification; in particular, their
first Betti number is equal to 1.

In this paper, we are mostly concerned with the non-ASD case. Non-ASD
connected conformal 4-manifolds admit at most fwo independent compatible
complex structures [19, Corollary 1.6] so that bihermitian structures are also
‘maximally’ hermitian. Moreover, non-ASD bihermitian situations cannot occur in
the case when W™ is everywhere degenerate, that is, has only two distinct
eigenvalues as an operator acting on the bundle A™M of self-dual 2-forms. (For
that and for further information concerning the interplay between conformal and
complex geometry in the non-ASD case, see for example, [9, 20, 3].) In
particular, if (c, J;,J,) is a non-ASD bihermitian structure, neither J; nor J, can
be Kéahler with respect to any metric in the conformal class c.

It has been expected for a long time that bihermitian situations could not
possibly occur, even locally, in the non-ASD case. It thus came as a (welcome)
surprise when P. Kobak [16] recently gave a general and explicit method to
produce non-ASD (strongly) bihermitian structures (called doubly-Hermitian in
[16]) on R* or the torus T*.

The present paper includes elements of a general theory of (non-ASD)
bihermitian 4-manifolds opened up by Kobak’s paper and a series of results
aiming at a classification in the compact case (still to come), principally in the
case when the first Betti number is even. We also provide a general method,
partially suggested by D. Joyce, for constructing non-ASD strongly bihermitian
conformal structures on (compact) surfaces admitting a hyperkihler metric, that is,
on tori and K3 surfaces. A similar procedure also provides non-ASD strongly
bihermitian structures on S' x S°.

The paper is organized as follows.

Section 2 is principally devoted to proving the following theorem.

THEOREM 1. Let (M, c,Jy,J,) be a connected, compact bihermitian conformal
4-manifold with even first Betti number. Then,

(i) either (c, Jy, J,) is strongly bihermitian, in which case the complex surfaces
(M, J,) and (M, J,) are either both complex tori or both K3 surfaces, or

(i) (M, J,) (or equivalently (M, J,)) is obtained from either CP* or a minimal
ruled surface of genus at most 1 by blowing up points along some anti-canonical
divisor.

No examples of bihermitian structures on complex surfaces described in
Theorem 1(ii) are known at present. If such examples were found, they would
be the first known examples of bihermitian structures on a complex surface not
admitting any ASD metric and would thus constitute a major step in the
development of the theory.

An immediate consequence of Theorem 1 is the following generalization (in
complex dimension 2) of the well-known results of Lichnerowicz [17] for
elements in the connected group of isometries of a compact Kidhler manifold.
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CoROLLARY 1. Let (M, g,J) be a compact Hermitian surface with even first
Betti number. Suppose that there exists an orientation-preserving conformal
isometry of (M, g) which is not *-biholomorphic. Then (M,J) is one of the
complex surfaces described in Theorem 1.

A ‘Kihlerian’ version of the above corollary says that the positive conformal
isometries of any compact Kéhler, non-hyperkéhler surface preserve the Kéhler
structure [19, Theorem 5.3] (see also [4, Theorem 2]). On the other hand, it is
not difficult to find orientation-preserving isometries on flat tori which are not
*-holomorphic. For some special K3 surfaces such isometries have been shown to
exist; see [1]. Outside the Kihlerian category, we can construct (non-Kéhler)
Hermitian conformal metrics on some complex tori that admit an orientation-
preserving conformal isometry which does not preserve the complex structure
(see §4.1 below). Notice that locally conformally Kihler surfaces with odd first
Betti number, admitting orientation-preserving isometries which are not =*-
biholomorphisms, are anti-self-dual bihermitian surfaces, so they are either the
conformally flat Hopf surfaces or obtained from a Hopf surface or a parabolic
Inoue surface by blowing up points along a unique smooth elliptic curve; cf.
[19, Theorem 5.2].

In §3, we investigate the situation described in Theorem 1(i) and show that
(non-ASD) bihermitian structures on complex tori or K3 surfaces, which are
necessarily strongly bihermitian by Theorem 1, actually determine, and are
determined by, a special class of twisted hyperkéhler structures; more precisely,
we prove the following.

THEOREM 2. Let M be either a 4-dimensional torus or a K3 surface. Then, for
any bihermitian structure (c, J,, J,) on M, there exist a triple of real symplectic 2-
forms, &, &, ®,, such that the complex 2-forms QU =&,—i®;, and
O, =&, — i®, are holomorphic symplectic 2-forms with respect to J, and J,
respectively. Moreover, ®,, ®, and ®, are related by

(a) q)()/\@():q)l /\q)l :q)z/\q)z,

(b) (I)O/\q)l :q)o/\‘PQZO,

(© 21 AP, =—pPyA D,
where the smooth function p = —J trace(J; o J,) satisfies |p| < 1.

Conversely, let M be a 4-dimensional manifold equipped with a triple of real
symplectic forms, ®,, ®,, ®, that satisfy the conditions (a), (b), (c) for some
smooth function p with |p| < 1. Let M be oriented by any one of these symplectic
forms. Then, the triple ®, ®,, ®, determines a conformal strongly bihermitian
structure (c,Jy, J,) such that ®,, ®, and ®, are self-dual with respect to ¢ and
the orientation, and the complex 2-forms Q, = &y —i®, and U = &, — iP, are
holomorphic with respect to J, and J, respectively. Moreover, (c,J,J,) is
hyperkdhler if and only if p is constant.

In §4, we show how Theorem 2 can be used as an effective tool for
constructing bihermitian structures. We first recover Kobak’s constructions, then,
following an idea of D. Joyce, we propose a general procedure for constructing
non-anti-self-dual (strongly) bihermitian structures by deforming hyperkéhler
structures on complex tori or K3 surfaces. A similar construction involving the
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flat hyperkihler structure of C* provides a non-ASD bihermitian conformal class
on any Hopf surface admitting a hyperhermitian metric. Bringing together these
constructions with the above-mentioned classification of compact hyperhermitian
complex surfaces by C. Boyer, we eventually get the following.

ProPOSITION 1. Any hyperhermitian structure on a compact complex surface
can be deformed into a non-ASD strongly bihermitian structure.

The above proposition shows in particular the existence of non-ASD bihermitian
structures on S'xS3. Apart from that, only a little information is available
concerning bihermitian situations for a compact 4-dimensional manifold with odd
first Betti number. Some results pertaining to this case are collected in § 5.

The angle function of a bihermitian structure (c, J, J,) is the real function p
defined by

p= —%trace(]l o J,), (1)
or, equivalently,
J1°J2+J2°J1:—2p1d, (2)

where Id denotes the identity. Notice that the angle-function p only depends upon
the conformal class c¢. We then have |p|<1, p(x)==*1 if and only if
Ji(x) = £J5(x), and p(x) = 0 if and only if J;(x) and J,(x) anticommute. If p is
a constant, of absolute value less than 1, J; and

J3 = ;2 (J2 —pJy)
V1=p
anticommute, and hence determine a 2-sphere % of almost-complex structures,
all compatible with ¢ and with the same orientation. Moreover, since p is constant
and J, and J, are both integrable, all almost-complex structures in # are integrable
as well (see [13, 2]), so that (¢, #) is actually a (conformal) hyperhermitian
structure. Then, for any chosen metric g in ¢, all Hermitian structures (g, J) have
the same Lee form 6 when J belongs to %, and the hyperhermitian structure
(¢, #) is (conformal) hyperkihler if 6 is zero for some metric g in c.

In §6, we investigate further properties of the angle-function p. We infer in
particular that for any strongly conformal bihermitian structure of a compact
complex surface, the self-dual Weyl tensor W™ must vanish somewhere (see [2]
for specific properties of p in the ASD case).
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Mathématiques de I’Ecole Polytechnique, U.R.A. 169 du C.N.R.S. for its generous
hospitality. The authors thank P. Kobak, M. Pontecorvo and S. Salamon for their
interest and useful remarks. The authors are specially grateful to D. Joyce for
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for correcting a mistake in the proof of Proposition 3.

2. Proof of Theorem 1

For any almost-hermitian structure (g,J) on a 4-dimensional manifold M, the
Kdihler form and the Lee form of (g, J) are the real 2-form, F, and the real 1-form
6, defined by F =g(J-,-) and dF =0 A F.
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Let (c, Jy, J,) be a bihermitian structure on M.

Fix a metric g in ¢ and denote by F; and F, the Kéahler forms of (g, J;) and
(g,J>). Let 6, and 6, be the corresponding Lee forms.

The following lemma is a direct consequence of [3, Lemma 2 and Remark 1].

LEMMA 1. For any metric g in the conformal class c, the Lee forms of J, and
J, satisfy
(d(0) +6,)). =0 (3)
and

260, + (0, |* = 250, + |0, ], (4)

where, for any 2-form &, &, denotes the self-dual part of ®, 0 denotes the
codifferential with respect to g, and |- | the norm induced by g.

Let % be the open subset of points x of M such that J;(x) # *J,(x). Then the

angle function p (see §1) satisfies |p|<1 on %. Setting g =+/1—p?, we
consider the positive c-compatible almost-complex structures I, I;, I, on %
defined by

1 1
1125(12—1911), ]2:;(.]1_p_]2), Iy=Jioly=—Jy00. (5)

The Kihler forms of (g, 1)), (g, I;) and (g, I;) are denoted by ®(, ¥, and ®, respectively.

Since J; and J, are both integrable, we clearly have I,(6®,) = I)(J,6%,) =
1,(6®,) and 1,(6%y) = —1y(J,6P,) = ,(6P,). It follows that the almost-hermitian
structures (g, Iy), (g, ;) and (g, I,) have the same Lee form, say 7.

LEMMA 2. For any metric g in the conformal class ¢ we have (on U)
01 + 02 — 27’ = —2dlnq (6)

Proof. 1t follows from the definitions of [, I; and I, that
F]:pF2+qq)25 (7)
Fy =pF, +q?®. (8)

In the following equalities, V denotes the Levi-Civita connection of g and we
freely identify vectors and covectors via g. The integrability of J; and J, then
implies that

VF =116, & — 11,0, ® &, )
Ve, = —11y0, @ F + 11,27 — 0,) @ &, (10)
VF, = - 16,28, + 11,6, © &, (11)
Vo, = 11,6, © F, +11,(2r — 6,) @ &,. (12)

By using (7) and (8), we obtain from (9), (10), (11) and (12),
df =f(0, — 1) +1o(0; — 7),
df =f(0 — 1) — Io(6, — 7),
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where f = p/q. By adding and subtracting these relations, we get
2df = f(0, + 0, — 27) + Iy (0, — 6>), (13)

Iy(0, + 0, —27) = f(6, — 6,), (14)

whence, finally, we obtain (6).

Let [Ji,J,]=Jy0J,—J,0J; be the commutator of J; and J,. For any
metric g in the conformal class ¢, we consider the real J;-anti-invariant
2-form &(-,-)=1g([J;,Jp]-,-) and the corresponding complex (0,2)-form
o1(-,-)=®(-,-)+i®(J;-,-). Thus, o; is a smooth section of A9;2(M) and

o1(x) =0 if and only if ®(x) =0, which is so if and only if J;(x) = =J,(x).
Notice that the complex line bundle AY 2( M) is identified, via the metric g, with
the anti-canonical bundle K; Jl Moreover the canonical Hermitian connection of
the holomorphic line bundle K;' 7, AO 2( M) coincides with the connection
induced by the Chern connection of (g, Jl) both will be denoted by V'. We
then have the following.

LEMMA 3. For any (0, 1)-vector field X of (M, J,),
Vyo, = —3(0, +62)(X) 0. (15)

Proof. Let % be the open subset of M where J, # *=J,. According to
[19, Proposition 1.3], % is dense in M, so it is sufficient to verify (15) on %. It is
easily checked that o; = g(®y, + i®;) on %. So by (9) and (10) we obtain

(Vxo1)*? = (dIng — 7+136,)(X)oy, (16)

where X is an arbitrary (0, 1)-vector field (with respect to J;) and (-)** denotes
the (0, 2) part. Now, by using Lemma 2, we find that the equality (16) reads

(Vxo1)"? = —16,(X) 0,

On the other hand, it easily follows from the well-known relation between V and
V! (cf. for example, [21]) that, for any (0, 2)-form and (0, 1)-vector, we have

Vxo, = (anl)o,z - %01(X>01-

Lemma 3 follows directly from the above two equalities.

The above lemma implies that o; is a holomorphic section of K le provided that
0, 4+ 6, = 0 for some metric g in c. The next lemma shows that this always occurs
when M is compact with even first Betti number.

LEMMA 4. Let (c, Jy, J,) be a bihermitian structure on a compact oriented
4-manifold M with even first Betti number. Then the standard metric g of (c, J;)
is also standard for (c,J,) and the Lee forms 0, and 0, of J, and J, with
respect to g satisfy

6, +0, = 0. (17)

Proof. Since M is compact, the equality (3) in Lemma 1 is equivalent to the
fact that 0, + 6, is closed. Let g be the standard metric of (J, ¢), so that 66, =0
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(see [10]). Let B be the harmonic part in the Hodge decomposition of 6, + 0,, that
is, 6, + 0, = B+ do, where ¢ is a smooth function on M. Since b;(M) is even,
we have from [11] that 6; = d« for some 2-form o on M. Integrating (4) we get

/yey av = /\02\ qv = /yﬁ+do—aa| av

= [ (102 +1doP + 1B av
Hence 3=0 and do =0, that is, 6; + 6, = 0.
Putting together Lemmas 1, 3 and 4 we obtain the following.

PropoSITION 2. Let (c,Ji,J,) be a bihermitian structure on a compact
oriented 4-manifold M. Set & = {x e M: J|(x) = =J,(x)}. Then @ is a complex
curve of both (M, J,) and (M, J,). If moreover, the first Betti number of M is
even, then each of (M, J,) and (M, J,) has an effective anti-canonical divisor.

Proof. Since M is compact, we infer as above that 6, + 0, is closed. Then
Lemma 3 shows that o, is a holomorphic section of the holomorphic line bundle
K JTI ® L, where L is the topologically trivial holomorphic line bundle,
determined by the closed 1-form 6; 4+ 6,. Then, as the zero set of oy, ¥ is a
complex curve of (M, J;). If moreover, the first Betti number is even, we infer
from Lemma 4 that the closed 1-form 6; + 6, is exact. Hence L is the trivial
holomorphic line bundle, and o, determines an anti-canonical divisor of (M, J;).
The same argument still holds when considering J, instead of J;. This completes
the proof of Proposition 2.

We are now ready to prove Theorem 1. Let g be the standard metric of ¢ with
respect to J; and J, (Lemma 4) and let o, be the (0,2)-form with respect to J,
appearing in Lemma 3, viewed as a section of the antl canonical bundle K; ! . By
Lemmas 3 and 4, g is a holomorphic section of K; "and 2 is the zero set of 0.
Then, either & is empty, and then (c, J;, J,) is a strongly bihermitian structure,
or, by Proposition 2, the plurigenera of (M, J;) all vanish, and then the Kodaira
dimension of (M, J;) is equal to —oo. Reversing the roles of J; and J,, we see
that the Kodaira dimension of (M, J,) is then also equal to —oo.

In the former case, o; is a non-vanishing holomorphic section of K JTI, so that
(M, J;) is either the 4-torus or the K3 surface, and so is (M, J,) (cf. [6]).

In the latter case, the Kodaira classification shows that (M,J;) (and also
(M, J,)) is either a ruled surface of genus g =1 or a rational surface (see [6]).
Moreover, since (M, J;) has an effective anti-canonical divisor (see Proposition 2),
the same is true for the minimal model of M. Note that a minimal ruled surface
has a Kihler metric of negative total scalar curvature (and hence admits no
holomorphic sections of the anti-canonical bundle) as soon as its genus is greater
than 1. So, the minimal model of (M,J,) is either CP? or a minimal ruled
surface of genus at most 1. According to the ‘blowing down’ formula [6], every
holomorphic section of the anti-canonical bundle of (M, J;) is the pull-back of an
anti-canonical section of the blown down surface, and vanishes at the blown up
point; the same holds for (M, J,). This completes the proof of Theorem 1.
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3. Bihermitian structures and symplectic forms

Recall that a holomorphic symplectic structure on a complex surface (M, J) is
a nowhere-vanishing holomorphic (complex) 2-form (2. It is well known that the
complex structure J is then determined by the real and the imaginary parts of the
2-form 2; more precisely, we have the following.

LEMMA 5 [18, 14]. Let M be an oriented 4-manifold and (®,, ®,) be a pair of
non-degenerate real 2-forms on M satisfying the conditions

(I’IA(I)I :q)z/\q)z, @1/\@2:0. (18)

Then there is a unique almost-complex structure J on M such that the 2-form
Q=®&, —i®, is of type (2,0) with respect to J. If moreover ®, and ®, are
closed, then J is integrable and 1 defines a holomorphic symplectic structure
on (M, J).

Proof. Since ®; and ®, are non-degenerate, we define an automorphism J on
M by putting ®,(-,-) = ®(J-,-). The conditions (18) imply that J*> = —Id, that
is, J is an almost-complex structure and Q:= &, —i®, is a (2, 0)-form with
respect to J; moreover, J is clearly the only almost-complex structure such that 2
is of type (2,0) with respect to J. If ®; and ®, are closed, then J is integrable.
Indeed, fix any conformal class ¢, compatible with J. Since Q is of type (2, 0)
with respect to J, the forms ®; and &, are both self-dual with respect to ¢ and have
the same, non-vanishing, norm, by (18). We can then choose a metric g in ¢ such that
&, and ®, are the Kéhler forms of two anti-commuting almost Kihler structures, J;
and J,. Then, according to [20] we infer that J = J; o J, is integrable.

Proof of Theorem 2. (1) Let M be either a 4-dimensional torus or a K3
surface and let (c,J;,J,) be a bihermitian structure on M. According to
Theorem 1, (c, J;,J,) is a strongly bihermitian structure. It follows that the 2-
forms ®,, ®,;, ¥, defined in the previous section are well defined on M. Recall
that ®,, ®;,, &, are the Kihler forms of the almost-complex structures I, I, I,
defined by (5) with respect to some metric g in the conformal class c. If g is
chosen to be the common standard metric of J; and J, (see Lemma 4), then
Lemma 2 simply reads

7=dlIng.

It follows that ¢ '®, ¢ '®, ¢ '® are harmonic self-dual 2-forms, or
equivalently, @, = ¢ '(®, — i®,;) and Q, = ¢ ' (®, — i®,) are holomorphic 2-forms
with respect to J; and J, respectively. Condition (c¢) in Theorem 2 then follows
from (7) and (8).

(i) Consider the triple of 2-forms

{(bOa (bl,éé: (p¢l+¢2)}

1
V1—p?
Any two of these three forms satisfy the conditions (18) of Lemma 5. We thus get
three almost-complex structures, say [, I;, J;, corresponding to the pairs
{®,, 5}, {®), &)} and {®), ®,} respectively, where J; is integrable. It is easy
to check that the almost-complex structures Iy, I;, J; pairwise anticommute, and
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hence determine a conformal class, ¢, defined by decreeing that the frame
{X,IyX,1,X,J, X} is c-orthonormal for any non-vanishing vector field X. By the
definition of ¢, the forms ®, &®;, ®, are c-self-dual, and so are the forms
b, ®,, &,. It follows that the integrable almost-complex structure, J,, determined
by the pair {®,, ®,} via Lemma 5, is also compatible with c. We thus get a
conformal bihermitian structure, actually a strongly bihermitian one since |p| < 1.
The last statement is clear.

4. Construction of bihermitian structures

With Theorem 2 to hand, we easily provide a number of examples of strongly
bihermitian surfaces. First, we recover Kobak’s construction for R* and T* as follows.

4.1. Kobak’s examples on R* and T*
Let g, be the flat metric of R* and let {w;, ), wg} and {w;, w7, wg} be the Kdhler

forms of the canonical flat hyperkéhler structure on ((D2, g1) and (C , g1) respectively:

w; = Re(dz; A dz,), w; =Re(dz; Ad7,),
Wg = Im(le A dZ2>, EK = Im(dzl A d22),
wy = %l(dZ] A le + dZ2 A dZQ)’ wy; = %l(le A le - de A d22>,

where (zj, z,) are the canonical coordinates of C-.
Consider the triple

b =w;, P =wg, P =w;,+plox—ay), (19)

where p is a smooth (real-valued) function on C* satisfying |p| < 1. According to
Theorem 2, the triple {®,, ®;, ®,} determines a (strongly) bihermitian structure
on C? provided that ®, is closed. This happens if and only if the function p is a
solution of the following system:

0 0 0 0
(a—xl‘ﬁ)p— (w a—y)"—o’ (20)

where z; = x; +iy; and z, = x, +iy,.

If, moreover, the smooth function p is periodic with respect to all variables
X1, Yi» X2, Yo, then {®y, ®;, ®,} induce a (strongly) bihermitian structure on the
4-dimensional torus 7. It is easily seen that the corresponding conformal
structure ¢ is determined by the metric g = dz; © dz, +fdz, © dz,, where f is
the smooth positive function (1 —p)/(1 + p) (compare with [16]).

We may observe that, for some solutions p of (20), the corresponding
bihermitian structures (c, J;, J,) admit an orientation-preserving isometry ¢ such
that ¢ (J,) = J,. Indeed, let h(z) be an arbitrary smooth function on R, satisfying
|h| < 1. If we put p = h(y, — y,), then p is a solution of (20) and so determines a
bihermitian conformal structure (c, J;, J,). Let H(t) be a smooth function on R
satisfying dH(t) /dt = h(t) and consider the orientation-preserving diffeomorphism
¢ of R* defined by

& (X1, Y1, X2, ¥2) = (X1, —y2 +H(y; —¥2), X0, y1 — H(y; — y2)).

It is easily checked that ¢(®)) =&, ¢(P)=%, and ¢(P,) = —P,. In
particular, ¢ preserves the conformal structure ¢ and satisfies ¢ (J;) =J, and
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¢ (J,) = —J;. We also notice that with respect to the metric g in ¢ which makes
&, ¢, and P, self-dual forms of square-norm 2, ¢ is an orientation-preserving
isometry. If moreover H is a 2w-periodic function (take, for example,
H(t) = sin (1)), we can perform the above construction on T =R*/2%x7".
4.2 Strongly bihermitian structures as deformations of hyperkdhler structures

The main idea in this section, consisting in deforming a hyperkdhler structure
by a Hamiltonian vector field in order to get a family of strongly bihermitian
structures via Theorem 2, is due to D. Joyce (private communication).

We start our construction with any hyperkéhler structure on a 4-dimensional
manifold M, determined by a Riemannian metric g, a triple of pairwise
anticommuting complex structures, K,, K;, K,, and the corresponding triple of
Kihler forms, wg, w, w,. Let ¢, be a 1-parameter family of symplectomorphisms
of the (real) symplectic manifold (M, w), with ¢, = Id, and consider the triple of
real symplectic 2-forms ®,, ®,, &, defined as follows:

<I>0:w0, q)l = wi, <I>2:¢tw2. (2])

We check easily that this triple satisfies the conditions (a), (b), (c) of Theorem 2
when ¢ is small enough (the latter condition ensures that the function p, defined
by & AP, = —p, &y A , satisfies |p,;| < 1). By Theorem 2, we thus obtain a
strongly bihermitian structure (c, J,,J,), where the complex structures J; and J,
are related to the former ones, K,, K;, K,, by

I =—Ky, J,=¢, 'K, (22)

whereas the angle function p, is given by
p; = —ltrace (K, o (¢, 'K})). (23)

We consider the case when ¢, = exp(tV), where V = Kj(grad f) is a Hamiltonian
vector field with respect to w, (here, f is a real function and grad f is the gradient
of f with respect to the hyperkidhler metric g).

According to the last statement of Theorem 2, we have to show that f can be
chosen so that the angle function p, is non-constant for some ¢. This follows from
the following lemma, where A denotes the Laplacian with respect to g.

LEMMA 6. The derivative of p, with respect to t is given by

dp, 1
Tt o = 28T (24)
In particular, if Af is not constant on M, then p, is non-constant for infinitely

many (small) values of t.

Proof. Equation (24) is an easy consequence of the expression (23) of p,. The
last statement follows immediately.

PrROPOSITION 3. (1) Any hyperkdhler structure on any K3 surface or any complex
torus can be deformed as above into a non-ASD strongly bihermitian structure.

(i1)) Any hyperhermitian structure on a Hopf surface can be deformed into a
non-ASD strongly bihermitian structure.
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Proof. (i) It only remains to prove that the strongly bihermitian structure
obtained above, when deforming any hyperkdhler structure by any non-constant
function f, is not anti-self-dual. This follows from the fact that any ASD
bihermitian structure on a K3 surface or a complex torus is actually (conformally)
hyperkihler; see [19].

(ii) Let M = (C* — {(0,0)})/T be any Hopf surface admitting a hyperhermi-
tian structure. Then, the induced hyperhermitian structure on the universal
covering (C*—{(0,0)}) is conformal to a flat hyperkihler structure
(80> Ko» K1, Ky; 0g, 0y, w5). Choose any smooth function f on (C* —{(0,0)})
that scales under I' so that its symplectic gradient with respect to w, is I'-
invariant (take any smooth function on M, viewed as a I'-invariant function on
(C* — {(0,0)}), and multiply it by the square of the distance to the origin). By
deforming the flat hyperkihler structure by f as above, we get a (conformal)
strongly bihermitian structure on (C* — {(0, 0)}), which clearly descends to M.
The latter is non-ASD as soon as f is chosen so that Af is not constant, where A
is the Laplacian of the flat hyperkidhler metric. Indeed, any ASD bihermitian
structure on a Hopf surface is actually hyperhermitian and lifts to a (conformal)
hyperkihler structure on (C* — {(0,0)}); see [19].

4.3.  Proof of Proposition 1

By [8], each hyperhermitian structure on a compact complex surface belongs to
one of the three types considered in Proposition 3. Then, Proposition 1 follows
directly from the latter.

5. Complex surfaces with odd first Betti number

In this section, we consider the ‘odd case’, where the (connected) 4-manifold M
is compact, with odd first Betti number, endowed with a bihermitian structure
(¢, Ji,J»), and we focus our attention on the (closed) 1-form 6, + 6, , where 6,
and 6, are the Lee forms of J, and J, with respect to some metric g in the
conformal class c¢. Recall that this 1-form vanishes identically when M is of
Kihler type and g is the (common) standard metric of J; and J,; see Lemma 4.
This is no longer true in general in the odd case. Indeed, consider the two types
of ASD bihermitian structures on a Hopf surface § I'x§? admitting two distinct
hyperhermitian structures (¢, %) and (c, #') as in § 1. Then, if g is the standard
metric of S x §°, the common Lee form 0’ of (g, #') is equal to —f, where 6 is
the common Lee form of (g, #) (see [12]). It follows that, if J; and J, both
belong to #, we have 0, + 0, = 20 # 0; whereas, if J; and J, belong to distinct
families, we have 6, + 06, = 0.

As a matter of fact, the only examples known at present where the relation
0, + 6, = 0 is satisfied for a bihermitian structure on a compact 4-manifold with
odd first Betti number are anti-self-dual, namely when either (M, c) is of the latter
type or when ¢ is one of the anti-self dual metrics on M = (S ! ><S3)#n cp?
constructed by C. LeBrun, and J; and J, are the corresponding compatible
complex structures; see [19].

The following proposition shows that the relation 6; 4+ 6, = 0 never holds in the
odd case for strongly bihermitian structures.

Let 2% and 2~ be the complex curves (for both J; and J,) defined by

7" =p (1) = {xeM: Jy(x) = Kr(x)}
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and

7" =p ' (-1) = {xeM: Jy(x) = (0},
where, we recall, p = —; trace(J1 o J,) is the angle function. We then have the
following.

ProrosiTION 4. Let (M,c, J,,J,) be a compact bihermitian surface and
suppose that there is a metric g in the conformal class ¢ such that 6, + 6, = 0.
Then the first Betti number of M is odd if and only if the complex curves 2+ and
&~ are both non-empty.

Proof. Denote by %" and % the open sets where J, #J, and J, # —J,
respectively. Keeping the notation of §2, we consider the self-dual 2-forms

04() = Fil) = T80 )

and
1
w_ (-, :F o, _|._—(PJ.’.’
() =Fil) 5 2 )
defined on #* and %~ respectively. By using formulae appearing in the proof of
Lemma 2 one can easily check that we have 6w, = —Jw, (6, +6,) and
0w _ w_(6,+6,) on %" "U”. According to [19, Proposition 1.3],

€U* m% is a dense subset of " and %, so that w, and w_ are harmonic
self-dual 2-forms with respect to the chosen metric g on %" and % ~ respectively.
Suppose now that 2" is empty, that is, % " = M. Then the harmonic self-dual
2-form w, has non-zero trace, and hence the first Betti number of M is even
by [11, Proposition I1.4].

Conversely, suppose that the first Betti number is even and let 2" be non-
empty. We have to prove that & is empty. Let g be the standard metric of ¢ and
consider a harmonic self-dual form w of trace equal to 1 with respect to (g, J;)
[11, Proposition 11.4], that is, w = F| + Re(a), where F; is the Kihler form of
(g,J;) and «; is a section of A M. Since the metric g is also standard for (c, J,)
(Lemma 4), we have w = \F), +Re(a2), where A is a constant, F, is the Kéhler
form of (g,J,) and «, is a section of A0 M. We claim that A\ = 1. Indeed, for
any point x € 2" we have

w(x) = Fi(x) + Re(e (x)) = AFy(x) + Re(az(x));

hence N =1, that is, F| + Re(a;) = F, + Re(a,). The latter equality shows that
there are no points where J; = —J,, that is, & is empty.

COROLLARY 2. Let (M, c, Jy, J,) be a compact bihermitian surface with odd
first Betti number and assume that the conformal class c¢ contains a metric g such
that 6, +0, =0. Then (c,J\,J,) is not strongly bihermitian and (M, J,)
(equivalently (M, J,)) is obtained from either a Hopf surface or a parabolic
Inoue surface by blowing up pomts along a_unique smooth elliptic curve. In
particular, M is diffeomorphic to (S' x §*)#k CP? for some k = 0.

Proof. The proof of Proposition 1 shows that if a bihermitian surface
(M, ¢, Jy,J,) with odd first Betti number satisfies 6; + 6, = 0 for some metric g
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in ¢, then either (M, J;) (equivalently (M, J,)) has a trivial (anti-)canonical bundle
(that is, (M, J,) is a primary Kodaira surface, see [6]), or else it has an effective
anti-canonical divisor, so that (M,J;) belongs to Class VII in Kodaira’s
classification. It is easily seen that a primary Kodaira surface (and hence any
Kodaira surface) M admits no bihermitian structures at all. Indeed, let (c, J;, J,)
be such a structure. Since the Kodaira dimension is an oriented smooth invariant
(see [15]), both (M, J;) and (M, J,) are primary Kodaira surfaces, and hence have
trivial canonical bundles. There thus exist non-vanishing J;- and J,-holomorphic
2-forms, @; and ,. Since J; and J, are both compatible with the conformal
structure ¢, the real and the imaginary parts of ; and 2, define four real
harmonic self-dual 2-forms (with respect to ¢). Since J; and J, are independent at
some point, they span a subspace of HZ(M, R) of dimension at least 3. This
contradicts the fact that by (M) = 2. It follows that both (M,J,) and (M, J,)
belong to Class VII and each has an effective anti-canonical divisor. Moreover, by
Proposition 4, 2 and %~ are non-empty. We then conclude as in [19] (see, in
particular, the proofs of Proposition 3.11, Corollary 3.12, Corollary 3.14,
Theorem 4.1, Proposition 5.1 and Theorem 5.2 in [19]).

6. The angle-function of a bihermitian structure

LEMMA 7. Let (M,c,Jy,J,) be a bihermitian surface. Let p be the angle-
function defined by p = —1trace(J; o J,). Then, the differential dp and the
Laplacian Ap with respect to some metric g in ¢ are given by

dp = ;[J1, o) (0, — 0,) (25)
and
Ap = —Lg(dp,6, +0,) +1p|6; — 0;]” + g([J,, Jo]., d6,), (26)

where, we recall, [Jy,J,] =J; 0 J, —J, 0 J,.

Proof. We first observe that p =1g(Jy,J,), for any metric g in ¢, so that
dp(X) =1 (g(VxJy, Jo) + g(Jy, VxJy)) for any vector field X. Since J; and J, are
both integrable, we have

(VxJ1)(Y) = 3(8(X.Y) 10, + Fi(X,Y)0, +6,(J;Y)X — 0,(Y) ], X), (27)
and
(Vi) (Y) = 5(8(X.Y) o0, + F5(X,Y) 0, + 0,(J,Y)X — 0,(Y) ],X), (28)

where F| and F, are the Kéhler forms of (g, J;) and (g, J,) respectively. Now we
easily compute

g((Vx 1), o) + g1, (Vx o)) = 3g([J1. Jo](0; — 6,),X),

and (25) follows. To obtain (26), we have to calculate 6([J;,J5](6; —65)).
Identifying 2-forms and skew-symmetric endomorphisms by g, we have

6([J1, 2] (01 — 05)) = —(8[J1, J2]) (0, — 6,) + 2g([Jy, T2, d(6, — 6,)). (29)
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By using (27), (28) and (2), we get

4
5(.]1 °J2 J] 6.]2 Z V J] J2€

i=1
—(Jy 0 J2)0, —2(4p0, + (Jy 0 Jy + 5 0 J1)(6,))
—(Jy 0 Jp)0, — pb,.

Hence
6[J1, Jo] = (Jp 0 Jy)b) — (Jy © J5)0, — p(6; — 0,)

= —1[J1, 1) (6, + 6,) —2p(6, — 6,). (30)

By using (3) and substituting (30) into (29) we eventually obtain (26).
As a consequence of the above lemma we get the following.

CoROLLARY 3. Let (M,c,J,,J,) be a compact strongly bihermitian surface.
Then the positive Weyl tensor vanishes at some point of M.

Proof. 1t follows from [3, Lemma 2 and (13)] that at any point where wt
does not vanish we have
3N\o 1

Jyo zslmld+m(d01)+],

3N, 1
e 71 B —
Jl °J2 8|:(>\Jr _)\7) d+()\+_)\7> (d02)+:|a

where N\, =\, =\_ are the eigenvalues of W' and the sign s€{-1,1}
depends on the point. We thus obtain

(do,), =« 7()\+ > D
which clearly holds everywhere on M. In general, the sign & in (31) is not
constant, but in the case when (c,J;,J,) is strongly bihermitian, Wt s
degenerate if and only if it vanishes. Assume, for a contradiction, that W™ is
everywhere non-degenerate. Then, the right-hand side of (31) does not vanish and
€ can be chosen equal to +1 or —1 everywhere, in fact equal to 1 by replacing J;
by —J; if necessary. It then follows that (26) can be written as

Ap = —1g(dp,0, +0,) +1p|0, — 0, + 2Ny = N[, Al (32)

Let x, € M be a point where the angle function p achieves its minimum. We thus
have dp(xy) =0 and Ap(xy) <O0. Since (c, J;, J,) is strongly bihermitian, [J;, J,]
is everywhere non-zero, and hence invertible. We then infer from (25) that 6, and
0, are equal at xy, so that

[J17J2]’ (31)

(N = AT, AP =<0

at xp, by (32). This contradicts the fact that |[J|,J]| and N — N_ are both
(strictly) positive.
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