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Abstract. Compact bihermitian surfaces are considered, that is, com-
pact, oriented, conformal four-manifolds admitting two distinct compat-
ible complex structures. It is shown that if the first Betti number is odd
then, with respect to either complex structure, such a manifold belongs
to Class VII in the Enriques-Kodaira classification. Moreover, it must
be either a special Hopf or an Inoue surface (in the strongly bihermitian
case), or is obtained by blowing-up a minimal, class VII surface with
curves (in the non-strongly bihermitian case).

1. Introduction

A compact, connected, oriented, conformal 4-manifold (M, c) is called a
bihermitian surface if it admits two distinct complex structures Ji, i = 1, 2,
compatible with the conformal structure c and the orientation of M ; here
and henceforth distinct means that J1(x) �= ±J2(x) at some point x of M .
The triple (c, J1, J2) will be then called a (conformal) bihermitian structure
on M ; (c, J1, J2) is strongly bihermitian structure if J1 �= ±J2 is satisfied
everywhere on M .

One of the reasons motivating the study of bihermitian conformal struc-
tures is the nice link between conformal and complex geometry that exists
in real dimension four: It is known [24] that given two distinct complex
structures inducing the same orientation there exists at most one conformal
structure compatible with both of them. Conversely, except for the spe-
cial case of hyperhermitian four-manifolds where there is a whole S2-family
of compatible complex structures (see [5] for a classification), a compact
oriented conformal four-manifold admits at most two distinct positive or-
thogonal complex structures.

The classification of compact bihermitian surfaces has been obtained by
M. Pontecorvo [24] in the case when the corresponding conformal structure
is anti-self-dual (ASD for short). It was expected that bihermitian structures
could not possibly occur in the non-ASD case. The discovery of P.Kobak [16]
of explicit examples of (strongly) bihermitian structures on T 4 thus came as
a nice surprise. Further results aiming at a classification in the general case
(still to come) have been recently obtained in [2]. It is known now that the
spectrum of the self-dual Weyl tensor of a non-ASD bihermitian conformal
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structure (c, J1, J2) cannot be everywhere degenerate, and therefore none of
the complex structures J1 or J2 can be Kähler with respect to any metric
in c. This latter remark shows the theory of bihermitian structures to be
particularly interesting for complex surfaces of non-Kähler type, i.e., the
case when the first Betti number is odd.

The present paper is a sequel to [2], where the main results have been
obtained for bihermitian surfaces with even first Betti number. We are now
able to extend the theory to the case when the first Betti number is odd
and find a number of necessary conditions that a bihermitian surface has to
satisfy in this case. These are summarized in the following

Theorem 1. Let (M, c, J1, J2) be a compact bihermitian surface with odd
first Betti number. Then the Kodaira dimensions of (M,J1) and (M,J2) are
−∞. Moreover,

(i) if (c, J1, J2) is a strongly bihermitian structure, then (M,J1) (and
(M,J2)) is either a Hopf surface finitely covered by a primary one
of the form (C2 \ {0})/Γ, where Γ = 〈γ〉 is the infinite cyclic group
generated by

γ(z1, z2) = (αz1 + λzm
2 , aα−1z2),

α, λ ∈ C, 0 < |α|2 ≤ a < 1, (am − αm+1)λ = 0,

or else (M,J1) (and (M,J2)) is one of the Inoue surfaces S−
N ,p,q,r and

S+
N ,p,q,r,t;

(ii) if (c, J1, J2) is not a strongly bihermitian structure, then (M,J1) (and
(M,J2)) is obtained by blowing up a minimal class VII surface with
curves.

The Hopf surfaces, studied in detail by Kodaira [17] and Kato [14], are all
diffeomorphic to (S1 × S3)/H, where H is a certain finite group. Theorem
1(i) shows that if (c, J1, J2) is a strongly bihermitian structure on S1 ×
S3, then the complex structures J1 and J2 must be quite special — they
arise from taut contact circles on S3, cf. [10]. The only known examples of
bihermitian structures on S1 × S3 are those presented in [2]; the generator
of the fundamental group γ is then given as in Theorem 1(i) with λ = 0 and
|α|2 = a < 1.

There are three series of Inoue surfaces constructed in [12] and Theorem
1 shows that at most two of them can admit bihermitian structures. No
examples of bihermitian structures are known at present on these Inoue
surfaces. If such examples were found they would be examples of strongly
bihermitian surfaces which do not admit any ASD metric and would thus
be of major interest for the development of the theory.

The classification of complex surfaces of Kodaira dimension −∞ (called
Class VII surfaces, see e.g. [3]) is still an open problem, but some progress
was made in the case of minimal surfaces admitting curves, see [23] for
an overview. It is conjectured and proved in many situations that any such
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surface is diffeomorphic to (S1×S3)�nC̄P
2
, n ≥ 0. In this direction, Theorem

1(ii) in turn motivates us to conjecture that the underlying smooth manifold
of any non-strongly bihermitian surface is (S1 ×S3)�nC̄P

2
, n ≥ 0. The only

known examples of bihermitian structures on these manifolds are LeBrun’s
ASD conformal metrics [18], [24].

Combining Theorem 1 with the description of compact bihermitian sur-
faces with even first Betti number given in [2, Thm.1], we derive that for
every compact bihermitian surface (M, c, J1, J2) the complex surface (M,J1)
(and (M,J2)) is either a complex torus or a K3 surface, or else its Kodaira
dimension is −∞. As an immediate consequence of this fact we obtain the
following generalization (in complex dimension 2) of the well known results
of Lichnerowicz [19] for infinitesimal isometries of a compact Kähler mani-
fold.

Corollary 1. Let (M, g, J) be a compact Hermitian surface. Suppose there
exists an orientation preserving conformal isometry of (M, g), which is not a
±-biholomorphism. Then either (M,J) is a complex torus or a K3 surface,
or else the Kodaira dimension of (M,J) is −∞.

Examples of conformal Hermitian structures admitting orientation pre-
serving non-biholomorphic isometries are known to exist on the complex
surfaces mentioned in Corollary 1 (see [1], [24] and [2]).

The proof of Theorem 1 relies on results of [2] summarized in Section 2
(see Proposition 1), a vanishing argument (Section 3, Lemma 1) obtained as
a consequence of the fundamental ideas of Gauduchon [6, 7, 8, 9], and further
analysis involving the Enriques-Kodaira classification of complex surfaces,
Bogomolov’s theorem [4], and the works of Inoue [12, 13].
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ous hospitality during the preparation of this work. He would like to also
thank P. Gauduchon, N. J. Hitchin, D. Joyce, O. Mus̆karov, V. Rubtsov,
S. Salamon and M. Yotov for their interest and some useful discussions, T.
Draghici for his friendly assistance in carefully reading the manuscript and
suggesting valuable improvements, and to the referee for several remarks.

2. Preliminary results

In this section we collect some results of [2] that we shall use later. We
thus refer to [2] for further details and proofs.

Let (c, J1, J2) be a bihermitian structure on a compact 4-manifold M . Fix
a metric g in c and denote by F g

1 and F g
2 the Kähler forms of (g, J1) and

(g, J2), respectively, defined by

F g
i (·, ·) = g(Ji·, ·), i = 1, 2.
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Let θg
1 and θg

2 be the corresponding Lee forms, i.e.

dF g
i = θg

i ∧ F g
i , i = 1, 2.

The angle function of (c, J1, J2) is defined by (see [24], [2]):

J1 ◦ J2 + J2 ◦ J1 = −2p Id, (1)

or equivalently by

p = −1
4
trace(J1 ◦ J2).

Clearly, at any point x ∈ M the smooth function p satisfies the inequality
|p| ≤ 1 with p(x) = ±1 if and only if J1(x) = ±J2(x). It follows that for a
strongly bihermitian structure we have |p| < 1 everywhere on M .
We furthermore denote by [J1, J2] = J1 ◦ J2 − J2 ◦ J1 the commutator of J1

and J2 and consider the real J1-anti-invariant 2-form

Φg(·, ·) =
1
2
g([J1, J2]·, ·),

and the corresponding complex (0, 2)-form

σg
1(·, ·) = Φg(·, ·) + iΦg(J1·, ·).

Then σg
1 is a smooth section of the anti-canonical bundle K−1

J1
∼= Λ0,2

J1
(M)

of (M,J1) such that σg
1 vanishes at a point x ∈ M if and only if Φg(x) = 0,

i.e., iff J1(x) = ±J2(x).
The following properties of θg

1, θ
g
2 and σg

1 are taken from [2]:

Proposition 1. Let (M, c, J1, J2) be a compact bihermitian surface. Then,
for any metric g in the conformal class c, the 1-forms θg

1 and θg
2 and the

complex 2-form σg
1 (viewed as a smooth section of K−1

J1
) satisfy

(i) d(θg
1 + θg

2) = 0;
(ii)

∫
M |θg

1|2dVg =
∫
M |θg

2|2dVg;
(iii) ∂̄J1σ

g
1 = −1

2(θg
1 + θg

2)
0,1 ⊗ σg

1 ,

where |·| stands for the norm with respect to g, dVg = 1
2F

g
i ∧F g

i is the volume
form, and (·)0,1 and ∂̄J1 denote the (0, 1)-part and the usual ∂̄-operator with
respect to J1.

Moreover, at any point where J1(x) �= ±J2(x) we have
(iv) dσg

1 = (1
2(θg

1 + θg
2) + d ln(1 − p2)) ∧ σg

1 .

Proof. The equalities (i) and (ii) of Proposition 1 are obtained after
integrating the two relations in [2, Lemma 1]; the equility (iii) is proved in
[2, Lemma 3]; Proposition 1(iv) easily follows from [2, Lemma 2] (see also
the proof of [2, Thm. 2]). q.e.d

There are two important corollaries of Proposition 1, which have been
already used in [2].

Firstly, it follows from Proposition 1(iv) that if (c, J1, J2) is a strongly
bihermitian structure, and if the conformal structure c contains a metric g
such that θg

1 + θg
2 = 0, then the corresponding (2, 0)-form Ω1 = 1

1−p2 σ̄
g
1 is
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holomorphic, and therefore trivializes the canonical bundle of (M,J1) (here
and henceforth σ̄g

1 denotes the complex conjugated of σg
1).

Secondly, as θg
1 + θg

2 is closed (see Proposition 1(i)), there exists an open
covering {Ui}i∈I on M and C∞-functions φi : Ui �→ R such that the (locally
defined) metrics gi = eφig satisfy θgi

1 + θgi
2 = 0, i.e.

(θg
1 + θg

2)|Ui = −2dφi.

Setting σi
1 := σgi

1 , it follows from Proposition 1(iii) that (Ui, σ
i
1), i ∈ I define

a holomorphic section, say σ1, of the holomorphic line bundle L ⊗ K−1
J1

,
where L is the (topologically trivial) holomorphic line bundle determined
by the closed 1-form −1

2(θg
1 + θg

2) via the embedding (see e.g. [9])

exp : H1(M,R) ↪→ H1(M,O∗).

The holomorphic line bundle L is (holomorphically) trivial precisely when
θg
1 + θg

2 is exact, i.e., when there exits a metric g in c such that θg
1 + θg

2 = 0.
In the latter case σ1 is, in fact, a non-trivial holomorphic section of the
anti-canonical bundle K−1

J1
. Notice that there always exists a metric g ∈ c

with θg
1 + θg

2 = 0 when the first Betti number of M is even ([2, Lemma
4]), or when the conformal structure c is ASD and (J1, J2) is not strongly
bihermitian ([24, Prop.3.5 and 3.7]), but this is no longer true for a generic
bihermitian surface ([2, Sec.5]).

3. Proof of Theorem 1

3.1. Kodaira dimension of bihermitian surfaces. The Kodaira dimen-
sion of a compact complex surface (M,J) measures the grow of the pluri-
genra Pm(M) := dimC(H0(K⊗m)),m ≥ 1, where K denotes the canonical
bundle of (M,J), cf. e.g. [3]; the complex surface (M,J) has Kodaira di-
mension −∞ if the plurigenera all vanish, i.e. H0(K⊗m) = 0 for any m ≥ 1.

We start with the following vanishing result

Lemma 1. Let (M, c, J1, J2) be a compact bihermitian surface. Then either
the Kodaira dimensions of (M,J1) and (M,J2) are −∞, or else (M, c, J1, J2)
is a strongly bihermitian surface and c contains a metric g with θg

1 + θg
2 = 0.

Proof. We recall that the degree of a holomorphic line bundle E over a
compact Hermitian conformal (Riemannian) manifold (M, c, J) is defined
by [9]:

deg(E) =
1

(m− 1)!

∫
M

ρ ∧ Fm−1
0 , (2)

where m = dimCM , ρ is any pluriharmonic representative of the real first
Chern class of E, and F0 is the Kähler form of the standard metric g0 of c
[6] — i.e. the unique (up to homothety) Hermitian metric in c such that
the corresponding Lee form is co-closed . According to [8], the degree of a
holomorphic line bundle E (with respect to c) is equal to the volume (with
respect to g0) of the divisor of any meromorphic section of E. In particular,
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if E admits a holomorphic section, then deg(E) ≥ 0 with equality if and
only if E is holomorphically trivial.

We derived from Proposition 1 that for any compact bihermitian surface
(M, c, J1, J2) the holomorphic line bundle L ⊗ K−1

J1
admits a non-trivial

holomorphic section σ1. It follows

deg(L ⊗ K−1
J1

) = deg(L) + deg(K−1
J1

) ≥ 0, (3)

with possible equality precisely when the holomorphic section σ1 = (Ui, σ
i
1)i∈I

(defined in the preceding section) does not vanish, i.e., when (c, J1, J2) is a
strongly bihermitian structure.

We next compute the degree of the holomorphic line bundle L with respect
to the complex structure J = J1 and the conformal structure c. For that we
use a Hermitian metric h on L, defined on Ui × C by

h = e−2φih0,

where h0 is the flat metric on C. A pluriharmonic representative ρh of cR
1 (L)

is then locally given by [8]

ρh = − i

2π
∂∂̄ ln(h(s, s)),

where s is any (local) holomorphic section of L. By the very definitions of
L and h we obtain therefore

ρh = − 1
4π

dC(θg
1 + θg

2), (4)

where dC acts on 1-forms by dC = i(∂ − ∂) = −J ◦ d ◦ J ; (here the action
of J on T ∗M is defined by Riemannian duality between TM and T ∗M , and
is extended to an involution on Λ2(T ∗M) by acting on each decomposable
element in an obvious manner). Let g be the standard metric of (c, J) and
F be the corresponding Kähler form. By (2) and (4) the degree of L is
computed to be

deg(L) = − 1
4π

∫
M

dC(θg
1 + θg

2) ∧ F

= − 1
4π

∫
M
〈dC(θg

1 + θg
2), F 〉dVg

= − 1
4π

∫
M
〈θg

1 + θg
2, θ

g
1〉dVg,

where 〈·, ·〉 stands for the inner-product with respect to g. Using Proposition
1(ii) we eventually obtain

deg(L) = − 1
8π

∫
M

|θg
1 + θg

2|2dVg,

so that deg(L) ≤ 0 with equality if and only if θg
1 + θg

2 ≡ 0. Hence, (3) reads
as

deg(K−1
J1

) ≥ 1
8π

∫
M

|θg
1 + θg

2|2dVg. (5)
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Since deg(KJ1) = −deg(K−1
J1

) ≤ 0, it follows from [7, Plurigenera Theorem]
that either the plurigenera of (M,J1) all vanish, or else deg(K−1

J1
) = 0; by

(3) and (5) the latter situation can occur exactly when (c, J1, J2) is strongly
bihermitian and θg

1 + θg
2 = 0 is satisfied for the standard metric g of (c, J1).

This completes the proof of the lemma. q.e.d

Remark 1. The degree of the anti-canonical bundle with respect to a given
conformal class of Hermitian metrics, c, on a compact complex surface
(M,J) is called fundamental constant of (M, c, J), cf. [7]. We thus have
proved in Lemma 1 that the fundamental constants of the two Hermitian
structures of a bihermitian surface are either positive or both vanish.

By Lemma 1 and the Enriques-Kodaira classification of compact complex
surfaces one easily obtains the first part of Theorem 1:

Corollary 2. Any compact bihermitian surface with odd first Betti num-
ber has Kodaira dimension −∞, and therefore belongs to Class VII in the
Enriques-Kodaira classification.

Proof. Suppose for contradiction that the Kodaira dimension of (M,J1)
is non-negative. According to Lemma 1, (c, J1, J2) is a strongly bihermitian
structure and there is a metric g in c such that θg

1 + θg
2 = 0. It follows

from Proposition 1(iv) that the complex (2, 0)-form Ω1 = 1
1−p2 σ̄

g
1 defines a

holomorphic-symplectic structure on (M,J1), i.e., the canonical bundle of
(M,J1) is trivial. Since the first Betti number of M is odd, we conclude that
(M,J1) is a primary Kodaira surface (cf. e.g. [3]). Considering J2 instead
of J1, we derive similarly the existence of a holomorphic-symplectic 2-form
Ω2 on (M,J2) and we know that Ω1 and Ω2 have common real part (equal
to 1

1−p2 Φg, see Section 2). It follows that the real and imaginary parts of
Ω1 and Ω2 determine three real harmonic self-dual forms on (M, c), which
are independent at any point where J1 �= ±J2. Therefore, b+(M) ≥ 3. But
for any primary Kodaira surface b+(M) = 2 (cf. e.g. [3]), a contradiction.
q.e.d

3.2. Strongly bihermitian surfaces with odd first Betti number. To
prove the statements in Theorem 1(i) we suppose first that (M, c, J1, J2) is a
compact strongly bihermitian surface with odd first Betti number. Since for
any metric g ∈ c the 2-form Φg (hence also σg

1) nowhere vanishes (see Section
2), the holomorphic line bundle L ⊗ K−1

J1
is trivialized by the holomorphic

section σ1 = (Ui, σ
i
1)i∈I defined in Section 2. It follows that the real Chern

class c1(L ⊗ K−1
J1

) vanishes. The complex line bundle L is topologically
trivial so that the (real) first Chern class c1(M) of (M,J1) vanishes as well.
By Corollary 2 we know that (M,J1) is a Class VII surface, and therefore
b1(M) = 1, b+(M) = 0 (see [3]). Thus, by Wu formula we get

0 = c21(M) = 2χ(M) + 3σ(M) = −b−(M) = −b2(M),

i.e., (M,J1) is a minimal Class VII surface with vanishing second Betti
number. Now Bogomolov’s theorem [4] states that (M,J1) is either a Hopf
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surface or an Inoue surface; recent short proofs of this important result can
be found in [21], [22], [25]. The same argument still holds when considering
J2 instead of J1, so that (M,J2) is a Hopf or an Inoue surface as well. We
next consider separately the two cases.

Case 1: Hopf surfaces. Recall that a Hopf surface is by definition a
compact complex surface whose universal covering is C

2 \{0}. It was shown
by Kodaira [17] that π1(M) ∼= Z ⊕ Zn, hence any such surface is finitely
covered by a primary one – i.e. one whose fundamental group is infinitely
cyclic. For simplicity we shall only consider primary Hopf surfaces; they are
all diffeomorphic to S1 × S3 with cyclic fundamental group Γ = 〈γ〉, where
γ is an automorphism of C

2 \ {0} defined by

γ(z1, z2) = (αz1 + λzm
2 , βz2),

α, β, λ ∈ C, 0 < |α| ≤ |β| < 1, (βm − α)λ = 0. (6)

Theorem 1(i) says that for strongly bihermitian Hopf surfaces the corre-
sponding complex structures are obtained as above with αβ ∈ R, i.e., we
have to prove the following

Lemma 2. Let (c, J1, J2) be a strongly bihermitian structure on M = S1 ×
S3. Then (M,J1) (and (M,J2)) is a primary Hopf surface of the form
(C2 \ {0})/Γ, where Γ = 〈γ〉 is the infinite cyclic group generated by the
automorphism

γ(z1, z2) = (αz1 + λzm
2 , aα−1z2),

α, λ ∈ C, 0 < |α|2 ≤ a < 1, (am − αm+1)λ = 0.

Proof. It is a well known result of Kodaira ([17, III, Thm.42]) that any
complex surface diffeomorphic to S1 × S3 is a primary Hopf surface. It
follows from the considerations in Section 2 that (c, J1, J2) lifts to define a
(strongly) bihermitian structure (also denoted by (c, J1, J2)) on the universal
cover C

2 \ {0}, with J1 being the standard complex structure on C
2. Since

C
2 \ {0} is simply connected, the closed 1-form θg

1 + θg
2 is exact, hence there

exists a metric g ∈ c with θg
1 + θg

2 = 0. As (c, J1, J2) is strongly bihermitian,
it follows from Proposition 1(iv) that Ω1 = 1

1−p2 σ̄
g
1 is a holomorphic 2-form,

where, we recall p = −1
4trace(J1 ◦ J2) is the angle function of (c, J1, J2), see

(1). It follows that
Ω1 = hdz1 ∧ dz2

for a holomorphic function h(z1, z2) on C
2 \ {0} (and hence on C) which

does not vanish on C
2 \ {0} (hence on C

2). Moreover, since the complex
structures J1, J2 and the conformal class c = [g] are all Γ-invariant, we have

γ∗(Ω1) = fΩ1

for some real-valued, positive function f on C
2 \ {0}. We then get

αβ(h ◦ γ)dz1 ∧ dz2 = fhdz1 ∧ dz2,
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or equivalently

f = αβ
(h ◦ γ

h

)
.

The function in the right-hand side of the latter equality is holomorphic,
while f is a real-valued function. It follows that f is a positive real constant,
say a, so that

h ◦ γ =
a

αβ
h.

Then, for all (z1, z2) ∈ C
2,

lim
n→∞

(
a

αβ
)nh(z1, z2) = lim

n→∞
h ◦ γn(z1, z2) = h(0, 0) �= 0,

which implies

αβ = a. (7)

The positive constant a must also satisfy a < 1 because of (6); the lemma
then follows from (7) and (6). q.e.d

Remark 2. According to [10], the primary Hopf surfaces described in Lemma
2 are precisely those which arise from a taut contact circle on S3. Follow-
ing [10], a taut contact circle is by definition a couple of contact structures
(ω0, ω1) on S3 satisfying the two orthogonality conditions
(1) ω0 ∧ dω0 = ω1 ∧ dω1,
(2) ω0 ∧ dω1 + ω1 ∧ dω0 = 0.

If we are given such a couple, we may consider the two (real) symplectic
forms Φ0 = d(etω0),Φ1 = d(etω1) on R×S3, which, because of the conditions
(1) and (2), satisfy Φ0∧Φ0 = Φ1∧Φ1,Φ0∧Φ1 = 0. Then (Φ0,Φ1) determine
a unique complex structure J1, such that Ω1 = Φ0 + iΦ1 is a holomorphic
symplectic structure on (R × S3, J1) (cf. [20, 11]). Since the vector field
X = ∂t preserves the complex structure J1, the 2-forms Φ0 and Φ1 induce,
in fact, a complex structure (denoted also by J1) on S1×S3 ∼= (R×S3)/〈φt0〉
where φt denotes the flow of X, t0 is a fixed real number, and 〈φt0〉 is the
infinite cyclic group generated by φt0 . The primary Hopf surface (S1×S3, J1)
is then of the form described in Lemma 2 with a = e−t0 , cf. [10, Cor. 5.4.].

A possible “contact approach” for looking for strongly bihermitian struc-
tures (J1, J2) on S1 × S3 would be to find a triple of contact forms on S3,
say (ω0, ω1, ω2), such that (ω0, ω1) and (ω0, ω2) are taut contact circles and

ω1 ∧ dω2 + ω2 ∧ dω1 = −pω0 ∧ dω0,

where p is a smooth function p on S3 (the angle function) which must satisfy
|p| < 1. The corresponding complex structures J1 and J2 on S1 × S3 would
then satisfy the relation (1), and therefore would define a strongly bihermi-
tian structure. The standard Cartan structure on S3 is an example of a triple
of contact structures satisfying the above relations with p ≡ 0; the corre-
sponding bihermitian structure on S1×S3 is then hyperhermitian. Moreover,
the deformations of strongly bihermitian structures on S1 ×S3 presented in
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[2] correspond to deformations of (ω0, ω1, ω2) in the form (ω0, ω1, ψ
∗
sω2),

where ψs is a flow which preserves the contact form ω0.

Case 2: Inoue surfaces. Any such surface is by definition the quotient
(H × C)/Γ where H is the upper half-plane and Γ is any lattice in one of
the three solvable real sub-groups Sol40, Sol41 and Sol′41 of the group A(2,C)
of affine transformations of C

2 (see e.g. [12, 26, 15]). There are three series
of Inoue surfaces which are usually denoted by S±

M, S+
N ,p,q,r,t, S

−
N ,p,q,r ; the

surfaces S±
M are obtained as quotients of Sol40 ; the surfaces S+

N ,p,q,r,t, t ∈ R

and S−
N ,p,q,r are quotients of Sol41, while the surfaces S+

N ,p,q,r,t, t ∈ C \ R

are quotients of the group Sol′41. Moreover, the parameterization of these
surfaces comes from the explicit description of the lattices in the groups
Sol40, Sol41 and Sol′41 [12].

Consider first S±
M. Following Inoue [12], take an unimodular matrix M =

(mkj) ∈ SL(3,Z) with eigenvalues α, β, β̄ such that α > 1 and β �= β̄. Let
(a1, a2, a3) and (b1, b2, b3) be a (real) eigenvector and an eigenvector of the
matrix M corresponding to α and β, respectively. Let Γ+

M be the group of
holomorphic automorphisms of H × C generated by

γ0(w, z) = (αw, βz), γk(w, z) = (w + ak, z + bk), k = 1, 2, 3. (8)

If we consider β̄ instead of β we obtain the group Γ−
M. It is easy to see that

the groups Γ±
M act on H × C freely and properly discontinuously and the

quotient surfaces S±
M = (H × C)/Γ±

M are compact complex surfaces which
are diffeomorphically, but not biholomorphically equivalent. Realizations of
Γ±
M as discrete subgroups of Sol40 are given in [26].
To construct the surfaces S−

N ,p,q,r and S+
N ,p,q,r,t take a matrix N ∈ GL(2,Z)

with det(N ) = ε, ε = ±1, having real eigenvalues α > 1 and ε/α. Let (a1, a2)
and (b1, b2) be (real) eigenvectors corresponding to α and ε/α, respectively.
Fix integers p, q, r �= 0 and a complex number t. Let (c1, c2) be the solution
of the (algebraic) equation

ε(c1, c2) = (c1, c2)N t + (e1, e2) +
1
r
(b1a2 − b2a1)(p, q)

where N t denotes the transpose matrix of N and

ek =
1
2
nk1(nk1 − 1)a1b1 +

1
2
nk2(nk2 − 1)a2b2 + nk1nk2b1a2, k = 1, 2.

Denote by Γ(ε)
N ,p,q,r;t the group of holomorphic automorphisms of H×C gen-

erated by

γ
(ε)
0 (w, z) = (αw, εz + t), γk(w, z) = (w + ak, z + bkw + ck), k = 1, 2,

γ3(w, z) = (w, z +
1
r
(b1a2 − b2a1))



BIHERMITIAN SURFACES WITH ODD FIRST BETTI NUMBER 11

Then the groups Γ+
N ,p,q,r;t and Γ−

N ,p,q,r;0 (t = 0) are isomorphic to dis-
crete subgroups of Sol41 and Sol′41; they act on H × C freely and properly-
discontinuously, and the quotient spaces S+

N ,p,q,r;t and S−
N ,p,q,r are compact

complex surfaces. Each surface S−
N ,p,q,r is doubly covered by the surface

S+
N 2,p′,q′,r;0 for suitable p′, q′.
Theorem 1(i) says that the surfaces S±

M do not admit bihermitian struc-
tures at all, i.e. we have to prove

Lemma 3. The smooth 4-manifold underlying the Inoue surfaces S±
M does

not admit any bihermitian structure.

Proof. Let (M, c, J1, J2) be a bihermitian surface with M being diffeo-
morphic to the smooth manifold underlying the complex surfaces S±

M. Since
π1(M) ∼= Γ+

M, we have by [13] that (M,J1) (hence, also, (M,J2)) is one of
the surfaces S±

M. As S±
M do not admit any curves, the holomorphic section

σ1 = (Ui, σ
i
1)i∈I of L⊗K−1

J1
(see Section 2) does not vanish, i.e. (c, J1, J2) is

a strongly bihermtian structure. Then (c, J1, J2) lifts to a strongly bihermi-
tian structure (still denoted by (c, J1, J2)) on the universal cover H × C of
S±
M, with J1 being the standard complex structure on H×C. Arguing as in

the case of Hopf surfaces (see the proof of Lemma 2) we show the existence
of a metric g ∈ c with θg

1 + θg
2 = 0, a holomorphic 2-form Ω1 = 1

1−p2 σ̄
g
1 , and

a holomorphic function u on H × C, such that the following are satisfied

Ω1 = eudw ∧ dz, (9)

γ∗(Ω1) = fΩ1 = feudw ∧ dz, (10)

where f is a real-valued positive function, and γ is any element of Γ+
M (resp.

of Γ−
M). On the other hand, by (8) we get

γ∗(dw ∧ dz) = const.dw ∧ dz, ∀γ ∈ Γ+
M(resp.Γ−

M)

so that, as in the proof of Lemma 2, we infer from (9) and (10) that f is a
constant, i.e.

u ◦ γ − u = cγ , cγ ∈ C.

But then u is [Γ+
M,Γ+

M]-invariant holomorphic function on H×C, and there-
fore constant ([12, Lemma 3], [15, Lemme 4.4]). With respect to the gener-
ator γ0 defined by (8), the relations (9) and (10) imply αβ ∈ R, a contra-
diction. q.e.d

3.3. Non-strongly bihermitian surfaces with odd first Betti num-
ber. To complete the proof of Theorem 1 it remains to consider the case of a
non-strongly bihermitian surface (M, c, J1, J2) and to show that (M,J1) and
(M,J2) are obtained by blowing up a minimal surface admitting a complex
curve (Theorem 1(ii)).

Suppose (c, J1, J2) is not strongly bihermitian structure. Then the holo-
morphic section σ1 = (Ui, σ

i
1)i∈I of L ⊗ K−1

J1
(see Section 2) does vanish,

and therefore defines an effective divisor, D, on (M,J1). The Poincaré-dual
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class [D] in H2(M,Z) is c1(M,J1) because the holomorphic line bundle L
is topologically trivial; by the adjunction formula we calculate the virtual
genus π(D) of D :

π(D) = 1 +
1
2
(KJ1 · [D] + [D] · [D]) = 1,

where · denotes the cup-product of H2(M,Z). Theorem 1(ii) then follows
by the more general fact that on any complex surface S an effective divisor
D of positive virtual genus defines a non-trivial curve on any minimal model
of S. Indeed, if S itself is minimal the claim is trivial. If S is not minimal,
let E ⊂ S be a smooth rational curve of self-intersection −1 and b : S �→ S̃
be the blowing down map which contracts E to a point x and which is
biholomorphic elsewhere. Suppose first that D = mE,m ∈ N. As E is a
smooth curve of geometric genus 0 and self-intersection −1 we calculate the
virtual genus of D = mE to be π(mE) = 1 − m(m+1)

2 . But this contradicts
the assumption that D is effective divisor with π(D) > 0. We thus have
D = D′ +mE with D′ being an effective divisor which does not contain the
exceptional curve E. Then b(D′) defines an effective divisor D̃ of S̃, such
that the proper pre-image of D̃ is D′ and we know [3]

[D′] = b∗([D̃]) + k[E], k ∈ Z,

or, equivalently,
[D] = b∗([D̃]) + ?[E], ? ∈ Z.

Moreover, the canonical bundles KS and KS̃ of S and S̃ are related by [3]

KS = b∗(KS̃) + [E].

Taking into account

b∗([D̃]) · [E] = b∗(KS̃) · [E] = 0

we get

π(D̃) = π(D) +
?(? + 1)

2
≥ π(D) > 0.

The proof is now complete by induction on the number of blow ups. q.e.d
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