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Preface

These notes are written for a mini-course I gave at the CIRM in Luminy
in 2019. Their intended purpose was to present, in the context of smooth toric
varieties, a relatively self-contained and elementary introduction to the theory
of extremal Kähler metrics pioneered by E. Calabi in the 1980’s and extensively
developed in recent years. The framework of toric varieties, used in both sym-
plectic and algebraic geometry, offers a fertile testing ground for the general
theory of extremal Kähler metrics and provides an important class of smooth
complex varieties for which the existence theory is now understood in terms of
a stability condition of the corresponding Delzant polytope. The notes do not
contain any original material nor do they take into account some more recent
developments, such as the non-Archimedean approach to the Calabi problem.
I’m making them available on the arXiv because I continue to get questions
about how they can be cited.
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CHAPTER 1

Delzant Theory

1. Hamiltonian group actions on symplectic manifolds

We start with some basic definitions in symplectic geometry.

Let (M2m, ω) be a symplectic manifold of real dimension 2m, i.e. a smooth
manifold endowed with a closed 2-form ω which is non-degenerate at each point
p ∈M meaning that ωp : TpM → T ∗pM is an isomorphism. A simple linear alge-

bra shows that the latter condition is also equivalent to ω∧mp 6= 0 ∈ ∧2m(T ∗pM).

Example 1.1. The basic example of a symplectic manifold is (R2m, ω0) where, using the identification

R2m ∼= Cm = {z = (z1, · · · , zm) : zi = xi +
√
−1yi, i = 1, . . .m},

the symplectic form is

ω0 :=

m∑
i=1

dxi ∧ dyi =

√
−1

2

n∑
i=1

dzi ∧ dz̄i.

Example 1.2. Let M = S2 ⊂ R3 be the unit sphere endowed with the atlas of S2 given by the
stereographic projections from the north and the south poles, N = (0, 0, 1) and S = (0, 0,−1), respectively.
We denote by

x =
2u

1 + u2 + v2
, y =

2v

1 + u2 + v2
, z = −

1− u2 − v2

1 + u2 + v2
, (u, v) ∈ R2

,

x =
2ũ

1 + ũ2 + ṽ2
, y =

2ṽ

1 + ũ2 + ṽ2
, z =

1− ũ2 − ṽ2

1 + ũ2 + ṽ2
, (ũ, ṽ) ∈ R2

the corresponding chart patches on S2. Recall that on S2 \({N}∪{S}), the transition between the coordiantes

(u, v) and (ũ, ṽ) is given by the diffeomorphism ũ = u
u2+v2 , ṽ = v

u2+v2 of R2 \ {(0, 0)}. Then the 2-form

ωS2 :=
4du ∧ dv

(1 + u2 + v2)2
= −

4dũ ∧ dṽ
(1 + ũ2 + ṽ2)2

introduces a symplectic structure on S2.

Definition 1.1. Let M be a smooth manifold and G a Lie group. An action
of G on M is a group homomorphism

ρ : G→ Diff(M),

where Diff(M) stands for the diffeomorphism group of M . The action of G is
smooth if the evaluation map

ev : G×M →M, ev(g, p) := ρ(g)(p),

is a smooth map between manifolds.
Let (M,ω) be a symplectic manifold and G a Lie group acting smoothly on

M . We say that G acts symplectically on (M,ω) if

ρ(g)∗(ω) = ω.

Example 1.3. Consider (M,ω) = (R2m, ω0) as in Example 1.1. The action of the m-dimensional torus

Tm = (e
√
−1t1 , . . . , e

√
−1tm ),

given by

ρ(e
√
−1t1 , . . . , e

√
−1tm )(z) := (e

√
−1t1z1, . . . , e

√
−1tmzm)

is symplectic.
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8 1. DELZANT THEORY

Example 1.4 (Hamiltonian flows). Let f be a smooth function on (M,ω). Using the non-degeneracy
of ω, we define a vector field by

Xf := −ω−1
(df),

called the Hamiltonian vector field of f . Suppose that Xf is complete, i.e. its flow ϕt is defined for all t ∈ R
(this always holds if M is compact). Then, ρ(t) := ϕt defines a symplectic action of R on (M,ω). Indeed, we
have

d

dt |t=s
(ϕ
∗
tω) = ϕ

∗
s

( d
dt |t=0

(ϕ
∗
tω)
)

= ϕ
∗
s

(
LXf ω

)
= ϕ

∗
s

(
dıXf + ıXf d)(ω)

)
= ϕ

∗
s

(
d(−df)

)
= 0,

ϕ
∗
0(ω) = ω.

The previous two examples show that different groups (in particular Tm and
Rm) can possibly give rise to “equivalent” symplectic actions, in the sense that
their images in Diff(M) are the same. A way to normalize the situation is to
consider

Definition 1.2. A symplectic action of a Lie group G on (M,ω) is effective
if the homomorphism ρ : G→ Diff(M) has trivial kernel.

Thus, the symplectic action of Rm = {(t1, . . . , tm)} on (R2m, ω0) defined in
Example 1.3 is not effective, whereas the action of Tm on the same manifold is.
In the sequel, we shall be interested in effective symplectic actions.

Let G be a Lie group acting smoothly on M . Denote by g = Lie(G) its Lie
algebra, i.e. g is the vector space of left-invariant vector fields on G. For any
ξ ∈ g, we denote by exp(tξ) the corresponding 1-parameter subgroup of G, and
by Xξ the vector field on M induced by the one parameter subgroup ρ(exp(tξ))
in Diff(M), i.e.

Xξ(p) :=
d

dt |t=0

(
ρ(exp(tξ))(p)

)
.

The vector field Xξ is called fundamental vector field of ξ ∈ g.

We recall that G also acts on itself by conjugation

ρ(g)(h) := ghg−1, g ∈ G, h ∈ G,
fixing the unitary element e ∈ G and thus inducing a linear action on the vector
space TeG ∼= g, called the adjoint action

Ad : G→ GL(g).

The induced linear action on the dual vector space T ∗eG
∼= g∗ is given by

Ad∗(g)(α) := α ◦ Ad(g−1) and is called the co-adjoint action. We are now
ready to give the definition of a hamiltonian action on (M,ω).

Definition 1.3. Let ρ : G→ Diff(M) be a smooth action of a Lie group G
on (M,ω). It is said to be hamiltonian if there exists a smooth map

µ : M → g∗,

called a momentum map, which satisfies the following two conditions.

(i) For any ξ ∈ g, the fundamental vector field Xξ satisfies

ω(Xξ, ·) = −d〈µ, ξ〉,
where 〈·, ·〉 denotes the natural pairing between g and its dual g∗.
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(ii) µ is equivariant with respect to the action ρ of G on M and the co-
adjoint action Ad∗ of G on g∗, i.e.

µ
(
ρ(g)(p)

)
= Ad∗(g)

(
µ(p)

)
.

Remark 1.1. (a) Notice that the condition (i) of Definition 1.3 implies that
any fundamental vector field Xξ is hamiltonian (see Example 1.4) with respect
to the smooth function

(1) µξ(p) := 〈µ(p), ξ〉.

In particular, hamiltonian actions are symplectic.
(b) By a standard argument in Lie theory, the condition (ii) of Definition 1.3

can be equivalently expressed as

dµξ(Xη) = −µ[η,ξ].

For any two smooth functions f, h on (M,ω)

{f, h}ω := ω(Xf , Xh)

is the so-called Poisson bracket. Thus, the condition (ii) of Definition 1.3 is
equivalent to

(2) {µξ, µη}ω = −µ[ξ,η].

An important example is the following
Example 1.5. Suppose G is a semi-simple compact Lie group with Lie algebra g, and T ⊂ G is a

maximal torus with Lie algebra t ⊂ g. Complexifying, we also have a semi-simple complex Lie group GC with
Lie algebra gcC := g ⊗ C, and a Cartan sub-algebra h := t ⊗ C. A specific example which one can bear in

mind is G = SU(n), T = {diag(e
√
−1t1 , . . . , e

√
−1tm ) : t1 + · · ·+ tm = 0}. Then GC = SL(n,C).

The general theory of semi-simple Lie algebras yields that gC admits a root decomposition

g
C

= h⊕
⊕
α∈R+

(g
C
−α ⊕ g

C
α),

where R ⊂ h∗ denotes the finite subspace of roots of gC and R = R+ ∪ (−R+) with R+ ∩ (−R+) = ∅ is the
choice of a subset R+ of positive roots. For α ∈ R, we have set

g
C
α := {u ∈ g

C
: adx(u) = α(x)u, ∀x ∈ h}.

We denote by M an orbit in g for the adjoint action Ad : G→ GL(g) and assume that M is not a point.
The general theory tells us that M is aways the orbit of a non-zero element x ∈ t, and that such x is unique
if we require moreover that −iα(x) ≥ 0 for all α ∈ R+. If the unique x ∈ t determined as above also satisfies
−iα(x) > 0 for all α ∈ R+, then the orbit M ∼= G/T is principal for the adjoint action of G, and M is called
a flag manifold. In general, M ∼= G/Gx where Gx is the subgroup of G fixing x (and whose Lie algebra is
gx = Ker(adx)).

In the case G = SU(n), this corresponds to the basic fact that any hermitian matrix a ∈
√
−1su(n,C)

can be diagonalized by a conjugation with an element of SU(n). The diagonal matrix is uniquely determined
up to a permutation of its (real) eigenvalues, so we can normalize it by ordering the eigenvalues in decreasing
order. A hermitian matrix a determines a regular orbit for the action of G = SU(n) by conjugation precisely
when a has simple spectrum.

Each orbit M admits a natural symplectic form ω, called the Kirillov–Kostant–Souriau form, whose
definition we now recall. As the tangent space TyM for any y ∈ M is generated by the fundamental vector
fields for the adjoint action of G, TyM can be identified with the image my ⊂ g of the map

(3) u→
d

dt |t=0

Adexp(tu)(y) = −ady(u).

For u, v ∈ g, we denote by

〈u, v〉 := tr(adu ◦ adv)

the Killing form of g. By assumption 〈·, ·〉 is negative definite (G being compact and semi-simple). We then
set

ωy(u, v) := −〈y, [u, v]〉,

where u, v ∈ TyM ∼= Im(ady). Then ω gives rise to a symplectic structure on M = G/Gx. The main fact is

Proposition 1.1 (Kirillov–Kostant–Souriau). The 2-form ω defines a symplectic structure on M =
G/Gx, the adjoint action of G on (M,ω) is hamiltonian with momentum map µ : M → g∗ identified with
the inclusion ı : M ⊂ g composed with the Killing form 〈·, ·〉 : g→ g∗.
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2. Hamiltonian actions of tori

We now specialize to the case when the Lie group G = Tk is a k-dimensional
torus.

Lemma 1.1. Suppose G = Tk acts symplectically on (M,ω). Then, the action
is hamiltonian if and only if for any ξ ∈ g, there exists a smooth function µξ on
M , such that ıXξω = −dµξ. In this case, the momentum map µ : M → g∗ is
determined up to the addition of a vector in g∗.

Proof. If the action of G is hamiltonian, the existence of µξ follows from
Remark 1.1(a).

Conversely, suppose that each fundamental vector field Xξ is hamiltonian
with respect to a smooth function µξ on M . Choose a basis {ξ1, . . . , ξk} of g and
let X1, . . . , Xk and µ1, . . . , µk be the corresponding fundamental vector fields

and hamiltonian function, respectively. We claim that for ξ =
∑k

i=1 aiξi, the
function

(4) µξ :=

k∑
i=1

aiµi

is a hamiltonian of the induced fundamental vector field Xξ. Indeed, since G
is abelian, exp(tξ) = exp(ta1ξ1) ◦ · · · ◦ exp(takξk) and, therefore, the induced

fundamental vector field is Xξ =
∑k

i=1 aiXξi . The claim then follows trivially.
Thus, we can define µ : M → g∗ by letting

〈µ(p), ξ〉 := µξ.

It remains to show that the condition (2) holds. As the co-adjoint action
of an abelian group G is trivial, this condition reduces to show that µξ is an
invariant function under the action of G. Equivalently, by Remark 1.1(b), we
have to show that for any fundamental vector fields Xξ, Xη, the smooth function
{µξ, µη}ω = ω(Xξ, Xη) identically vanishes on M . Since the action of G is
symplectic, for any fundamental vector field Xζ , LXζω = 0. It follows (by using
that G is abelian again) that LXζ (ω(Xξ, Xη)) = 0. Thus, ω(Xξ, Xη) is a constant
function on each orbit O ⊂ M for the action of G on M . It is a standard fact
that O is a homogeneous manifold G/Gp, where p ∈ O and Gp is the stabilizer
of p in G, see e.g. [5]. As G is compact, O is a compact manifold (see [5],
Chapter 1, Corollary 1.3), and therefore the restriction of µξ to O has a critical
point. At this point, ω(Xξ, Xη) = −dµξ(Xη) = 0, thus showing that the function
ω(Xξ, Xη) is identically zero on O, and hence on M .

The last statement trivially follows as we can take instead of µi the hamil-
tonian µi+λi with λi ∈ R or, equivalently, we can replace in (4) µξ by µξ+〈ξ, λ〉
for λ ∈ g∗. �

For the next result, we use the facts that if a compact Lie group G acts
effectively on M , then each orbit O = G(p) is a compact homogeneous manifold
of dimension ≤ dimG and, furthermore, that there exist an open dense subset
M0 ⊂ M of points whose orbits are of dimension = dimG (called principal
orbits of G). We refer to [5] for a proof of these facts.

Lemma 1.2. Suppose that (M2m, ω) admits an effective hamiltonian action
of G = Tk. Then k ≤ m.
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Proof. By the argument in the proof of Lemma 1.1, the tangent space TpO
of a principal orbit O = G(p) is ωp isotropic subspace of TpM . Its dimension
(= dimG), therefore, is ≤ m. �

Example 1.6. We return again to Example 1.3 and will now show that the symplectic action of Tm
on (R2m, ω0) is hamiltonian. We shall work on the dense open subset (Cm)0 = {(z1, . . . , zm) : zi 6= 0, ∀i =

1, . . .m} of Cm ∼= R2m on which we introduce polar coordinates zi = rie
√
−1ϕi , i = 1, . . . ,m. The symplectic

2-form ω0 then becomes

ω0 =
m∑
i=1

ridri ∧ dϕi,

whereas the fundamental vector fields {X1, . . . , Xm} associated to the standard basis of Rm = {(t1, . . . , tm)} ∼=
Lie(Tm) are Xi = ∂

∂ϕi
. It follows that ıXiω0 = −ridri = −d( 1

2 r
2
i ). In other words, the smooth map

µ : Cm → Rm ∼=
(

Lie(Tm)
)∗

defined by

(5) µ(z) :=
1

2

(
|z1|2, . . . , |zm|2

)
is a momentum map for the action of Tm on (Cm)0, and hence on Cm (by continuity). We also notice that

(6) Im(µ) = Cm := {(x1, . . . , xm) ∈ Rm : xi ≥ 0}.

Exercise 1.1. Consider the S1-action on (S2, ωS2 ) corresponding to the rotation around the z-axis of

R3, see Example 1.2. Show that this is hamiltonian with momentum map given by the z-ccordinate.

The central result in the theory is the following convexity result

Theorem 1.1 (Atiyah [4], Guillemin–Stenberg [27]). Suppose Tk acts
in a hamiltonian way on a connected compact symplectic manifold (M,ω), with
momentum map µ : M 7→ Rk. Then,

(i) The image of µ is the convex hull ∆ ⊂ Rk of the images of the fixed
points for the Tk-action on M .

(ii) The pre-image of any point of ∆ is connected.

Example 1.7 (Schür’s Theorem). This is the main application of Theorem 1.1 given in [4]. In the
general setting of Example 1.5, let us take G = SU(n) and consider the orbit M = Ma of all conjugated
hermitian matrices to a given hermitian matrix a by elements of G. We thus have a hamiltonian action on
(M,ω) of the (n − 1)-dimensional torus T ⊂ SU(n) of diagonal matrices in SU(n). Furthermore, it easily
follows by Proposition 1.1 that the momentum map for this action is

µ(b) = diag(b11, . . . , bnn),

where b is any hermitian matrix in Ma and (b11, . . . , bnn) are the diagonal elements of b (a vector in Rn).
Furthermore, the fixed points for the action of T on Ma are precisely the diagonal hermitian matrices in Ma.
We thus obtain from Theorem 1.1 the following classical result due to Schür.

Corollary 2.1. Let a be a hermitian matrix in Cn with spectrum (λ1, . . . , λn) ∈ Rn. Then the
diagonal elements of the hermitian matrices in the conjugacy class of a by elements of U(n) consisting of
all points in the convex hull in Rn of {(λσ(1), . . . , λσ(n)), σ ∈ Sn}, where Sn denotes the symmetric group
of permutation of n-elements.

2.1. Toric symplectic manifolds and Delzant Theorem. In view of
Lemma 1.2, we give the following

Definition 1.4. A symplectic toric manifold is a compact connected sym-
plectic manifold (M2m, ω) endowed with an effective hamiltonian action ρ of a
torus T with

dim T = m =
1

2
dim M.

Two toric symplectic manifolds (Mi, ωi,Ti, ρi), i = 1, 2 are considered equivalent
if there exist an isomorphism of Lie groups φ : T1 → T2 and a diffeomorphism
Φ : M1 →M2 with Φ∗ω2 = ω1, satisfying

Φ(ρ1(g)(p)) = ρ2(φ(g))(Φ(p)), ∀g ∈ T1, ∀ p ∈M1.

By Lemma 1.1, we can always assume that in this case the momentum maps µi
of (Mi, ωi,Ti, ρi) are linked by µ1 = µ2 ◦ Φ.
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By virtue of Theorem 1.1, the image of a toric symplectic manifold of di-
mension 2m is a compact convex polytope ∆ in the m-dimensional vector space
t∗ = Lie(T). The Delzant theorem provides a classification (up to the equiva-
lence of Definition 1.4) of symplectic toric manifolds (M,ω,T) in terms of the
corresponding polytopes ∆ ⊂ t∗. To state it properly, we notice that being Lie
algebra of a torus T, the vector space t comes equipped with a lattice Λ ⊂ t such
that 2πΛ = exp−1(e) (where e stands for the identity element of T). In other
words,

exp : t/2πΛ ∼= T.

Definition 1.5. Let V be an m-dimensional real vector space whose dual
space is V ∗, and let Λ ⊂ V be a lattice. We denote also by V ∗ the affine space
determined by V ∗. Let ∆ ⊂ V ∗ be a convex polytope written as the intersection
of a minimal number of d linear inequalities

∆ = {x ∈ V ∗ : Lj(x) = 〈uj , x〉+ λj ≥ 0, j = 1, . . . , d},
where uj ∈ V are called (labelled) normals of ∆ and λj ∈ R. We shall refer to
the collection L = {L1, . . . , Ld} of affine-linear functions defining ∆ as a labelling
of ∆, and to the couple (∆,L) as a labelled polytope in V . We say that the data
(∆,L,Λ) define a Delzant polytope if the following conditions are satisfied:

(i) ∆ is compact;
(ii) ∆ is simple, meaning that each vertex x0 of ∆ annihilates precisely m

of the affine functions in L and the corresponding normals form a basis
of V ;

(iii) ∆ is integral, meaning that for each vertex x0 of ∆,

spanZ{uj ∈ V : Lj(x0) = 〈uj , x0〉+ λj = 0} = Λ.

We say that (∆,L,Λ) defines a rational Delzant polytope if instead of (iii) we
require the weaker assumption

(iii)’ ∆ is rational, meaning that for each Lj ∈ L, the normal uj ∈ Λ.
Exercise 1.2. Show that if the triple (∆,L,Λ) is a Delzant polytope, then (∆,Λ) determine the

labelling L. Is this true for a rational Delzant polytope (∆,L,Λ)?

Theorem 1.2 (Delzant [15]). There exists a bijective correspondence be-
tween the equivalence classes of 2m-dimensional toric symplectic manifolds and
equivalent Delzant polytopes (∆,L,Λ) in an m-dimensional vector space V ∗, up
to the natural action of the affine group Aff(V ∗) on the triples (∆,L,Λ).

We shall not develop in these notes a detailed proof of this key result, but in
the next section we are going to sketch one direction of it, namely the Delzant
construction which associates to a Delzant triple (∆,L,Λ) a toric symplectic
manifold (M,ω,T).

3. The complex projective space

We start with the following basic example of a toric symplectic manifold.
Recall that the (complex) m-dimensional projective space

CPm = Cm+1 \ {0}/C∗

is the quotient of Cm+1 \ {0} by the diagonal (holomorphic) action of C∗ given
by

(λ, z)→ λz, λ ∈ C∗, z ∈ Cm+1 \ {0}.
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This description naturally realizes M = CPm as a complex manifold, by passing
from the homogenous coordinates [z0, . . . , zm] (where (z0, . . . , zm) ∈ Cm+1 \ {0}
and [z0, . . . , zm] stands for the equivalence under the diagonal action of C∗) to
the affine charts Ui ∼= Cm on the open subsets of CPm where zi 6= 0. In order
to describe the Fubini–Study metric on CPm, or its symplectic form, it is more
convenient to consider the identification

CPm = S2m+1/S1,

where S2m+1 ⊂ Cm+1 is the unit sphere with respect to the standard euclidean
product of R2m+2 ∼= Cm+1, and S1 denotes the diagonal circle action on S2m+1 ⊂
Cm+1 by

(7) ρ(e
√
−1t)(z0, . . . , zm) = e

√
−1t(z0, . . . , zm).

Definition 1.6. Let (M,ω) be a symplectic manifold. An ω-compatible
riemannian metric g on M is a riemannian metric such that the field of endo-
morphisms J defined by

gp(Jpu, v) = ωp(u, v), ∀p ∈M, ∀u, v ∈ TpM,

is an almost-complex structure on M , i.e. satisfies

J2
p = −Id|TpM .

We say that (g, J) is an ω-compatible almost-Kähler structure on M .
If, furthermore, J is an integrable almost-complex structure, i.e. satisfies

(8) NJ(X,Y ) = [X,Y ]− [JX, JY ] + J [JX, Y ] + J [X, JY ] = 0,

then (g, J) defines a compatible Kähler structure on (M,ω).

Remark 1.2. (a) It is well-known (see e.g. [40]), and easy to show, that
any symplectic manifold admits infinitely many compatible almost-Kähler struc-
tures. Actually, the space of such structures, denoted AK(ω), is a contractible
Fréchet manifold. The group Symp(M,ω) of symplectomorphisms of M natu-
rally acts on AK(ω) by pull-backs of the riemannian metrics g. It thus follows
that for any compact subgroup G ⊂ Symp(M,ω) one can take an average over
G, and thus produce a G-invariant ω-compatible almost-Kähler structure (g, J)
on (M,ω).

(b) By a result of Newlander–Nirenberg [42], the integrability condition (8)
is equivalent to the existence of a holomorphic atlas on M , compatible with the
almost-complex structure J , i.e. to (M,J) being a complex manifold. There are
many examples of symplectic manifolds which do not admit compatible Kähler
structures.

In our situation, the standard flat metric of Cm+1 = R2m+2

(9) g0 =

m∑
i=0

(dx2
i + dy2

i )

is ω0-compatible and the corresponding almost complex structure J0 is simply
the standard complex structure on Cm+1. As both ω0 and g0 are preserved by
the Tm+1-action, we thus have a Tm+1-invariant flat Kähler structure (g0, J0)
on Cm+1. The restriction of the flat metric g0 on Cm+1 to S2m+1 induces the
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canonical round metric gS
2m+1

and the projection map (known as the Hopf fibra-
tion)

π : S2m+1 → CPm,
provides an example of a riemannian submersion between (S2m+1, gS

2m+1
) and

the (uniquely determined) riemannian metric gFS on CPm, introduced by the
property

π∗
(
gFSπ(z)

)
= gS

2m+1

z |Hz ,

where at each point z ∈ S2m+1, Hz =
(

Ker(π∗)z

)⊥
. We use a similar con-

struction in order to endow CPm with a symplectic form ω, using the pointwise
isomorphism (π∗)z : Hz

∼= Tπ(z)CPm and the restriction of ω0 to the subspace

Hz. As all tensor fields used in this construction are Tm+1-invariant, and the
S1-action (7) is obtained by restricting the action of Tm+1 to its S1 subgroup

N = (e
√
−1t, . . . , e

√
−1t) ⊂ Tm+1, there is a natural induced Tm = Tm+1/N -

action on CPm = S2m+1/N . With respect to this data, (CPm, ωFS ,Tm) is an
example of a symplectic toric manifold. In fact, this is just a very particular case
of a general fact in symplectic geometry, known as symplectic reduction, which
we shall present below.

To this end, let us summarize the construction of CPm: by Example 1.6,
(Cm+1, ω0) is a symplectic manifold endowed with the hamiltonian action on
Tm+1 with momentum map

µTm+1(z) =
1

2
(|z0|2, . . . , |zm|2).

N ⊂ Tm+1 is a circle subgroup and the momentum map for the action of N is
therefore

µN (z) =
1

2

m∑
i=0

|zi|2.

Thus,

S2m+1 = µ−1
N

(1

2

)
is the level set of the momentum map µN , and furthermore, N acts freely on
this level set. We are thus in the situation of the following fundamental result.

Proposition 1.2 (Marsden–Weinstein [39], Meyers [41]). Let N ⊂ G
be a closed normal subgroup of a compact group G acting in a hamiltonian way
on a symplectic manifold (M̃, ω̃). Let µG : M̃ → g∗ be a momentum map for

the G-action, and µN : M̃ → n∗ the corresponding momentum map for the N -
action, obtained from µG by composing with the natural projection ı∗ : g∗ → n∗

(which is adjoint to the inclusion of the Lie algebras ı : n ⊂ g).
Suppose further that c̃ ∈ g∗ is a fixed point for the co-adjoint action of G on

g∗, such that ı∗(c̃) = c is a regular point for µN , and that the action of N on
µ−1
N (c) is free.

Then, the N -invariant symplectic 2-form ω̃, restricted to µ−1
N (c) defines a

symplectic form on the manifold M :=
(
µ−1
N (c)

)
/N , and the natural action of

G/N on M is hamiltonian with moment map, viewed as an N -invariant function
on µ−1

N (c), given by
µ = µG − c̃.
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Proof. By construction, S := µ−1
N (c) ⊂ M̃ is a closed submanifold of M̃ on

which G acts smoothly. To see that G acts on S, notice that, by construction,
p ∈ S iff

(10) 〈µG(p)− c̃, ξ〉 = 0, ∀ξ ∈ n.

Using the equivariance of the momentum map, we have for any g ∈ G〈
(µG(g · p)− c̃), ξ

〉
=
〈
Ad∗g(µG(p))− c̃, ξ

〉
=
〈
Ad∗g(µG(p)− c̃), ξ

〉
=
〈
(µG(p)− c̃),Adg−1(ξ)

〉
=
〈
(µG(p)− c̃), ξ

〉
,

where for passing from the second line to the third we have used that c̃ is a fixed
point for the co-adjoint action, and for passing from the third line to the forth
the fact that N is a normal subgroup of G.

We denote by

i : S ↪→ M̃

the inclusion map and by

π : S →M

the projection map, which is a smooth submersion by the regularity assumption
for c. It follows from (10) that µG − c̃ is a smooth function on S with values in
the annihilator Ann(n) ⊂ g∗. The latter subspace is canonically identified with(
g/n
)∗

. We summarize the construction in the following diagram:

(11)

M̃
µG−−−−→ g∗xi ∥∥∥

S
(µG)|S−−−−→ g∗yπ x`:=j+c̃

M
µ−−−−→ (g/n)∗

where j denotes the natural inclusion of (g/n)∗ in g∗, and ` = j + c̃ denotes the
affine map from (g/n)∗ to g∗ obtained by composing j with the translation by
c̃, i.e. `(x) = j(x) + c̃, for any x in (g/n)∗.

As π : S → M is a smooth submersion, at each p ∈ S we let Vp :=
Ker(π∗)p be the vertical distribution. By Remark 1.2-(a), we can introduce

an ω̃-compatible, G-invariant riemannian metric g̃ on M̃ , and use it to define
the horizontal space

Hp := V
⊥g̃
p ⊂ TpS.

As g̃ is G-invariant, π : (S, g̃)→M defines a riemannian submersion, thus giving
rise to a riemannian quotient metric g on M with the property

(π∗g)|H = g̃|H .

Similarly, there exists a 2-form ω on M , determined by the property

(π∗ω)|H = ω̃|H .

We claim that ω is non-degenerate and closed.
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To see the non-degeneracy of ω, we observe that g is an ω-compatible rie-
mannian metric. As g̃ is ω̃-compatible on M̃ , it is enough to show that the corre-
sponding almost complex structure J̃ preserves the subspace Hp ⊂ TpS ⊂ TpM̃ .
This will follow if we show that for each p ∈ S,

TpM̃ = Vp ⊕ J̃Vp ⊕Hp

is a g̃p-orthogonal decomposition. For any ξ ∈ n, the corresponding fundamental
vector field Xξ(p) belongs to Vp and, furthermore, we have

(12) (ıXξ ω̃)|TpS = −d
(
〈µG − c̃, ξ〉|S

)
= 0.

Notice that, as the action of N on S is free, the fundamental vector fields
{Xξ(p), ξ ∈ n} span Vp. Thus, (12) reads as J̃Vp ⊥g̃ (Vp ⊕Hp). As Vp ⊥g̃ Hp by
construction, the claim follows.

We now discuss the closedness of ω. For any vector field X on M , we denote
by X̃ the corresponding horizontal lift to S, i.e. the unique section of H ⊂ TS
such that π∗(X̃) = X. For any vector fields X,Y on M , we thus have the
orthogonal decomposition

(13) [̃X,Y ]p = [X̃, Ỹ ]p + Πp([X̃, Ỹ ]p),

where Πp(·) denotes the orthogonal projection of TpS to Vp. Using Cartan’s
formula and the fact that Vp ⊂ Ker(ω̃p), we compute

dω(X,Y, Z) = σX,Y,Z

(
d(ω(Y,Z))(X)− ω([X,Y ], Z)

)
= σX̃,Ỹ ,Z̃

(
d(ω̃(Ỹ , Z̃))(X̃)− ω̃([̃X,Y ], Z̃)

)
= σX̃,Ỹ ,Z̃

(
d(ω̃(Ỹ , Z̃))(X̃)− ω̃([X̃, Ỹ ], Z̃)

)
= dω̃(X̃, Ỹ , Z̃) = 0.

We finally discuss the induced action of G/N on M . The action of [g] ∈ G/N
on a point π(p) ∈ S/N is defined by π(g ·p). (This is well-defined as S is invariant
under the action of G, as we have already shown.) We have also observed that
when restricted to S, the function ν := µG − c̃ takes values in the annihilator
n0
∼= (g/n)∗ of n in g∗. Using that N is normal, and that µG is G-equivariant,

it follows that µG is N -invariant. It then descends to define a smooth, G/N
equivariant function µ : M → (g/n)∗ on M = S/N . By construction, for any
[ξ] ∈ g/n,

d〈µ, [ξ]〉π(p) = d〈ν, ξ〉p
= d〈µG, ξ〉p
= −(ıXξ(p)ω̃)|TpS

= −(ıXξ(p)ω̃)|Hp
= −(ıX[ξ]

ω)π(p),

where we have used that Vp ⊂ Ker(ω̃p) and π∗(Xξ) = X[ξ]. �

Exercise 1.3. (1) Show that the induced 2-form ω on M in the proof of Proposition 1.2 is independent

of the choice of a G-invariant ω̃-compatible riemannian metric on M̃ .

(2) Show that if g̃ is a G-invariant, ω̃-compatible riemannian metric on M̃ , which defines a Kähler

structure on M̃ , then the almost-Kähler structure (g, ω, J) on M defined in the proof of Proposition 1.2 is
Kähler.



4. TORIC SYMPLECTIC MANIFOLDS FROM DELZANT POLYTOPES 17

(3) Show that the complex structure J induced on M = S2m+1/S1 makes (M,J) biholomorphic to
CPm = (C \ {0})/C∗ endowed with its atlas of affine charts.

Now we can apply Proposition 1.2 in order to conclude that (CPm, ωFS) is a
toric symplectic manifold under the action of the torus T = Tm+1/S1, and that
the induced Fubini–Study metric gFS gives rise to a T-invariant Kähler structure
on (CPm, ωFS). Furthermore, the image of the induced momentum map

µ : CPm → (tm+1/t1)∗ ⊂ (tm+1)∗

is identified with the intersection of Im(µTm+1) = Cm+1 = {xi ≥ 0, i = 0, . . . ,m} ⊂
Rm+1 with the hyperplane x0 + · · ·+ xm = 1

2 , which is a simplex in this hyper-

plane. Alternatively, we can consider the subtorus Tm ⊂ Tm+1 defined by

Tm = (1, e
√
−1t1 , · · · , e

√
−1tm)

so that we have an exact sequence of Lie groups

{e} −−−−→ Tm −−−−→ Tm+1 −−−−→ Tm+1/S1 −−−−→ {e},
giving rise to an isomorphism between T = Tm+1/S1 and Tm. Using the induced
projection of the dual Lie algebras (tm+1)∗ → (tm)∗ ∼= Rm, the moment map µ
sends CPm onto the simplex

∆m =
{

(x1, . . . , xm) :
(1

2
−

m∑
i=1

xi

)
≥ 0, xi ≥ 0, i = 1, . . . ,m,

}
.

Finally, the lattice Λ of the dual space tm is just the standard lattice Zm ⊂
Rm ∼= (Rm)∗ and we thus conclude

Lemma 1.3. (CPm, ωFS) is a toric symplectic manifold under the induced
action of Tm, classified by the standard simplex in ∆m ⊂ Rm, labelled by

L =
{
L1(x) = x1, . . . , Lm(x) = xm, Lm+1(x) =

(1

2
−

m∑
i=1

xi

)}
,

and the standard lattice Zm ⊂ (Rm)∗.

4. Toric symplectic manifolds from Delzant polytopes

The discussion in the previous subsection is the main tool of the explicit
construction, proposed by Delzant in [15], which associates a toric symplectic
manifold (M∆, ω,T) to any Delzant triple (∆,L,Λ), as in Definition 1.5. We first
notice that by the condition (iii) of Definition 1.5, the lattice Λ is determined
by the labelling L = {L1(x), . . . , Ld(x)}. Indeed, Λ is the span over Z of the
linearizations dLi := ui ∈ V ∗ of the affine-linear functions Lj(x) = 〈uj , x〉+λi ∈
L. We denote by T = V/2πΛ the corresponding torus, and by t = V its Lie
algebra. Thus, ∆ ⊂ t∗. With this in mind, we consider the linear map τ : Rd → t,
defined by

τ(ξ1, . . . , ξd) :=
d∑
j=1

ξjuj .

Using the Delzant condition (i)-(ii)-(iii), one checks that
Claim 1. τ sends the standard lattice Zd of Rd onto Λ and thus defines a
homomorphism of tori

τ : Rd/2πZd = Td → T.
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Claim 2. The kernel N of τ : Td → T is a connected subgroup of Td, i.e. it is
a (d−m)-dimensional torus. 1

We denote by n (resp. n∗) the Lie algebra (resp. its dual) of N . We thus
have an exact sequence of Lie groups

{e} −−−−→ N
ı−−−−→ Td τ−−−−→ T −−−−→ {e}

and the corresponding exact sequence of Lie algebras

{0} −−−−→ n
ı−−−−→ Rd τ−−−−→ t −−−−→ {0},

and its dual sequence

(14) {0} −−−−→ t∗
τ∗−−−−→ (Rd)∗ ı∗−−−−→ n∗ −−−−→ {0}.

We now consider the hamiltonian action of Td on (Cd, ω0) with momentum
map µTd(z) = 1

2(|z1|2, . . . , |zd|2) ∈ (Rd)∗. We denote by µN (z) = ı∗ ◦ µTd(z) the

momentum map for the action of N ⊂ Td.
By acting with a translation on ∆, we can assume without loss of generality

that the origin of t∗ is in the interior of ∆. Then, letting λ := (λ1, . . . , λd) =
(L1(0), . . . , Ld(0)) ∈ (Rd)∗, we have
Claim 3. S := µ−1

N (ı∗(λ)) is a compact submanifold of Cd.
As λi > 0, λ is in the interior of the momentum image Cd = {(x̃1, . . . , x̃d) ∈

(Rd)∗ : x̃i ≥ 0} of Cd, showing that λ is a regular point of µTd . It follows that
ı∗(λ) is a regular point of µN . Thus, S is a closed submanifold of Cd. We still
need to show that S is compact. As the momentum map µTd : Cd → (Rd)∗ is
manifestly proper, it is enough to show that µTd(S) is bounded.

By the very definition of S, z ∈ S iff 〈(µTd(z)− λ), ξ〉 = 0, ∀ξ ∈ n. Thus,

µTd(S) = Cd ∩ {x̃ ∈ (Rd)∗ : 〈(x̃− λ), ξ〉 = 0,∀ξ ∈ n}.
Let ∆′ = τ∗(∆)+λ be the (compact) image of ∆ under the inclusion τ∗ composed
with the translation λ, see (14). We claim that µTd(S) = ∆′. Indeed, for
x̃ = τ∗(x) + λ with x ∈ ∆, we have

x̃i = 〈τ∗(x), ei〉+ λi

= 〈x, τ(ei)〉+ λi = 〈x, ui〉+ λi

= Li(x) ≥ 0.

(15)

As x̃− λ = τ∗(x), we have by the exact sequence (14),

(16) 〈(x̃− λ), ξ〉 = 0, ∀ξ ∈ n.

Thus, ∆′ ⊂ µTd(S). For the other inclusion, observe that, again using (14), the
equality (16) tell us that x̃ − λ = τ∗(x) for some x ∈ t∗. Using x̃i ≥ 0 and the
computation in (15), we conclude that x ∈ ∆.
Claim 4. N acts freely on S.

We first determine the stabilizer group of a point z ∈ S, under the action
of Td. It is a subtorus Tz ⊂ Td of dimension equal to the number of vanishing
coordinates z = (z1, ..., zd), or equivalently, the number of vanishing coordinates
x̃ = (x̃1, . . . , x̃d) where x̃ = µTd(z) ∈ (Rd)∗ is the momentum image of z. By the
argument in the proof of Claim 3, µTd(S) = ∆′ = τ∗(∆) + λ and the number
of vanishing coordinates of x̃ = τ∗(x) + λ equals the number of vanishing labels

1This is no longer true if we consider the weaker conditions (i)-(ii)-(iii)’ : then N can be
the product of a torus with a finite abelian group.
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Lj at x. Thus, the maximum number is m and it is achieved at the images of
the vertices of ∆. Suppose that x̃ = µTd(z) ∈ ∆′ is a vertex point. Up to a
coordinate permutation, it can be written as x̃ = (0, ...0, x̃m+1, . . . , x̃d). Then,

the stabilizer of z is the torus Tz = Tm = (e
√
−1t1 , . . . , e

√
−1tm , 1, . . . , 1). Notice

that τ : Tz → T is an isomorphism because of the condition (iii) in Definition 1.5.
Thus,

StabN (z) = StabTd(z) ∩N = Ker(τ) ∩N = {e} ∩N = {e},
showing that N acts freely as the stabilizer of any point of S is contained in the
stabilizer of some vertex point.

As a final step, we let (M,ω) be the Kähler quotient of (Cd, ω0, g0) at the
momentum value λ, associated to G = Td and N , see Proposition 1.2. The
verification that the momentum image of M under the induced momentum map
is ∆ follows the above discussion.

Corollary 4.1 (Delzant [15]). Any symplectic toric manifold (M,ω,T)
admits an ω-compatible T-invariant Kähler structure (g0, J0).

Exercise 1.4. Show that any toric symplectic manifold (M2m, ω,T) equipped with a T-invariant ω-

compatible Kähler structure J is a projective variety, i.e. (M2m, J) admits an holomorphic embedding into a

complex projective space CPN .

Hint. Show that the Dolbeault cohomology H2,0(M,J) = {0} and use Hodge decomposition theorem to

conclude that M admits a Kähler structure (ω′, J) with [ω′] ∈ H2(M,Q). The conclusion then follows from

the Kodaira embedding theorem, see e.g. [23].

5. Toric complex varieties from Delzant polytopes. Fans

Given a symplectic toric manifold (M,ω,T) classified by the Delzant triple
(∆,L,Λ), we can associate a complex manifold MC

∆ of dimension m as follows: to
each vertex v ∈ ∆, we take a copy of Cmv = {(zv1 , . . . , zvm)} and consider the iden-
tification T ∼= Tm = (S1)m with respect to the lattice base {uv1 , . . . , uvm} given
by the normals of the v-adjacent facets of ∆; we denote this identification by
Tmv and endow the chart Cmv with the standard action of Tmv , as in Example 1.3.
If w ∈ ∆ is another vertex, we consider the respective bases {uv1 , . . . , uvm} and
{uw1 , · · · , uwm} of Λ (corresponding to the normals of the v-adjacent and w-
adjacent facets of ∆), and let A = (aij) ∈ SL(m,Z) be the coordinate transition
matrix. We then identify the subset (C∗)mv ⊂ Cmv with the subset (C∗)mw ⊂ Cmw
through the identification

(17) zwj = (zv1)aj1 · · · (zvm)ajm , j = 1, . . . ,m.

It is easily seen that (17) is an equivariant map with respect to the action of Tmv
on Cmv and Tmw on Cnw. This way, one obtains a complex space MC

∆ endowed with
an affective holomorphic T-action, covered by the affine charts Cmv (parametrized
by the vertices v of ∆) and identified at the intersections Cmv ∩ Cmw ∼= (C∗)m as
explained above. We shal denote by TC the induced (C∗)m-action.

To construct MC
∆ explicitly, one can use the Geometric Invariant Theory

(GIT), see [33]: Accordingly, MC
∆ := (Cd)ss/NC is the space of orbits for

the holomorphic action of the complexified (d − n)-dimensional torus NC ∼=
(C∗)d−n ⊂ (C∗)d (corresponding to N ⊂ Td) on the subset (Cd)ss ⊂ Cd of semi-
stable points for the action of NC on Cd, i.e. the points such that the closure
of the NC-orbit does not contain 0 ∈ Cd. Considerations similar to the one in
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the proof of Claim 4 of Section 4 lead to the introduction of (C∗)d/NC ∼= (C∗)m
equivariant affine charts on (Cd)ss/NC, parametrized by the vertices of ∆ (which
in turn determine sets of (d−n) non-vanishing affine coordinates of Cd on which
NC acts transitively).

Exercise 1.5. Show that if we start with the standard Delzant simplex ∆m ⊂ Rm and the standard

lattice Zm ⊂ (Rm)∗ as in Section 3, the resulting complex manifold MC
∆m

constructed as above is CPm,

endowed with its atlas of affine charts.

We notice that in order to construct MC
∆ we did not use the whole data from

(∆,L,Λ). The relevant information is captured by the normals uj = dLj ∈ t
adjacent to the set of vertices, and the combinatorial object which describes it
is the so called Fan associated to ∆.

Definition 1.7 (Fan). Let (∆,L,Λ) be a Delzant triple and P = {F ⊂ ∆}
the poset of closed facets of ∆, partially ordered by the inclusion. The fan
F(∆,L) of (∆,L) is the union of polyhedral cones {CF , F ∈ P} in V ∗, defined
by

CF = {dL : L(x) ≥ 0 ∀x ∈ ∆, L(x) = 0 ∀x ∈ F}.

The central fact is

Theorem 1.3 (Lerman–Tolman [37]). Suppose J is an ω-compatible, T-
invariant complex structure on the toric manifold (M,ω,T). Then, (M,J) is
T-equivariantly biholomorphic to the complex manifold MC

∆ associated to the fan
F(∆,L) of the corresponding Delzant triple (∆,L,Λ).

Proof. The idea of the proof is the following. The effective action of T on
(M,J) complexifies to an effective holomorphic action of a complex algebraic
torus TC = (C∗)m. The pre-images of the vertices of ∆ are precisely the fixed
points for TC. At each such fixed point p ∈M , TC induces a linear action on the
complex space (TpM,Jp). The holomorphic slice theorem (see e.g. [45, 31]) tells
us that there exist a TC-invariant neighbourhood 0 ⊂ V ⊂ TpM , a TC-invariant
neighbourhood p ⊂ U ⊂ M and a TC-equivariant biholomorphism f : V → U .
Since the action of TC is effective, U must be the whole TpM , so we obtain
an embedding TpM into M . This is a TC-invariant affine chart Cmp around p.
The fan associated to this affine chart is a the simplicial cone C∗m dual to the
Delzant image of (Cm, ω0). Moreover, if q ∈ M is another fixed point, and Cmq
the corresponding affine chart, then both Cmp and Cmq must contain the dense

principal orbit TC(p0) ∼= (C∗)m of a point p0 ∈ M . It is not difficult to see
that on TC(p0), the transition map between (C∗)mp and (C∗)mq is precisely as

described in the construction of MC
∆ associated to F = (C∗(∆),Λ). �

6. Equivariant blow-up

We explain now how to blow-up equivariantly a fixed point of the action
of T on the complex manifold MC

∆ constructed in Section 5. Recall that MC
∆

is endowed with a T-equivariant atlas of affine charts Cmv , parametrized by the
the vertices v of ∆, such that the action T on each chart Cmv is the standard
action of Tm on Cm, as described in Example 1.3. We notice that Cmv = Cm
is the complex manifold associated to (the fan of) the (unbounded) standard
cone Cm ⊂ Rm, and the standard lattice Zm ⊂ (Rm)∗, via the construction in
Section 5: indeed, Cm has a unique vertex at the origin, and the inward primitive
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normals of the adjacent facets form the standard basis of (Rm)∗, which define a
single chart Cm0 .

We now blow-up the origin of Cm and obtain as a resulting manifold Ĉm0 =
OCPm−1(−1)→ CPm−1, the total space of the tautological bundle over CPm−1.
The blow-down map b : OCPm−1(−1)→ Cm0 is explicitly given by

b
(
[w1, . . . , wm], ζ(w1, . . . , wm)

)
= (ζw1, . . . , ζwm),

where [w1, . . . , wm] are homogeneous coordinates on CPm−1, and ζ is a fibre-wise
coordinate of the tautological bundle (with respect to the generator (w1, . . . , wm)).
The inverse map, defined on Cm0 \ {0}, is

b−1(z1, . . . , zm) = ([z0, . . . , zm], (z1, . . . , zm)),

showing that the action of Tm on Cm0 lifts to an action of Tm on Ĉm0 , given in
the above coordinates by

(e
√
−1t1 , . . . , e

√
−1tm) ·

(
[w1, . . . , wm]; ζ(w1, . . . , wm)

)
=(

[e
√
−1t1w1, . . . , e

√
−1tmwm], ζ(e

√
−1t1w1, . . . , e

√
−1tmwm)

)
,

(18)

thus making b manifestly Tm-equivariant.

Definition 1.8. The (non-compact) manifold Ĉm0 = O(−1)CPm−1 endowed
the action of Tm defined in (18) will be referred to as the equivariant blow up of
(Cm,Tm).

Introducing affine charts on CPm−1 gives rise to m affine charts Cmv1
, . . . ,Cmvm

on Ĉm0 , such that the Tm action (18) becomes the standard action of Tm on each
such chart. Furthermore, by writing down the transition between these charts

one sees that Ĉm0 = O(−1)CPm−1 becomes the complex manifold associated to
(the fan of) the unbounded polytope

Ĉm := {L0(x) = x1 + · · ·xm − 1 ≥ 0, Lj(x) = xj ≥ 0, j = 1, . . . ,m},
and standard lattice Zm ⊂ (Rm)∗.

Figure 1. The polytopes of Ĉ2
0 and C2.

We thus get the following
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Theorem 1.4. Let MC
∆ be the compact complex manifold associated to a

Delzant polytope ∆ ⊂ Rm with respect to the standard lattice Zm ⊂ (Rm)∗. Let
w1, w2, . . . , wm be primitive inward-pointing edge vectors at a vertex v of ∆ and
∆̂ε the polytope obtained from ∆ by replacing v with the m-vertices v+ εwi, i =
1, . . . ,m for some ε > 0. Then, ∆̂ε is Delzant polytope too, and the corresponding
complex manifold MC

∆̂ε
is obtained from MC

∆ by blowing up a fixed point for the

torus action.
Exercise 1.6. Identify the complex manifolds and the equivariant blowdown maps corresponding to the

Delzant polytopes of Figure 2.

Figure 2
.

7. Polarized projective toric varieties

There is a third facet of the story, which relates the smooth compact toric
symplectic manifolds to the theory of polarized projective varieties. Recall that a
smooth polarized projective complex variety is a compact complex manifold M
of complex dimension m, endowed with a very ample holomorphic line bundle
L→M , i.e. a holomorphic line bundle such that the Kodaira map [23]

κ : M −→ P(W ∗),

where W = H0(M,L) is the (N + 1)-dimensional complex vector space of holo-
morphic sections of L, is a holomorphic embedding and L = κ∗O(1)W ∗ . In this

case, one can identify (M,L) with its embedded image M̃ = κ(M) ⊂ P(W ∗) ∼=
CPN , by considering the polarization of M̃ defined by the the restriction of the
anti-tautological line bundle O(1) of CPN . In this setting, we have

Definition 1.9. A toric polarized projective variety M̃ ⊂ CPN is an m-
dimensional complex submanifold of CPN which is the (Zariski) closure in CPN
of a principal orbit for the action of a complex m-dimensional complex torus
TC ⊂ SL(N + 1,C) on CPN .
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Denote by T the real m-dimensional torus corresponding to TC, and let
TN ⊂ SL(N + 1,C) be a maximal real torus containing T. As discussed in
Section 3, CPN admits a TN -invariant Fubini–Study Kähler metric ωFS and it
is not difficult to show that 2ωFS is the curvature of a TN -invariant hermitian
metric on O(1). Restricting to M̃ , we obtain a T-invariant symplectic form ω

on M̃ , belonging to the deRham class 2πc1(L). The T-action is hamiltonian
with respect to this symplectic structure, since T ⊂ TN ⊂ SL(N + 1,C) and the
action of TN is hamiltonian with respect to 2ωFS . We thus have

Proposition 1.3. Any smooth polarized toric complex variety is a symplectic
toric manifold.

From the considerations in Section 5, we get a correspondence between
smooth toric projective varieties and complex toric varieties defined via the
Delzant construction. It is however not entirely clear how this correspondence
translates in terms of Delzant polytopes or, in other words, how to construct a
polarized toric variety from a given Delzant polytope. To explain this, we give
the following

Definition 1.10 (Lattice polytopes). Suppose (∆,L,Λ) is a Delzant poly-
tope as in Definition 1.5. We say that (∆,L,Λ) is a lattice Delzant polytope if,
moreover, all vertices of ∆ belong to the dual lattice Λ∗ ⊂ V .

For any lattice Delzant polytope, we can take a basis {e1, . . . , em} of Λ and
consider ∆ ⊂ Rm with the standard lattice Λ∗ = Zm ⊂ Rm; the fact that
(∆,L,Λ) is a lattice Delzant polytope translates to the fact that the vertices of
∆ are in Zm (see Exercise 1.2). We denote by

A(∆) := {λ(j) = (λ
(j)
1 , . . . , λ(j)

m ), j = 0, . . . , N}
all the lattice points in ∆. We then consider the (C∗)m-action on CPN , given
in homogeneous coordinates by

(z1, . . . , zm) · [w0, . . . , wN ] := [(z
λ

(0)
1

1 · · · zλ
(0)
m
m )w0, . . . , (z

λ
(N)
1

1 · · · zλ
(N)
m
m )wN ].

We associate to such a data the toric polarized variety MA(∆) ⊂ CPN which is

the Zariski closure in CPN of the (C∗)m-orbit of the point [1, . . . , 1] ∈ CPN for
this action. The basic fact is the following

Theorem 1.5 (Section 6.6 in [9]). For any lattice Delzant polytope ∆,
MA(∆) ⊂ CPN is a smooth polarized toric projective variety whose Delzant poly-
tope with respect to a Tm-invariant Fubini–Study symplectic form in 2πc1(O(1))
is ∆ ⊂ Rm with lattice Λ∗ = Zm. In particular, MA(∆) is biholomorphic to the

complex manifold MC
∆ defined in Section 5.

Example 1.8. Let ∆ ⊂ Rm be the lattice Delzant simplex, defined by

∆ = {L0 = (1−
∑
j=1n

xj) ≥ 0, Lj(x) = xj ≥ 0, j = 1, . . .m}

and the standard lattice Zm ⊂ (Rm). ∆. The set of lattice points of ∆ is

A(∆) = {λ(0)
= (0, . . . , 0), λ

(j)
= ej , j = 1, . . . ,m},

where ej is the standard basis of Rm. The Delzant construction identifies the corresponding symplectic

toric manifold with (CPm, 2ωFS), whereas Theorem 1.5 realizes MA(∆) as the closure in CPm of a principal

(C∗)m-orbit for the action

(z1, . . . , zm) · [w0, . . . , wm+1] = [w0, z1w1, . . . , zmwm],

which clearly is CPm. The induced symplectic structure on this polarized variety is again 2ωFS .
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Exercise 1.7. Let MA(∆) ⊂ CPN be a toric polarized projective variety corresponding to a lattice

Delzant polytope ∆ ⊂ Rm with respect to the lattice Zm ⊂ Rm. Using that the sections of O(1) are identified

with linear functions in homogeneous coordinates [w0, . . . , wN ] on CPN , show that the (C∗)m-action on

MA(∆) defines a (C∗)m-action on the vector space H0(MA(∆), L) of holomorphic sections of L. Furthermore,

show that here is a basis {s0, . . . , sN} of H0(MA(∆), L), parametrized by the lattice points {λ(0), . . . , λ(N)}
in A(∆), such that (C∗)m acts on sj by

(z1, . . . , zm) · sj = (z
λ

(j)
1

1 · · · zλ
(j)
m
m )sj .

8. Toric orbifolds

We briefly discuss here what happens with the Delzant construction reviewed
in Section 4 when one starts with a rational Delzant triple (∆,L,Λ), i.e satisfying
the weaker conditions (i)-(ii)-(iii)’ of Definition 1.5. There are two points in the
construction which deserve a special attention.

The first point is Claim 1. Consider for example the labelled Delzant simplex
(∆m,L) with L = {Lj(x) = xj , j = 1, . . .m,Lm+1(x) = −

∑m
j=1 xj + 1

2}, corre-

sponding to (CPm, ωFS), and change the standard lattice Λ = Zm ⊂ (Rm)∗ with
the lattice Λ′ = 1

2Λ. The condition (iii)’ then holds for the triple (∆m,L,Λ
′).

However, in this case,
N ′ = Ker(τ) = S1 × Zm2 ,

where Zm2 := (±1,±1, . . . ,±1) ⊂ Tm+1. In particular, N ′ is no longer connected.
Following the construction further, the quotient space will be

M ′ = S2m+1/N ′ = CPm/Zm2 .
Such a space is an example of an orbifold.

Definition 1.11. An orbifold chart on a topological space M is a triple
(Û ,Γ, ϕ) where:

• Û ⊂ Rn is an open subset;
• Γ ⊂ GL(n) is a finite subgroup acting on Û

• ϕ : Û/Γ → M is a homeomorphism between Û/Γ and an open subset
V ⊂M .

We denote by ϕ̂ : Û →M the induced Γ-invariant map.
An embedding between two orbifold charts (Û1,Γ1, ϕ̂1) and (Û2,Γ2, ϕ̂2) is a

smooth embedding λ : Û1 → Û2 such that ϕ̂1 = ϕ̂2 ◦ λ.
Two orbifold charts (Û1,Γ1, ϕ̂1) and (Û2,Γ2, ϕ̂2) are compatible if there exists

an open subset V ⊂ V1 ∩ V2 (where we have set Vi = ϕ̂i(Ûi)) and an orbifold

chart (Û ,Γ, ϕ̂) with ϕ̂(Û) = V , and two embeddings λi : Û → Ûi, i = 1, 2.
An orbifold M of (real) dimension n is a Hausdorff paracompact topo-

logical space, endowed with an open covering of compatible orbifold charts
{(Ûi,Γi, ϕ̂i)}i∈I . A smooth function f : M → R on an orbifold M is defined

by the property that on each orbifold chart (Û ,Γ, ϕ̂), it pulls-back by ϕ̂ to a

Γ-invariant smooth function on Û . One can define smooth tensors on M is a
similar way.

The above phenomenon can be remedy by taking Λmin = spanZ{u1, . . . ud},
which is the minimal (under the inclusion) lattice for which the condition (iii)’
is satisfied for the given labelling L. The subgroup Nmin will be then a torus
and for any other choice of lattice Λ, the produced quotient space S/N will be
a quotient of S/Nmin by the finite abelian group Λ/Λmin. Geometrically, this
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is translated to taking orbifold coverings, S/Nmin being the simply connected
orbifold covering all other quotients, see Thurston [50].

The second point is Claim 4. When we assume (iii)’ instead of (iii), the
stabilizers for the Td-action on S will be finite abelian groups, and in general
so be the stabilizers of the action of N . However, once again the quotient space
S/N will be an orbifold in the sense of the above definition.

To summarize, we observed that

Proposition 1.4. Suppose (∆,L,Λ) is a rational Delzant triple, i.e. satis-
fies the conditions (i)-(ii)-(iii)’ of Definition 1.5. Then the Delzant construction
associates to (∆,L,Λ) a compact symplectic orbifold (M,ω) endowed with a
Hamiltonian action of the torus T = V/2πΛ and momentum image ∆.

The converse is also true, due to the following extension of Delzant’s corre-
spondence to toric orbifolds

Theorem 1.6 (Lerman–Tolman [37]). Compact symplectic orbifolds mod-
ulo equivalence are in bijective correspondence with rational Delzant triples mod-
ulo the action of the affine group.

We give below one specific example
Example 1.9 (The weighted projective spaces). Similarly to the way we introduced the com-

plex projective space, we can consider for any (m + 1)-tuple of positive integers a = (a0, . . . , am) with
g.c.d(a0, . . . , am) = 1 the quotient space

CPma = Cm+1 \ {0}/C∗a,

where C∗a denotes the C∗ action ρa on Cm+1 = (z0, . . . , zm) by

ρa(λ)(z) := (λ
a0z0, . . . , λ

amzm).

Lemma 1.4. CPma is an orbifold, which is diffeomorphic (as an orbifold) to the quotient space

S2m+1
/S1

a

where S1
a stands for the circle action ρa on S2m+1, given by

ρa(e
√
−1t

)(z) = (e
√
−1a0t, . . . , e

√
−1amt).

The proof of this result is left as an exercise. We can now easily modify the construction of the toric
structure on CPm and get the following

Lemma 1.5. The orbifold CPma admits a toric Kähler structure (g, ω, J) obtained by the Delzant con-
struction starting with the rational Delzant triple (∆m,La,Λa) where ∆m ⊂ Rm is the standard simplex
labelled as

∆m :=
{

(x1, . . . , xm) : Lj(x) =
(a0 · · · am

aj

)
xj ≥ 0, j = 1, . . . ,m,

Lm+1(x) =
(a0 · · · am

a0

)( 1

2
−

m∑
j=1

xj
)
≥ 0
}
,

and the lattice Λa is defined by

Λa := spanZ

{(a0 · · · am
aj

)
e
∗
j , j = 1, . . . ,m,

(a0 · · · am
a0

)
(e
∗
1 + · · ·+ e

∗
m)
}

where {e∗j }
m
j=1 stands for the standard basis of (Rm)∗.





CHAPTER 2

Abreu–Guillemin Theory

1. The orbit space of a toric manifold

Let (M,ω,T) be a toric symplectic manifold and µ : M → ∆ the correspond-
ing Delzant polytope. We denote by

Mred := M/T
the space of orbits for the T-action on M , which is a compact Hausdorff space
with respect to the quotient topology, see e.g. [5]. The momentum map µ
being T-invariant descends to a continuous map µ̌ : Mred → ∆. Some important
ingredients in Delzant’s theorem are the following

Fact 1. µ̌ is a bijection.

Fact 2. Delzant’s proof [15] shows that the pre-image p = µ−1(x) of a point
x ∈ ∆ situated on an open face F 0 ⊂ ∆ of co-dimension ` has a stabilizer Tp
which is a torus of dimension `. In particular, the pre-image of a point x ∈ ∆0

is a principal orbit isomorphic to T. We shall denote M0 := µ−1(∆0) the dense
open subset of M consisting of points having principal orbits. As T acts freely
on M0, µ : M0 → ∆0 is a principal T-bundle over ∆0.

Another fact coming from [15] is

Fact 3. Mred and ∆ both admit “differentiable structure” of manifolds with
corners induced from the smooth structure of M , and µ̌ is a diffeomorphism in
this category, ([32], Proposition C7).

Exercise 2.1. Check Facts 1–3 for the symplectic manifold (M,ω) associated to a Delzant polytope
(∆,L,Λ) via the construction in Section 4.

The differentiable structure on ∆ ⊂ t∗ is the one naturally induced by re-
stricting to ∆ the smooth functions on t∗. To see how it is related to the smooth
structure on M , we notice the following

Lemma 2.1. (Schwarz [48]) A T-invariant function f(p) on M is smooth
iff

f(p) = ϕ(µ(p))

for some smooth function ϕ(x) on t∗.

In the case when (M,ω,T) = (R2, ω0,S1), this is a well-know result by
Whitney; in general, Lemma 2.1 can be easily derived from ([15], Lemme 5).
Because of this basic fact, we shall often write f(x) for the composition f(p) =
ϕ(µ(p)).

2. Toric Kähler metrics: local theory

To simplify the presentation, we fix a basis {e1, . . . , em} of t and denote by
Kj = Xej the induced fundamental vector fields; we shall also identify t∗ ∼=

27
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(Rm)∗ by using the dual basis {e∗1, . . . , e∗m} and write x = (x1, . . . , xm) for the
elements of t∗. As explained in the previous section, on M0, K1, . . . ,Km are
functionally independent, i.e. for each point p ∈ M0, (K1 ∧ · · · ∧Km)(p) 6= 0.
We shall also identify the coordinate function xi = 〈x, ei〉 with the momentum
function 〈µ, ei〉 on M , i.e. we write

(19) ıKiω = −dxi.

Let (g, J) be a T-invariant ω-compatible Kähler structure on M . Letting

Hij = g(Ki,Kj)

we get a T-invariant smooth function on M , which will tacitly identify with a
smooth function Hij(x) on ∆, see Fact 2 above. We denote by Hx = (Hij(x))
the corresponding symmetric matrix with smooth entries over ∆. In a more
intrinsic language, we regard H as a smooth function over ∆ with values in S2t∗

by letting

Hx(ξ1, ξ2) := gp(Xξ1 , Xξ2)

for any ξ1, ξ2 ∈ t and any p ∈ µ−1(x).
On ∆0, H is positive definite and we denote by G := H−1 the inverse matrix;

equivalently, G is a smooth S2t-valued function on ∆0.
Notice that, by (19),

(20) dxi(JKj) = −ω(Ki, JKj) = −− g(JKi, JKj) = −g(Ki,Kj) = −Hij(x).

We now consider the vector fields {K1, . . . ,Km, JK1, . . . , JKm}. They form
a basis of TpM at each p ∈ M0 (because {K1, . . . ,Km} span an m-dimensional
space and {JK1, . . . , JKm} span its g-orthogonal complement) and satisfy

(21) [Ki,Kj ] = [Ki, JKj ] = [JKi, JKj ] = 0,

where for the second identity we used that T preserves J , whereas for the third
identity we used the integrability of J , see (8). We now denote by

{θ1, . . . , θm, Jθ1, . . . , Jθm}

the dual basis of T ∗M0, corresponding to

{K1, . . . ,Km, JK1, . . . , JKm},

where for a 1-form θ we set Jθ(X) = −θ(JX), for any vector field X. The
commuting relation (21) is equivalent to

(22) dθi = 0 = d(Jθi), i = 1, . . .m.

As the 1-forms Jθi satisfy

ıKjJθi = 0, LKjJθi = 0,

in terms of the T-bundle structure µ : M0 → ∆0, each Jθi is basic, i.e. Jθi =
µ∗(αi) of a closed 1-form αi on ∆0. As ∆0 is contractible, we can write

(23) Jθi = −dyi
for some smooth function yi(x), defined on ∆0 up to an additive constant (as
usual, we omit the pull-back by µ in the notation). Furthermore, by (20), we
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find

−Jθi = dyi =
m∑
j=1

Gij(x)dxj ,

Jdxi =
m∑
j=1

Hij(x)θj .

(24)

The 1-forms {θ1, . . . , θm} define a 1-form θ with values t = Lie(T), by letting

(25) θ =

m∑
i=1

θi ⊗ ei,

whose curvature is identically zero. The symplectic 2-form ω then becomes

(26) ω := 〈dµ ∧ θ〉 =
m∑
i=1

dxi ∧ θi,

whereas the Kähler metric is

g =

m∑
i,j=1

g(Ki,Kj)
(
θi ⊗ θj + Jθi ⊗ Jθj

)
=

m∑
i,j=1

Hij

(
θi ⊗ θj + dyi ⊗ dyj

)
=

m∑
i,j=1

(
Gijdxi ⊗ dxj +Hijθi ⊗ θj

)
= 〈dµ,G, dµ〉+ 〈θ,H,θ〉.

(27)

Lemma 2.2 (Guillemin [25]). Let (M,ω,T) be a symplectic toric manifold
with Delzant polytope ∆ and (g, J) an ω-compatible T-invariant Kähler structure.

Then, on M0, (g, ω) can be written in the form (26)–(27), where Gij = ∂2u
∂xi∂xj

for a smooth, strictly convex function u(x) on ∆0, called symplectic potential
of g. Conversely, for any strictly-convex smooth function u on ∆0, the riemann-
ian metric on M0 defined by (27) with G = Hess(u), H = G−1 and the flat
connection 1-form θ defines an ω-compatible, T-invariant Kähler structure on
M0.

Proof. We shall denote with subscript f,k the partial derivative ∂f
∂xk

of a

smooth function f on ∆. Letting

β :=

m∑
i=1

yidxi,

we have by (24)

dβ =
m∑
i=1

dyi ∧ dxi =
m∑

i,j=1

Gijdxi ∧ dxj = 0.

By the Poincaré Lemma on ∆0, β = du for some smooth function u on ∆0, i.e.
yi = u,i. It follows that

(28) Gij = yi,j = u,ij = (Hess(u))ij
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Conversely, for the metric (27), we let Gij = g(Ki,Kj) and suppose that
(28) holds true. It follows that the 1-forms

−Jθi =
m∑
j=1

Gijdxj =
m∑
j=1

u,ijdxj

are closed. As θi are closed too (by the assumption that θ is flat), we get
a basis of Λ1,0(M0, J) of closed (1, 0)-forms −Jθi +

√
−1θi, so writing locally

−Jθi +
√
−1θi = dyi +

√
−1dti we get holomorphic coordinates yi +

√
−1ti for

J , i.e. J is integrable. �

We have seen in Chapter 1 that the action of T ∼= (S1)m on (M,J) extends
to an (effective) holomorphic action of the complex torus TC ∼= (C∗)m. Fixing
a point p0 ∈M0, we can identify M0 with the orbit TC(p0) ∼= (C∗)m. Using the
polar coordinates (ri, t

0
i ) on each C∗, this identification gives rise the so-called

angular coordinates

t = (t01, . . . , t
0
m) : M0 → t/2πΛ.

If another reference point is chosen, t varies by an additive constant in t. Writing
θ = dt, we have

Definition 2.1. For a fixed ω-compatible, T-invariant complex structure J
on (M,ω,T) (corresponding to a symplectic potential u(x) on ∆0), and a base
point p0 ∈M0 (giving rise to angular coordinates t =

∑m
i=1 tiei with respect to

a basis e = {e1, . . . , em} of t), the functions {x1, . . . , xm; t1, . . . , tm} on ∆0 × T
are called momentum-angle coordinates associated to (g, J).

3. The scalar curvature

Recall that if (M2m, J, g, ω) is a Kähler manifold, the riemannian metric g
induces a hermitian metric (still denoted by g) on the anti-canonical complex
line bundle K−1(M) = ∧m(T 1,0M), where TM ⊗ C = T 1,0M ⊕ T 0,1M is the
type decomposition of the complexified tangent bundle of M into

√
−1 and −

√
−1

eigen-spaces of J . Furthermore, K−1(M) has a canonical holomorphic structure,
induced by the holomorphic structure of T 1,0M (for which the holomorphic
vector fields are the holomorphic sections). The Ricci-form ρg of g is defined in
terms of the curvature of the Chern connection ∇g of (K−1(M), g), by

R∇
g

X,Y =
√
−1ρg(X,Y ).

In the Kähler case, ∇g coincides with the induced connection on K−1(M) by
the Levi–Civita connection of g, and the 2-form ρg is essentially the Ricci tensor
Ricg of g, i.e. we have

ρg(X,Y ) = Ricg(JX, Y ).

It thus follows that the scalar curvature sg := trg(Ricg) of g is equivalently given
by

(29) sg = trω(ρg) := 2m
(

(ρg ∧ ωm−1)/ωm
)
.

We now consider a T-invariant, ω-compatible Käher metric on a symplectic
toric manifold (M,ω,T), written on M0 in the form (27) where G = Hess(u) for
a symplectic potential u ∈ S(∆,L).
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Lemma 2.3 (Abreu [1]). The Ricci form of (g, J) is given by

ρg = −1

2

m∑
i,j,k=1

Hij,ikdxk ∧ θj

whereas the scalar curvature is

sg = −
m∑

i,j=1

Hij,ij ,

where we recall that for u ∈ S(∆,L), Hij = (Hess(u))−1
ij = u,ij.

Proof. As the fundamental vector fields Ki preserve J ,

σ := (K1 −
√
−1JK1) ∧ · · · ∧ (Km −

√
−1JKm)

is a holomorphic section on K−1(M) which does not vanish on M0. It is a
well-known fact (see e.g. [56]) that the (Chern) Ricci form is then given on M0

by

ρg = −1

2
ddc log |σ|2g.

In our case, |σ|2g = 2mdet(g(Ki,Kj)) = det H, so we obtain

dc log det H = tr
(
H−1dcH

)
=
∑
i,j,k

GijHij,kJdxk

=
∑
i,j,k,`

GijHij,kHk`θ`

= −
∑
i,j,k,`

Gij,kHijHk`θ`

= −
∑
i,j,k,`

Gik,jHijHk`θ`

=
∑
i,j,k,`

GikHijHk`,jθ`

=
∑
j,`

Hj`,jθ`.

We then compute

ρg = −1

2
ddc log det H

= −1

2

∑
i,j,k

Hij,ikdxk ∧ θj .
(30)

The formula for sg follows from (29), by using that ω =
∑

i dxi∧θi and (30). �

4. Symplectic versus complex: the Legendre transform

We now turn our attention to the function yj = u,j on M0 introduced in
(24). For a choice of angular coordinates θj = dtj we have −Jθj +

√
−1θj =

dyj +
√
−1dtj and yj +

√
−1tj define J-holomorphic coordinates on M0; expo-

nentiating, we obtain another set of holomorphic coordinates zj := eyje
√
−1tj on

M0.
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Now, choosing {e1, . . . , em} to be a basis of Λ, and considering the action of
the flows of {K1, . . . ,Km; JK1, . . . , JKm} around the reference point pu ∈ M0

corresponding to the unique minima xu ∈ ∆0 of u under the momentum map
and tj(p0) = 0, we see that (z1, . . . , zm) provide an TC equivariant identification

(31) Φpu,u,e : (C∗)m · pu ∼= (M0, J),

A subtle point in the construction is that Φpu,u,e depends upon the choice of u
and the basis e = {e1, . . . , em} of t.

Definition 2.2 (Legendre transform). Let u be a strictly convex smooth
function on ∆0. Letting yj(x) := u,j(x) and

y(x) :=
m∑
i=1

yi(x)ei = (du)x ∈ (Tx∆0)∗ ∼= (t∗)∗ = t

be the map from ∆0 to t, we define the Legendre transform of u(x) to be the
function φ(y) = φ(y1, . . . , ym) satisfying

(32) φ(y(x)) + u(x) = 〈y(x), x〉,

where x =
∑m

i=1 xie
∗
i is seen as a smooth function from ∆0 to t∗.

Lemma 2.4 (Guillemin [25]). Let (g, J) be an ω-compatible, T-invariant
Kähler structure on (M,ω,T) with symplectic potential u(x) defined on ∆0.
Then, the Legendre transform φ(y) of u(x) is a Kähler potential of the sym-
plectic form ω on M0, i.e. satisfies

ω = ddcφ,

where dcφ = Jdφ.

Proof. By its very definition,

φ(y(x)) =
m∑
i=1

yixi − u(x) =
m∑
i=1

xiu,i − u(x),

so that

dφ =

m∑
i=1

(
d(xiu,i)− u,idxi

)
=

m∑
i,j=1

xiu,ijdxj =

m∑
i,j=1

xiGijdxj ,

ddcφ = dJdφ = d
m∑

i,j=1

xiGijJdxj

= d

m∑
i,j,k=1

xiGijHjkθk

=
m∑
i=1

dxi ∧ θi = ω

�
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5. The canonical toric Kähler metric

We now compute the symplectic potential of the Kähler metric (g0, J0) in-

duced by the flat Kähler structure (g̃0, J̃0) on Cd via the Delzant construction,
see Section 4. We use the general form (27) of a T-invariant, ω-compatible
Kähler structure and adopt the following

Definition 2.3. The reduced metric gred associated to g written as (27) on
the fibration µ : M0 → ∆0 is

gred =

m∑
i,j=1

Gijdxi ⊗ dxj .

Geometrically, gred is the unique metric on ∆0 such that

µ : (M0, g)→ ∆0

is a riemannian submersion.

Lemma 2.5 (Calderbank–David–Gauduchon [7]). In the setting of Propo-

sition 1.2 suppose, moreover, that G acts freely on M̃ and G/N acts freely on

M . Denote respectively by g̃red the reduced metric on M̃ ∼= Imµg ⊂ g∗ and by
gred the reduced metric on M/(G/N) ∼= Imµ ⊂ (g/n)∗. Then,

gred = `∗g̃red,

see (11).

Proof. Let q ∈ M and p ∈ S with q = π(p). We decompose, orthogonally
with respect to g̃p, TpS = TpG(p)⊕(TpG(p))⊥ and observe that, by the definition

of reduced metric, for any X̃ ∈ (TpG(p))⊥, |X̃|g̃ = |(µG)∗X̃|g̃red
. Let X :=

π∗(X̃). We have, by the definition of g, |X|g = |X̃|g̃ and as X is orthogonal to

the tangent space at q of G/N(q), we deduce |µ∗(X)|gred
= |(µG)∗X̃|g̃red

. The
claim follows. �

We turn again to Example 1.6.

Example 2.1 (The symplectic potential of the flat Kähler struc-

ture). Let (Cd, g̃0, J̃0, ω̃0) be the flat Kähler structure of Cd. Then, the reduced
metric is written on the interior of the cone C0

d = {x̃i > 0} as

(g̃0)red =
1

2

d∑
i=1

dx̃i ⊗ dx̃i
x̃i

.

To see this, recall that the flat metric g̃0 on R2d can be written in polar coordi-
nates (ri, ti), i = 1, . . . , d as

g̃0 =

d∑
i=1

dr2
i + r2

i dt
2
i .

We have already observed in Example 1.6 that the momentum coordinates are
x̃i = r2

i /2.
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Theorem 2.1 (Guillemin [25]). The symplectic potential of the induced
Kähler structure (g0, J0) via the Delzant construction is

u0(x) =
1

2

d∑
j=1

Lj logLj .

Proof. We have already observed in Section 4 that the map ` = j + c̃ in
(11) is given by yj = Lj(x). It follows from Lemma 2.5 and Example 2.1 above
that

gred =
1

2

d∑
j=1

dLj ⊗ dLj
Lj

.

The claimed expression for the symplectic potential follows easily. �

6. Toric Kähler metrics: compactification

We now turn to global questions. To this end we suppose that (g0, J0) is
a globally defined, T-invariant, ω-compatible Kähler metric on a compact toric
symplectic manifold (M,ω). For instance, we can take the metric provided by
Corollary 4.1. We denote by G0 = Hess(u0) and θ0 the hessian of the symplectic
potential and the angular coordinates of this fixed reference metric. We can take
for instance u0 and θ0 to be symplectic potential and connection 1-form of the
Guillemin Kähler metric, see Theorem 2.1.

Lemma 2.6. Suppose g is an invariant Kähler structure, given on M0 by
(27), where θ = θ0 are the angular coordinates of g0. Then g extends to a
Kähler structure on M provided that

(33) G−G0 is smooth on ∆,

(34) G0G
−1G0 −G0 is smooth on ∆

Proof. The key point is that it suffices to show that g extends as smooth
tensor on M : Indeed, g will be then non-degenerate as the endomorphism it
defines with respect to ω will be, by continuity, an almost-complex structure J
everywhere; the latter will be integrable everywhere by continuity too. For the
smoothness of g, we compute (on M0):

g − g0 = 〈dµ,G−G0, dµ〉+ 〈θ0,H−H0,θ0〉
= 〈dµ,G−G0, dµ〉+ 〈J0dµ,G0(H−H0)G0, J0dµ〉
= 〈dµ,G−G0, dµ〉+ 〈J0dµ,G0HG0 −G0, J0dµ〉.

The claim follows. �
Exercise 2.2 (Abreu’s boundary conditions [2]). Show that (33) and (34) are equivalent to

(35) G−G0 is smooth on ∆,

(36) G
−1
0 G is smooth and nondegenerate on ∆.

Exercise 2.3. [2] Show that the conditions (35)-(36) are equivalent to

(37) u−
1

2

d∑
j=1

Lj logLj is smooth on ∆.

(38) det(Hess(u))×
( d∏
j=1

Lj(x)
)
is positive and smooth on ∆.
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There is, however, a subtle point in the above theory (which I believe is often
neglected in the literature): in order to apply the sufficient conditions (33)-(34)
or (35)-(36), we need to use the angular coordinates defined by the initial metric
g0. This is the main difficulty to show that the conditions are also necessary.
The following criterion is established in [3].

Proposition 2.1. A smooth, positive definite S2(t∗)-valued function H on
∆0 corresponds via (27) to a T-invariant ω-compatible almost-Kähler structure
on M if and only if H satisfies the following conditions.

• [smoothness] H has a smooth extension as a S2(t∗)-valued function on
∆;
• [boundary conditions] If x belongs to a co-dimension one face Fj ⊂ ∆

with normal uj ∈ t, then

Hx(uj , ·) = 0, dHx(uj , uj) = 2uj .

• [positivity] Let F 0 ⊂ ∆ be the interior of a face of ∆ and denote by
tF ⊂ t the subspace spanned by the normals of all labels vanishing on F 0.
Then, the restriction of H to F 0, viewed as a S2(t0F )-valued function
for t0F = ann(tF ) ⊂ t∗ is positive definite.

Exercise 2.4. State and prove Proposition 2.1 in the case m = 1.

Lemma 2.7. Suppose g, g′ are two T-invariant, ω-compatible Kähler struc-
tures on a compact toric symplectic manifold (M,ω,T) which induce the same
S2(t)-valued function G on ∆0. Then g and g′ are isometric under a T-equivariant
symplectomorphism.

Proof. Fix p0 ∈ M0 and let t (resp. t′) be the angular coordinates de-
termined by g (resp. g′). The map Ψ0 which sends t to t′ and leaves x un-
changed defines a T-equivariant symplectomorphism on M0, which sends g to
g′. As (M, g) is complete, we can extend Ψ0 to an isometry of the metric spaces
(M, g) and (M, g′), so to a riemannian isometry by a well-known result (see e.g.
[34]). �

Definition 2.4. For any compact convex labelled polytope (∆,L), we de-
note by S(∆,L) the space of smooth strictly convex functions u defined on the
interior of ∆0, such that H = Hess(u)−1 satisfies the conditions of Proposi-
tion 2.1, or equivalently, the conditions (35)-(36).

Combining Lemma 2.6, Exercise 2.2, Proposition 2.1 and Lemma 2.7, we
obtain the following key result

Theorem 2.2 (Abreu [1, 2]). There exists a bijection between the space
of T-invariant, ω-compatible Kähler structures (g, J) on (M,ω,T), modulo the
action of the group of T-equivariant symplectomorphisms, and the space S(∆,L)
modulo the additive action of the space of affine-linear functions.

One can further refine Theorem 2.2.

Proposition 2.2 (Donaldson [19]). The functional space S(∆,L) of sym-
plectic potentials of globally defined T-invariant, ω-compatible Kähler metrics on
(M,ω,T) can be equivalently defined as the sub-space of the space C(∆) of convex
continious functions on ∆, such that
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• [convexity] The restriction of u to the interior of any face of ∆ (includ-
ing ∆0) is a smooth strictly convex function.

• [asymptotic behaviour] u− 1
2

∑d
j=1 Lj logLj is smooth on ∆.



CHAPTER 3

The Calabi Problem and Donaldson’s theory

1. The Calabi problem on a toric manifold

In [6], Calabi introduced the notion of an extremal Kähler metric (g, ω) on
a complex manifold (M,J)

Definition 3.1 (Calabi [6]). A Kähler metric (g, ω) on a complex mani-
fold (M,J) is called extremal if the ω hamiltonian vector field Xg := ω−1(dsg)
preserves the complex structure J , i.e. LXgJ = 0.

Constant scalar curvature (CSC) Kähler metrics are examples, and, moti-
vated by the Uniformization Theorem for complex curves, Calabi proposed the
problem of finding an extremal Kähler metric (g, ω) in a given deRham class
[ω] ∈ H2(M,R). This is known as the Calabi Problem, and is of greatest interest
in current research in Kähler geometry.

We now turn to the toric case, and observe the following ramification of the
Calabi problem.

Lemma 3.1. Suppose (g, J) is a T-invariant, ω-compatible Kähler metric
on (M,ω,T), corresponding to a symplectic potential u ∈ S(∆,L). Then g is
extremal iff sg is the pull back by the momentum map of an affine-linear function
s(x) = 〈ξ, x〉+ λ on ∆.

Proof. As g is T invariant, its scalar curvature is a T-invariant function on
M , whence is the pull back by the momentum map of a smooth function s(x)
on ∆. It thus follows from (26) that on M , Xg = ω−1(ds) =

∑
i s,iKi. As each

Ki preserves J , the condition LXgJ = 0 reads as

0 = JKj · s,i = (ds,i)(JKj) = −
∑
k

s,ikJdxk(Kj) = −
∑
k,`

s,ikHk`θ`(Kj)

= −
∑
k

s,ikHkj

As H is non-degenerate on ∆0, it follows that s,ik = 0, i.e. s(x) must be an
affine-linear function on ∆0, and hence on ∆.

Conversely, for any affine-linear function s(x) = 〈ξ, x〉 + λ, ω−1ds = Xξ,
which preserves J . �

A key observation of Donaldson [18] is that the affine-linear functions s(x)
in Lemma 3.1 is in fact predetermined from the labelled polytope (∆,L). To
state the precise result, we need to introduce measures on ∆ and ∂∆. The
standard Lebesgue measure dv = dx1 ∧ . . . ∧ dxm on t∗ ∼= Rm and the labels
L = (L1, . . . , Ld) of ∆ induce a measure dσ on each facet Fi ⊂ ∂∆ by letting

(39) dLi ∧ dσ = ui ∧ dσ = −dv.
37
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Proposition 3.1 (Donaldson [18]). Suppose (∆,L) is a compact convex
simple labelled polytope in t∗. Then, there exists a unique affine-linear function
s(∆,L) on t∗, called the extremal affine-linear function of (∆,L) such that for
any affine-linear function f

(40) 2

∫
∂∆

fdσ −
∫

∆
s(∆,L)fdv = 0.

Furthermore, if for u ∈ S(∆,L) the metric (27) is extremal, i.e. satisfies

−
m∑

i,j=1

(
(Hess(u))−1

)
ij,ij

= s(x) = 〈ξ, x〉+ λ,

then the affine-linear function s(x) must be equal to s(∆,L).

Before we give the proof of this important result, we start with a technical
observation.

Lemma 3.2. Let H be any smooth S2t∗-valued function on ∆ which satisfies
the boundary conditions of Proposition 2.1, but not necessarily the positivity
condition. Then, for any smooth function ϕ on ∆

(41)

∫
∆

( m∑
i,j=1

Hij,ij

)
ϕ dv =

∫
∆

( m∑
i,j=1

Hijϕ,ij

)
dv − 2

∫
∂∆

ϕdσ.

Proof. The proof is elementary and uses integration by parts: recall that
for any smooth t∗-valued function V = (V1, . . . , Vm) on t∗, Stokes theorem gives

(42)

∫
∆

m∑
j=1

Vj,jdv = −
d∑

k=1

∫
Fk

〈V, dLk〉dσ,

where we have used the convention (39) for dσ. We shall use the identity

(43)

m∑
i,j=1

ϕ,ijHij =

m∑
i,j=1

ϕHij,ij −
m∑
j=1

Vj,j ,

where

(44) Vj := ϕ

m∑
i=1

Hij,i −
m∑
i=1

ϕ,iHij .

It follows by (43) and (42) that

(45)

∫
∆

m∑
i,j=1

ϕ,ijHijdv =

∫
∆

m∑
i,j=1

ϕHij,ij +

d∑
k=1

∫
Fk

〈V, dLk〉dσ.

On each facet Fk we have, using a basis {e1, . . . em} of t,

〈dLk, V 〉 =

m∑
j=1

〈dLk, e∗j 〉Vj

=

m∑
j=1

〈dLk, e∗j 〉(ϕ
m∑
i=1

Hij,i −
m∑
i=1

ϕ,iHij)

= ϕ

m∑
i=1

〈dH(dLk, ei), e
∗
i 〉 −

m∑
i=1

H(dLk, dϕ).

(46)
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Using the boundary conditions of Proposition 2.1, we have H(dLk, ·) = 0 on Fk
and (by choosing a basis e1 = dLk, e2, . . . , em with e∗j tangent to Fk for j > 1)

m∑
i=1

〈dH(dLk, ei), e
∗
i 〉 = 2.

Substituting back in (46) and (45) completes the proof. �

Remark 3.1. Taking ϕ to be an affine-linear function, Lemma 3.2 shows
that the L2 projection to the space of affine-linear functions of the expression
−
∑m

i,j=1Hij,ij is independent of H. When Hij = Hu
ij corresponds to a toric

Kähler metric, this observation yields that the L2 projection of the scalar cur-
vature to the space of affine-linear functions is independent of the symplectic
potential u.

Proof of Proposition 3.1. Writing

s(∆,L) = a0 +
m∑
j=1

ajxj ,

the condition (40) gives rise to a linear system with positive-definite symmetric
matrix

a0

∫
∆
xidv +

m∑
j=1

aj

∫
∆
xjxidv = 2

∫
∂∆

xidσ

a0

∫
∆
dv +

m∑
j=1

aj

∫
∆
xjdv = 2

∫
∂∆

dσ,

(47)

which therefore determines (a0, . . . , am) uniquely.
We now suppose H = (Hij) is a smooth S2(t∗)-valued function on ∆ which

satisfies the boundary conditions of Proposition 2.1 and

(48) −
m∑

i,j=1

Hij,ij = s(x) = 〈ξ, x〉+ λ.

We are going to show that s(x) = s(∆,L). Notice that to this end we do not
assume that H satisfies the positivity conditions of Proposition 2.1 nor that
H = Hess(u)−1 for some u ∈ S(∆,L). Indeed, by Lemma 3.2 applied to an
affine-linear function ϕ = f , we get that s(x) satisfies the defining property
(40). �

Definition 3.2. Let (∆,L) be a labelled compact convex simple polytope
in Rm, S(∆,L) the space of strictly convex smooth function on ∆0 satisfying the
conditions of Proposition 2.1 and s(∆,L) the extremal affine function of (∆,L).
Then the non-linear PDE

(49) s(u) := −
m∑

i,j=1

(u,ij),ij = s(∆,L)

is called the Abreu equation. If (∆,L,Λ) is a Delzant triple, solutions of (49)
correspond to extremal T-invariant, ω-compatible Kähler metrics on the toric
symplectic manifold (M,ω,T).



40 3. THE CALABI PROBLEM AND DONALDSON’S THEORY

2. Donaldson–Futaki invariant

We now introduce an obstruction to the existence of solutions of (49), due
to Donaldson [18].

Definition 3.3 (Donaldson-Futaki invariant). Given a labelled compact
convex simple polytope (∆,L) in Rm, we define the functional

(50) F(∆,L)(ϕ) := 2

∫
∂∆

ϕdσ −
∫

∆
s(∆,L)ϕdv

acting on the space of continuous functions on ∆. F(∆,L) is called the Donaldson–
Futaki invariant associated to (∆,L)

Proposition 3.2 (Donaldson [18]). If (∆,L) admits a solution of (49),
then

F(∆,L)(ϕ) > 0

for any smooth convex function ϕ on ∆ which is not affine-linear.

Proof. Using Lemma 3.2 we find

F(∆,L)(ϕ) =

∫
∆

m∑
i,j=1

Hijϕ,ijdv ≥ 0

where we have used the convexity of ϕ for the inequality. Furthermore, as H > 0
on ∆0, the inequality is strict unless ϕ,ij = 0, i.e. ϕ is affine-linear. �

Exercise 3.1 (Donaldson [18]). Show that the statement of Proposition 3.2 holds true for continuous

convex functions ϕ which are smooth on the interior ∆0 and are not affine-linear.

3. Uniqueness

We show now that the solution of (49) is unique up to the addition of affine-
linear functions.

Theorem 3.1 (D. Guan [24]). Any two solutions u1, u2 ∈ S(∆,L) of (49)
differ by an affine-linear function. In particular, on a compact toric Kähler
manifold or orbifold (M,ω,T), there exists at most one, up to a T-equivariant
isometry, ω-compatible T-invariant extremal Kähler metric (g, J).

Proof. Consider the functional

(51) E(∆,L)(u) := F(∆,L)(u)−
∫

∆

(
log det Hess(u)− log det Hess(u0)

)
dv,

referred to as the relative K-energy of (∆,L) with respect to T. It is well-defined
for elements u ∈ S(∆,L) by virtue of the equivalent boundary conditions (35)-
(36). Using the formula d log det A = tr A−1dA for any non-degenerate matrix
A and Lemma 3.2, one computes the first variation of E(∆,L) at u in the direction
of u̇ (

dE(∆,L)

)
u
(u̇) =F(∆,L)(u̇)−

∫
∆

m∑
i,j=1

Hu
ij u̇,ijdv

=

∫
∆

[(
−

m∑
i,j=1

Hu
ij

)
,ij

)
− s(∆,L)

]
u̇ dv,
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showing that the critical points of E(∆,L) are precisely the solutions of (49).

Furthermore, using dA−1 = −A−1dAA−1, the second variation of E(∆,L) at u
in the directions of u̇ and v̇ is computed to be(

d2E(∆,L)

)
u
(u̇, v̇) =

∫
∆

tr
((

Hess(u)
)−1

Hess(u̇)
(

Hess(u)
)−1

Hess(v̇)
)
dv,

showing that E(∆,L) is convex. In fact, as Hess(u) is positive definite and Hess(u̇)

is symmetric, the vanishing
(
d2E∆,L,f

)
u
(u̇, u̇) = 0 is equivalent to u̇ being affine-

linear.
It follows from (35)-(36) that for any two elements u1, u2 ∈ S(∆,L), u(t) =

tu1 + (1− t)u2, t ∈ [0, 1] is a curve in S(∆,L) with tangent vector u̇ = u1 − u2.
Using the convexity of E(∆,L), it follows that that if u1 and u2 are two solutions
of (49) (equivalently, u1 and u2 are critical points of E(∆,L)), then u1 − u2 must
be affine-linear. �

Corollary 3.1. If (49) admits a solution u∗ ∈ S(∆,L), then the relative
K-energy E(∆,L) atteints its minimum at u∗.

Proof. The arguments in the proof of Theorem 3.1 show that E(∆,L) is
convex on S(∆,L). The solution u∗ being a critical point of E(∆,L), it is therefore
a global minima. �

4. K-stability

Definition 3.4 (Toric K-stability). We say that a labelled compact con-
vex simple polytope (∆,L) in Rm is K-semistable if

(52) F(∆,L)(ϕ) ≥ 0

for any convex piecewise affine-linear (PL) function ϕ = max(f1, . . . , fk) on ∆.
The labelled polytope (∆,L) is K-stable, if moreover, equality in (52) is achieved
only for the affine-linear functions ϕ. If (∆,L,Λ) is a Delzant triple, we say that
the corresponding toric symplectic manifold(M,ω,T) is K-stable iff (∆,L) is.

An immediate corollary of Proposition 3.2 is the following

Corollary 4.1 (Donaldson [18]). If (49) admits solution, then (∆,L) is
K-semistable.

This can be improved to

Theorem 3.2 (Zhou–Zhu [58]). If (49) admits a solution u ∈ S(∆,L)
then (∆,L) is K-stable.

Proof. The proof is elementary and uses integration by parts (similar to
the proof of Lemma 3.2) in order to obtain a distribution analogue of (41) in the
case when ϕ is a PL convex function. For simplicity we will check that if (49)
admits a solution u ∈ S(∆,L), then F(∆,L) is strictly positive for a simple convex

PL function ϕ, i.e. ϕ = max(L, L̃) where L and L̃ are affine-linear functions on

t∗ with L − L̃ vanishing in the interior of ∆; as F(∆,L)(L̃) = 0 by (40) we can

assume without loss of generality that L̃ ≡ 0.
Denote by F = ∆ ∩ {L = 0} the ‘crease’ of ϕ. This introduces a partition

∆ = ∆′ ∪ ∆′′ of ∆ into 2 sub-polytopes with F being a common facet of the
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two. Notice that ϕ is affine-linear over each ∆′ and ∆′′, being zero over ∆′′, say.
Furthermore, dL defines an inward normal for ∆′ (by convexity) and we use (39)
to define a measure dσ on ∂∆′. Let us write ∂∆′ = F ∪ ∂∆0, where ∂∆0 is the
union of facets of ∆′ which belong to ∂∆. We then have (using that ϕ ≡ 0 on
∆′′)

F(∆,L)(ϕ) = 2

∫
∂∆

ϕdσ −
∫

∆
s(∆,L)ϕdv

= 2

∫
∂∆0

ϕdσ −
∫

∆′
s(∆,L)ϕdv.

We now use (45) and (46) over ∆′ with Hij satisfying the conditions of Propo-
sition 2.1 on ∆ and −

∑
ij Hij,ij = s(∆,L). Noting that ϕ is affine-linear over ∆′,

i.e. ϕ,ij = 0 we have

−
∫

∆′
s(∆,L)ϕdv =

∫
∆′
ϕ
( m∑
i,j=1

Hij,ij

)
dv

=− 2

∫
∂∆0

ϕdσ

−
∫
F

(
ϕ

m∑
i=1

〈dH(dL, ei), e
∗
i 〉
)
dσ

+

∫
F

H(dL, dL)dσ.

As ϕ vanishes on F , the term at the third line is zero, so that

(53) F(∆,L)(ϕ) =

∫
F

H(dL, dL)dσ > 0,

as H is positive definite over ∆0. �

Thus motivated, the central conjecture is

Conjecture 3.1 (Donaldson [18]). (49) admits a solution in S(∆,L) if
and only if (∆,L) is K-stable.

5. Toric test configurations

In this section we shall explain the notion of toric test configuration which
gives a geometrical meaning of the convex PL functions appearing in the defini-
tion of K-stability.

We suppose that (∆,L) ⊂ Rm is a Delzant polytope with respect to (the dual
of) the standard lattice Zm ⊂ Rm, corresponding to a symplectic toric manifold
(M,ω,Tm), and f = max(f1, . . . , fp) is a convex PL function over ∆, with
f1, . . . , fp being a minimal set of affine-linear functions with rational coefficients
defining f . Multiplying f by a suitable denominator, we can assume without
loss that all fi’s have integer coefficients. We choose R > 0 such that (R− f) is
strictly positive on ∆, and consider the labelled polytope in P ⊂ Rm+1 = Rm×R,
defined by

(54) P =
{

(x, xm+1) ∈ Rm+1 : x ∈ ∆, 0 ≤ xm+1 ≤ (R− f(x))
}
.
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We further assume that the polytope P is rational Delzant 1 with respect to the
labels{

Lj(x) ≥ 0, xm+1 ≥ 0, (R− xm+1 − fi(x)) ≥ 0, j = 1, . . . , d, i = 1, . . . , p
}
,

where L = (L1(x), . . . , Ld(x)) are the labels of ∆, and (the dual of) the lattice
Zm+1 ⊂ Rm+1. For simplicity, we shall assume that P is Delzant, i.e. that it
gives rise to a smooth toric symplectic 2(m + 1)-dimensional manifold (M,Ω),
but the discussion below holds in the general orbifold case.

We denote by Tm+1 = Tm×S1
(m+1) the corresponding torus, with Tm identi-

fied with the torus acting on M . Notice that ∆ is a facet of P, whose pre-image
is a smooth submanifold M̃ ⊂ M. The Delzant construction identifies the sta-
bilizer of points in M̃0 with the circle subgroup S1

(m+1) ⊂ Tm+1, so that with

respect to the induced action of Tm+1/S1
(m+1)

∼= Tm, (M̃,Ω|M̃ ), is equivariantly

isomorphic to (M,ω) by Delzant’s theorem. We shall thus assume without loss

of generality that M = M̃ and ω = Ω|M̃ .

Let us now choose an Ω-compatible Tm+1-invariant complex structure J on
M, which induces a Tm-invariant ω-compatible complex structure J on (M,ω).
Donaldson [18, Proposition 4.2.1] shows that with respect to the C∗-action ρ :
C∗ → Aut(M) induced by S1

(m+1), the complex (m + 1)-dimensional manifold

(M,Ω, ρ) is an example of a Kähler test configuration associated to the Kähler
manifold (M,ω), meaning that the following are satisfied:

Definition 3.5 (Kähler test configurations). A smooth Kȧhler test
configuration associated to a compact complex m-dimensional Kähler manifold
(M,ω) is a compact complex (m + 1)-dimensional Kȧhler manifold (M,Ω) en-
dowed with a C∗-action ρ, such that

• there is a surjective holomorphic map π : M → CP 1 such that each
fibre Mτ := π−1(τ) ∼= M for τ ∈ CP 1 \ {0};
• the C∗-action ρ on M is equivariant with respect to the standard C∗-

action on CP 1 fixing 0 and ∞;
• there is a C∗-equivariant biholomorphism α :M\M0 →M×(CP 1\{0})

with respect to the C∗-action ρ and the standard action of C∗ on the
second factor of the product.
• M is endowed with a Kähler metric Ω, which restricts to the Kähler

metric ω on M ∼= M1.

To see the existence of such equivariant π in our toric case, it is instructive
to think of the blow down map b1 plotted in Figure 2. The Delzant polytope
at the lhs is associated to a PL convex function over the interval whereas the
Delzant polytope at the rhs represents the product CP 1 × CP 1. It this case,
M = CP 1 is one of the factors of the product, and the projection to the other
factor CP 1 defines the map π. Notice that for this example, π−1(0) = CP 1 ∪E
is the union of a copy of M with the exceptional divisor of the blow-up, which
is also the pre-image of the facets of the polytope satisfying (R− f) = 0.

Definition 3.6 (Toric test configuration). Let (M,ω) be a toric Kähler
manifold with labelled Delzant polytope (∆,L) in Rm with respect to the lattice

1This places a condition on f but the set of convex rational PL functions defining rational
Delzant polytopes is dense in the C0(∆) topology.
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Zm. A Kähler test configuration (M,Ω, ρ) for (M,ω) obtained from a rational
PL convex function f as above is called toric test configuration.

We shall now express the Donaldson–Futaki invariant (50) of the PL function
f defining a toric test configuration in terms of a differential-geometric quantity
on M. To simplify notation, we shall denote by Scal(Ω) the scalar curvature of
the corresponding Kähler metric onM (defined by (Ω, J)). We also notice that
the momentum map of the sub-torus Tm ⊂ Tm+1 sends M onto ∆ (which is
the projection of P to Rm) and, with a slight abuse of notation, we shall denote
by s(∆,L) the smooth function on M obtained by pulling back the extremal
affine-linear function s(∆,L) associated to (M,ω). We then have

Lemma 3.3. In the above setting, the Donaldson–Futaki invariant (50) as-
sociated to the convex PL function f is given by

(2π)m+1F(∆,L)(f) =−
∫
M

(
Scal(Ω)− s(∆,L)

) Ωm+1

(m+ 1)!

+ (8π)

∫
M

ωm

m!
.

(55)

Proof. We write (x, x′) ∈ Rm × R for the linear coordinates on Rm+1 and
let dx and dx ∧ dx′ denote the standard Lebesgue measures on Rm and Rm+1,
respectively. In what follows, P (resp. ∂P) denotes the Delzant polytope (resp.
its boundary) in Rm×R corresponding tp (M,Ω,Tm+1), ∆ ⊂ P being the facet
corresponding to x′ = 0. Using the description (26) of the Kähler forms ω and
Ω in momentum/angular coordinates, we get

(56) (8π)

∫
M

ωm

m!
= 4(2π)m+1

∫
∆
dx

∫
M
s(∆,L)

Ωm+1

(m+ 1)!
= (2π)m+1

∫
P
s(∆,L)(x)dx ∧ dx′

= (2π)m+1

∫
∆
s(∆,L)(x)(R− f(x)dx.

(57)

Using Lemma 2.3 for Scal(Ω) and (41) with ϕ = 1 on P, we compute

1

(2π)m+1

∫
M

Scal(Ω)
Ωm+1

(m+ 1)!
= 2

∫
∂P
dσ∂P

= 2
(∫

∆
dx+

∫
(R−f)(∆)

dσ(R−f)(∆) +

∫
∂∆

(R− f)dσ∂∆

)
= 2
(

2

∫
∆
dx+

∫
∂∆

(R− f)dσ∂∆

)
,

(58)

where for passing from the second line to the third we have used that dσ(R−f)(∆)

is defined by the equality

df ∧ dσ(R−f)(∆) = dx ∧ dx′.

Lemma 3.3 now follows easily by combining (56), (57) and (58). �

Remark 3.2. (a) In the special case when s(∆,L) = λ is a constant, which
means that (M,ω, J) has vanishing Futaki invariant, one can further specify the
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expression in the rhs of (55) as follows. By (40) with f = 1 we obtain λ = 2
∫
∂∆ dσ∫
∆ dv

whereas (41) yields
∫

∆ s(u) = 2
∫
∂∆ dσ. It thus follows that

λ =

∫
∆ s(u)dv∫

∆ dv

=

∫
M Scal(ω)ωm∫

M ωm

= 4πm
c1(M) · [ω]m−1[M ]

[ω]m[M ]
,

where Scal(ω) stands for the induced toric Kähler metric on M and u for its sym-
plectic potential. Substituting in (55), we obtain the following co-homological
expression for the Donaldson–Futaki invariant

F(M,Ω) := (2π)mF(∆,L)(f)

= −2
[(c1(M) · [Ω]m[M]

m!

)
−
(c1(M) · [ω]m−1(M)

(m− 1)!

)(Vol(M,Ω)

Vol(M,ω)

)]
+ 4Vol(M,ω).

This formula makes sense for any Kähler test configuration (see Definition 3.5)
and only depends upon the deRham classes [Ω] onM and [ω] on M . By Corol-
lary 4.1, F(M,Ω) ≥ 0 on any toric Kähler test configuration (M,Ω) associ-
ated to (M,ω), with equality if and only if M corresponds to a single rational
affine-linear function f . This is the original notion of K-stability going back to
Tian [52]. In this integral form, the Futaki invariant of a test configuration
was first used by Odaka [43, 44] and Wang [55] to study (possibly singular)
polarized projective test configurations.

(b) It turns out that the expression at the rhs of (55) makes sense for any
T-invariant Kähler test configuration associated to a Kähler manifold (M,ω)
endowed with a maximal compact torus T in its reduced group of complex au-
tomorphisms, and it merely depends upon the deRham classes [ω] and [Ω] and
the momentum image ∆ of M for that action of T. This leads to the notion of a
T-relative Donaldson–Futaki invariant FT(M, [Ω]) of a compatible test configu-
ration. This point of view has been taken and developed in [17, 16, 46, 47, 35]
for a general Kähler manifold, where an extension of Corollary 4.1 is also ob-
tained.

6. Uniform K-stability

Let C(∆) denote the set of continuous convex functions on ∆ (continuity
follows from convexity on the interior of ∆), C∞(∆) ⊂ C(∆) the subset of those
functions which are smooth on the interior ∆0, and S(∆,L) ⊂ C∞(∆) the set
of symplectic potentials. Note that, by virtue of Proposition 2.2, if u ∈ S(∆,L)
and f ∈ C∞(∆), with f smooth on all of ∆, then u+ f ∈ S(∆,L). Conversely,
the difference of any two functions in S(∆,L) is a function in C∞(∆) which is
smooth on ∆.

The affine-linear functions act on C(∆) and C∞(∆) by translation. Let C∗(∆)
be a slice for the action on C(∆) which is closed under positive linear combi-
nations, and C∗∞(∆) the induced slice in C∞(∆). Then any f in C(∆) can be
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written uniquely as f = π(f) + g, where g is affine-linear and π(f) ∈ C∗(∆) for
a linear projection π. Functions in C∗(∆) are sometimes said to be normalized.

Example 3.1. [18] If x0 ∈ ∆0 is a fixed interior point, a slice as above is given by

C∗(∆) :=
{
f ∈ C(∆) : f(x) ≥ f(x0) = 0

}
.

Example 3.2. [49] Another natural choice for the slice is given by

C∗(∆) :=
{
f ∈ C(∆) :

∫
∆

f(x)g(x) dv = 0 ∀ g affine-linear
}
.

Definition 3.7. Let || · || be a semi-norm on C(∆) which indices a norm (in
the obvious sense) on C∗(∆). We say that || · || is tamed if there exists C > 0
such that

1

C
|| · ||1 ≤ || · || ≤ C|| · ||∞,

where || · ||1 :=
∫

∆ | · | dv is the L1-norm and || · ||∞ is the C0-norm on C(∆).

Example 3.3. The Lp norm ||f ||p :=
( ∫

∆
|f |p dv

)1/p
defines a tamed norm on the slices defined in

Examples 3.1 and 3.2 for any p ≥ 1.

Exercise 3.2. Donaldson considers in [18] the slice C∗(∆) of Example 3.1 with the norm ||f ||∗ :=∫
∂∆

fdσ. Show that || · ||∗ is tamed. Hint. Use that f is a positive convex function.

Remark 3.3. (a) For any tamed norm || · ||, both the spaces of PL convex
functions and smooth convex functions on the whole of ∆ are dense in C∗(∆).

(b) With respect to a tamed norm || · ||, F(∆,L) is well defined and continuous
on C∗(∆).

In this general situation arguments of Donaldson [18] together with an en-
hancement by Zhou–Zhu [59] can be used to prove the following key result.

Proposition 3.3 (Donaldson [18], Zhou–Zhu [59]). For any λ > 0 the
following are equivalent :

(i) F(∆,L)(f) ≥ λ||π(f)|| for all f ∈ C(∆), where F(∆,L) is the Donaldson–
Futaki linear functional (50);

(ii) for all 0 ≤ δ < λ there exists Cδ such that E(∆,L)(u) ≥ δ||π(u)||+ Cδ for
all u ∈ S(∆,L), where E(∆,L) is the relative K-energy introduced in (51).

Proof. As F(∆,L)(f) and and E(∆,L)(u) are unchanged by the addition of
an affine-linear function, it suffices to prove the equivalence for normalized f
and u.

(i)⇒(ii) For any bounded function a on ∆, one can define a modified Futaki
invariant Fa by replacing the second integral (over ∆) in the formula (50) by
−
∫

∆ a(x)f(x) dv. Similarly, one can define a modified K-energy Ea using Fa
instead of F(∆,L) in the formula (51). Donaldson [18] shows that Ea (which is
introduced on the space S(∆,L)) can be extended to C∞(∆) (in fact on a slightly
larger space) taking values in (−∞,+∞].

For any bounded functions a, b, there is a constant C = Ca,b > 0 with
|Fa(f)−Fb(f)| ≤ C||f || for all f ∈ C∗(∆), because || · || bounds the L1 norm on
C∗(∆) by assumption. Let us write C = (1+k)C−kC for an arbitrary k ≥ 0 and
take b to be the extremal affine-linear function b = s(∆,L), so that Fb = F(∆,L),
whereas we can take a = s(u0) be the scalar curvature of the canonical potential
u0 ∈ S(∆,L). Thus, u0 trivially solves the equation s(u0) = a.
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By assumption, |Fa(f)−F(∆,L)(f)| ≤ Cλ−1(1+k)F(∆,L)(f)−kC||f || for all

f ∈ C∗∞(∆) and so Fa(f) ≤ (1 + Cλ−1(1 + k))F(∆,L)(f)− kC||f ||. Turning this
around,

F(∆,L)(f) ≥ εFa(f) + δ||f ||,
where 0 < ε := (1 +Cλ−1(1 + k))−1 < 1 and δ := kCλ(λ+C(1 + k))−1. Notice
that δ is an injective function of k ∈ [0,∞) with range [0, λ). For any normalized
u ∈ S(∆,L) now we estimate

E(∆,L)(u) = −
∫

∆

(
log det(Hessu)− log det(Hessu0)

)
dv + F(∆,L)(u)

≥ −
∫

∆

(
log det(Hessu)− log det(Hessu0)

)
dv + εFa(u) + δ||u||

= Ea(εu) + δ||u||+mVol(∆) log ε = Ea(εu) + δ||π(u)||+mVol(∆) log ε.

It is shown in [18], Proposition 3.3.4 that Ea is bounded below on the space
C∞(∆). 2 Letting Cδ be a lower bound of Ea plus mVol(∆) log ε, the claim
follows.

(ii)⇒(i) Suppose E(∆,L)(u) ≥ δ||u||+Cδ for all normalized u ∈ S(∆,L). We
shall fix one such u. By density and continuity (see Remark 3.3), it suffices
to prove (i) for f ∈ C∗∞(∆) which are smooth on ∆. Then for all k > 0,
u+ kf ∈ S(∆,L) and so E(∆,L)(u+ kf) ≥ δ||u+ kf ||+ Cδ. We thus find

kF(∆,L)(f) = E(∆,L)(u+ kf)− E(∆,L)(u) +

∫
∆

log
(det Hess (u+ kf)

det Hessu

)
dv

≥ δ||u+ kf ||+ Cδ +

∫
∆

log
(det Hess (u+ kf)

det Hessu

)
dv − E(∆,L)(u)

≥ δ||u+ kf ||+ C̃δ

with C̃δ = Cδ − E(∆,L)(u) (for the fixed u ∈ S(∆,L)), since the ratio of the
determinants is at least one for k sufficiently large. Dividing by k and letting
k →∞ we obtain F(∆,L)(f) ≥ δ||f ||. Since this is true for all 0 ≤ δ < λ and all
smooth functions in C∞(∆), we have (see Remark 3.3) that F(∆,L)(f) ≥ λ||f ||
for all f ∈ C(∆). �

Remark 3.4. In the case || · || = || · ||∗ of Example 3.1 and Exercise 3.2,
the implication (i)⇒(ii) of Proposition 3.3 is due to Donaldson [18] when δ = 0,
and to Zhou–Zhu [59] for some δ > 0. The proof presented here is due to David
Calderbank [8].

Definition 3.8 (Uniform K-stability [49]). A compact convex simple
labelled polytope (∆,L) for which the condition (i) of Proposition 3.3 is satisfied
for some constant λ > 0 is called uniformly K-stable with respect to the chosen
slice C∗∞(∆) and norm || · ||. We say that (∆,L) is Lp uniformly K-stable if it is
uniformly K-stable with respect to the slice introduced in Example 3.2 and the
Lp norm with p ≥ 1, see Example 3.3. We say that (∆,L) is ∗-uniformly K-stable
if it is uniformly K-stable with respect to the slice introduced in Example 3.1
and norm in Exercise 3.2.

2It follows along the lines of Corollary 3.1 that Ea is convex on S(∆,L), and that u0 being
a critical point is a global minima. Donaldson’s argument extends this property to the larger
domain C∞(∆)
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Using that convex PL functions are dense in C(∆) (see Remark 3.3), uniform
K-stability can be equivalently introduced by requiring that the condition (i) of
Proposition 3.3 is satisfied on convex PL functions. Thus, uniform K-stability
(with respect to any tamed norm) is a stronger condition on (∆,L) than the
K-stability. 3

A key result in [18] is the following

Theorem 3.3 (Donaldson [18]). If (∆,L) is a compact convex labelled
polygone in R2 such that the corresponding extremal affine-linear function s(∆,L)

is strictly positive on ∆, then (∆,L) is K-stable if and only if it is ∗-uniformly
K-stable.

Notice that the above result applies in particular to labelled polygons (∆,L)
for which s(∆,L) is constant. In this case, we also have

Theorem 3.4 (Székelyhidi [49]). If (∆,L) is a compact convex labelled
polygone in R2 such that the corresponding extremal affine-linear function s(∆,L)

is constant, then (∆,L) is K-stable if and only if it is L2-uniformly K-stable.

We end this section by mentioning the following generalization of Theo-
rem 3.2.

Theorem 3.5 (Chen–Li–Sheng [10]). If (∆,L) is a compact convex simple
labelled polytope in Rm such that the Abreu equation (49) admits a solution in
S(∆,L), then (∆,L) is ∗-uniformly K-stable.

7. Existence: an overview

7.1. The Chen–Cheng and He results. We review here a recent break-
through in the general existence theory of extremal Kähler metrics, due to Chen–
Cheng [12, 13] in the constant scalar curvature case, with an enhancement by
He [30] to cover the extremal Kähler metric case. The key notion for these
results to hold is the properness of the relative K-energy with respect to a re-
ductive complex Lie group, first introduced by Tian [51] in the Fano case, and
adapted by Zhou–Zhu [59] to the general Kähler case. We start by explaining
the general setting.

Let (M,J) be a compactm-dimensional complex manifold admitting a Kähler
metric g0 with Kähler form, ω0. It is well known (see e.g. [22]) that the group
of complex automorphisms Aut(M) of (M,J) is a complex Lie group with Lie
algebra identified with the real smooth vector fields on M whose flow preserves
J . We denote by Aut0(M) its connected component to the identity.

We let
H(M) = {φ ∈ C∞(M) : ωφ = ω0 + ddcφ > 0}

be the space of smooth Kähler potentials relative to ω0. As R acts on H(M) by
translation, preserving the Kähler metric ωφ, it is convenient to choose a slice
(or normalization) H0(M), establishing a bijection between Kähler metrics with
Kähler forms in the deRham class [ω0] and elements of H0(M). One popular

3For a polarized smooth toric variety (M,L), T. Hisamoto [29] showed that the uniform K-
stability of (∆,L) with respect to || · ||∗ agrees with a notion of equivariant uniform K-stability
of (M,L) with respect to the complex torus TC.
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normalization is H0(M) =
{
φ ∈ H(M) :

∫
M φωmφ = 0

}
but we shall use below

another choice for H0(M). For any chosen normalization H0(M), we will write

φ = φ0 + const,

where φ ∈ H(M) and φ0 ∈ H0(M). Furthermore, for any σ ∈ Aut0(M), we
denote by σ[φ] ∈ H0(M) the unique ω0-relative Kähler potential in H0(M)
associated to the Kähler form σ∗(ωφ).

We now fix a (real) connected compact subgroup K ⊂ Aut0(M) and denote
by G = KC ⊂ Aut0(M) its complexification, i.e. the smallest closed complex
subgroup in Aut(M) containing K. By a standard averaging argument, we can
assume that the initial Kähler structure (g0, J, ω0) is invariant under the action of
K, and consider the subspace H(M)K ⊂ H(M) of K-invariant Kähler potentials
in H(M). Thus, with a chosen normalisation H0(M), the space H0(M)K :=
H0(M)∩H(M)K parametrizes the K-invariant Kähler metrics on (M,J) whose
Kähler forms belong to [ω0].

Let d be a distance on H(M). For φ1, φ2 ∈ H(M), we let

(59) dG(φ1, φ2) := inf
σ∈G

d(φ1, σ[φ2]),

where, we recall, φ0 ∈ H0(M) denotes the normalized Kähler potential of ωφ for
the chosen normalization H0(M).

Definition 3.9 (Tian [51]). Let EK be a functional defined on the space
H(M)K and d a distance on HK(M). We say that EK is G-proper with respect
to d if

• EK is bounded on H(M)K ;
• for any sequence φi ∈ H0(M)K with dG(φ0, φi)→∞, EK(φi)→∞.

It is useful to notice that if K0 ⊂ K is a compact subgroup with complex-
ification G0 ⊂ G, and EK is the restriction to H(M)K of a functional EK0 on
H(M)K0 which is G0-proper, then EK is also G-proper. We also notice that the
above notion of properness depends upon the choice of normalization H0(M).

The normalization we shall use is given by

(60) H0(M) := {φ ∈ H(M) : I(φ) = 0},
where the functional I : H(M)→ R is introduced by the formula

(61) I(φ) =

∫
M
φ
( m∑
j=0

ωm−j0 ∧ ωjφ
)

= 0.

It is known that (see [22], Chapter 4) a smooth segment φ(t) starting at φ0 = 0
belongs to H0(M) iff

(62)

∫
M
φ̇(t)ωmφ(t) = 0, ∀t.

Furthermore, the distance relevant to us will be the one considered by Darvas in
[14]: For any smooth segment φ(t) ∈ H(M), t ∈ [0, 1], its length can be defined
by ∫ 1

0

(∫
M

∣∣φ̇(t)
∣∣ωmφ(t)

m!

)
dt.
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We then define d1(φ1, φ2) to be the infimum of the lengths of all segments with
endpoints φ1 and φ2.

It is known (see e.g. [22]) that the group of complex automorphisms Aut0(M)
admits a closed connected subgroup Autr(M), called reduced group of automor-
phisms, whose Lie algebra is the space of real vector fields whose flow preserves
J , and which vanish somewhere on M . Furthermore, we let T ⊂ Autr(M) be
a maximal (real) subtorus of Autr(M), and denote by G = TC ⊂ Autr(M)
its complexification (which is a maximal complex subtorus of Autr(M)). By a
result of Calabi (see [22], Chapter 3), if there exists an extremal Kähler metric
ωφ for some φ ∈ H(M), then there is also an isometric extremal Kähler metric

ωφ̃ with φ̃ ∈ H(M)T. Thus, without loss, one can reduce the problem of finding

extremal Kähler metric in the de Rham class of ω0 to the related problem on
H0(M)T. Furthermore, there is a natural functional ET : H0(M)T → R, called
the T-relative K-energy and introduced by Mabuchi [38] and Guan [24], whose
critical points are precisely the Kähler potentials in H∗(M)T, corresponding to
T-invariant extremal Kähler metrics in [ω0] (see [22], Chapter 4). Classically,
the relative K-energy is introduced with respect to a fixed maximal subgroup
K ⊂ Autr(M), and acts on the space of Kähler potentials in H∗(M)K , but it
is not difficult to see (using that the extremal vector field is central in the Lie
algebra of K) that its definition actually extends to H(M)T for any maximal
torus T ⊂ K.

The main result of [13, 30] can be then stated as follows.

Theorem 3.6 (Chen–Cheng [13], He [30]). Suppose T ⊂ Autr(M) is
a maximal real torus and G = TC its complexification inside Aut(M). If the
relative K-energy ET acting on H(M)T is G-proper with respect to the distance
d1 and the normalization (60), then there exists φ ∈ H(M)T such that ωφ is an
extremal Kähler metric.

We now turn to the toric case. Let (M,ω) be a smooth toric symplectic
manifold, classified by its Delzant polytope (∆,L,Λ). In this case T is a maximal
torus in Autr(M) for any T-invariant compatible complex structure J on M .

Using the identification (31), for any u ∈ S(∆,L) we associate a function
Fu(z) on (Cm)∗, defined by

Fu(z) = φ(y) = φ(
1

2
log |z1|2, . . . ,

1

2
log |zm|2),

where φ(y) is given by (32). Furthermore, Lemma 2.4 tels us that the Tm-
invariant function Fu(z) introduces a Kähler form ωu := ddcFu(z) on M0 =
(C∗)m · pu, which extends to a smooth Kähler metric (gu, ωu, Ju) on M by iden-
tifying (M0, Ju) to (C∗)m via (31). Let u0 be the canonical symplectic poten-
tial given in Theorem 2.1. Then, on (C∗)m, the corresponding Kähler forms
ω0 := ddcFu and ωu = ddcFu are related by

ωu = ω0 + ddc(Fu(z)− Fu0(z)) = ω0 + ddcφu

for the Tm-invariant smooth function φu(z) := Fu(z) − Fu0(z) on (C∗)m · p0,
satisfying

(63) φu extends smoothly on M.
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The point is that now ωu and ω0 define two different Kähler metrics on the same
complex manifold MC

∆, and φu extends to a T-invariant Kähler potential with

respect to ω0, i.e. φu ∈ H(M)T. Conversely, using the dual Legendre transform,
one can show that any T-invariant Kähler potential φ ∈ H(M)T with respect to
ω0 gives rise to a symplectic potential u ∈ S(∆,L) with φ = φu. A key feature
of this correspondance is that if we take a path u(t) ∈ S(∆,L) and consider the
corresponding path φ(t) := φut ∈ H(M)T, formula (32) shows that

(64) u̇(t) = −φ̇(t).

We shall now fix a point p0 on M0, corresponding to x0 ∈ ∆0, a basis e of
Λ, and consider the slice

C∗∞(∆) :=
{
f ∈ C∗∞(∆) : f(x0) = 0 and dx0f = 0

}
introduced in Example 3.1. We shall denote S∗(∆,L) := S(∆,L) ∩ C∗∞(∆) the
corresponding slice in the space of symplectic potentials. Under this normaliza-
tion, we have pu = p0 in (31).

However, the above normalization for the symplectic potentials is not consis-
tent with the normalization (60) for the corresponding relative Kähler potentials,
so we further consider the actions of R and TC on H0(M)T. The point is that

if ũ = u + c for u ∈ S∗(∆,L), then we have ỹi = yi and φ̃ = φ − c in (32).
Similarly, if we act on φ ∈ H0(M)T with an element γ ∈ TC, this will result in
translation of yj , and in modifying the corresponding symplectic potential by
adding an affine-linear function. We now introduce a different slice on C∞(∆):

(65) C0
∞(∆) :=

{
f ∈ C∞(∆) : dfx0 = 0 and

∫
∆
f dv =

∫
∆
u∗0 dv

}
,

where, we recall, u∗0 = π(u0) is the C∗∞(∆) normalization of the canonical sym-
plectic potential. Letting S0(∆,L) = S(∆,L) ∩ C0

∞(∆) be the corresponding
slice in the space of symplectic potentials, we have

Lemma 3.4. For any path ũ(t) in S0(∆,L), the corresponding ω0-relative
Kähler potentials φ(t) = φũ(t) obtained by (32) belong to H0(M)T and satisfy

d

dt
ũ(t) = − d

dt
φ(t).

Conversely, any path in H0(M)T comes from a path ũ(t) in S0(∆,L), up to the
action of TC.

Proof. We have already observed that the formula for the variations holds
for any path. Using this and (62), it follows that I(φ(t)) = const. As S0(∆,L)
is convex and u∗0 ∈ S0(∆,L), it follows that I(φ(t)) = 0. In the other direction,
the relative Kähler potential φ(t) can be pulled back by an element γt ∈ TC

so that the symplectic potential associated to γ∗t (φt) satisfies the normalization
condition at x0. �

Through the above correspondence, one can relate as in [18, 58] the relative
K-energy ET acting on H0(M)T to the functional E(∆,L) defined in (51), acting

on S0(∆,L). We are now ready to state and prove our main observation in this
section.
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Proposition 3.4. Suppose (∆,L) is a ∗-uniformly K-stable Delzant labelled
polytope, corresponding to toric Kähler manifold (M,ω0, J). Then the relative
K-energy ET is TC-proper on H(M)T with respect to the distance d1 and the
normalization (60).

Proof. We use the bijection between the ω0-relative Kähler potentials in
H0(M)T and symplectic potentials ũ ∈ S0(∆,L) established in Lemma 3.4 in
order to deduce the TC-properness of ET from the property (ii) in Proposition 3.3
of the functional E(∆,L).

Let φj , j = 1, . . . ,∞ be a sequence in H0(M)T with d1,G(0, φj) → ∞. De-
note by ũj ∈ S0(∆,L) the corresponding sequence of normalized symplectic
potentials. We write

ũj = u∗j + 〈aj , x〉+ cj j = 0, 1, . . . ,∞,

where u∗j := π(ũj) is the projection of ũj to the slice S∗(∆,L) and 〈aj , x〉 + cj
are affine-linear functions on t∗. By acting with an element γj ∈ (C∗)m on φj
we can assume that aj = 0 and thus

ũj = u∗j +
1

Vol(∆)

∫
∆

(u∗0 − ũ∗j ) dv j = 0, 1, . . . ,∞.

Let us consider the path ũj(t) = (1− t)u∗0 + tũj ∈ S0(∆,L). Using Lemma 3.4,
the d1-length of this path is Cm

∫
∆ |ũj − u

∗
0| dv where Cm = (2π)m. Thus, we

have

d1,G(0, φj) ≤ d1(0, γj [φj ])

≤ Cm
∫

∆
|ũj − u∗0| dv

= Cm

∫
∆

∣∣∣(u∗j − u∗0) +
1

Vol(∆)

∫
∆

(u∗0 − ũ∗j ) dv
∣∣∣ dv

≤ (Cm + 1)

∫
∆
|u∗j − u∗0| dv.

(66)

Thus, d1,G(0, φj)→∞ yields
∫

∆ |u
∗
j | dv →∞.

Now, by assumption, (∆,L) is ∗-uniform K-stable and by Proposition 3.3
(ii) we have

ET(φj) = E(∆,L)(ũj) ≥ δ||u∗j ||∗ + Cδ

≥ δ′
∫

∆
|u∗j | dv + Cδ →∞,

where for passing from the first line to the second we have used that ||·||∗ bounds
the L1-norm, see Exercise 3.2. �

Corollary 7.1. Suppose (∆,L) is a ∗-uniformly K-stable Delzant labelled
polytope, corresponding to a toric Kähler manifold (M,ω0, J). Then (M,J) ad-
mits a T-invariant extremal Kähler metric whose Kähler form is in the deRham
class [ω0]. Equivalently, the Abreu equation (49) admits a solution in S(∆,L).

Proof. This follows from Theorem 3.6 and Proposition 3.4, using the bi-
jection between the ω0 relative Kähler potentials in H0(M) and symplectic po-
tentials ũ ∈ S0(∆,L) established in Lemma 3.4. �
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7.2. Donaldson’s result. We now discuss the Donaldson existence result
in dimension m = 2.

Theorem 3.7 (Donaldson [21]). Suppose (∆,L) is a labelled compact con-
vex simple polytope in R2 for which the affine-linear extremal function s(∆,L)

is constant and (∆,L) is K-stable. Then (49) admits a solution. In particu-
lar, a compact symplectic toric 4-manifold admits a CSC Kähler metric iff it is
K-stable and its extremal affine-linear function is constant.

An extension to the extremal case, under the ∗-uniform stability assumption
and positivity of s(∆,L), appears in [11].

7.3. The continuity method. The main idea of the approach in [21] is to
use the continuity method over paths (∆,L(t)), t ∈ [0, 1] of labelled, compact,
convex, simple Delzant polytopes in Rm, where the labels Ltj(x) = 〈utj , x〉 + λtj
vary in a continuous way. We thus introduce

Definition 3.10. Let ∆ ⊂ (Rm)∗ be a given compact, convex, simple poly-
tope which has d codimension-one faces and

L = {L1(x), · · · , Ld(x)}
is a chosen labelling. The cone N(r) ⊂ Rd of admissible labels of ∆ is

N(r) :=
{

L(r) = { 1

r1
L1(x), . . . ,

1

rd
Ld(x)} : ri > 0

}
.

Thus, L(1, . . . , 1) = L. We further introduce the subspaces

• SN(r) ⊂ N(r) the subset of normals for which (∆,L(r)) is K-stable;
• CN(r) ⊂ N(r) the subset of normals for which the extremal affine-

linear function of (∆,L(r)) is constant;
• SCN(r) = CN(r) ∩ SN(r).

The basic observation is

Lemma 3.5. SN(r) is a convex subset of N(r) ∼= {ri > 0} ⊂ Rd whereas
CN(r) is the (convex) cone obtained by intersecting N(r) with a co-dimension
m hyperplane of Rd. In particular, SCN(r) is convex too.

Proof. By the definition (39) of the measure on ∂∆, dσ depends linearly on
r = (r1, . . . , rd). Thus, the RHS of (47) depends linearly on r, and so does the
extremal affine-linear function s(∆,L(r)). This shows that CN(r) is a the inter-

section of N(r) with a co-dimension m hyperplane in Rd. Finally, by the above
arguments, the Donaldson–Futaki invariant F(∆,L(r))(ϕ) (see (50)) depends lin-
early on r, showing the first claim too. �

Thus, given a K-stable labelled polytope polytope (∆,L), the continuity
method of [21] consists of establishing the following

Step 1. There exists a canonical choice r0 ∈ SCN(r) such that on (∆,L(r0))
(49) admits a solution. Connecting r0 and r1 := (1, . . . , 1) by a linear
segment, we obtain a path of labelled polytopes (∆,L(t)), t ∈ [0, 1] such
that: (a) for any t, (∆,L(t)) is K-stable and its extremal affine-linear
function is a constant; (b) for t = 0, (49) admits solution.

Step 2. If (49) admits a solution in S(∆,L(t0)) for t0 ∈ [0, 1], then there exists
ε0 > 0 such that (49) admits a solution in S(∆,L(t)) for any |t−t0| < ε0.
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Step 3. The subset {t ∈ [0, 1] : (49) admits a solution in S(∆,L(t))} is closed.

The hardest part is Step 3. We discuss below how to obtain Steps 1 and 2.

7.4. The canonical solution. This concerns Step 1. The original method
in [20] uses a result of Arezzo–Pacard. However, in [20], an alternative, simpler
approach is suggested, modulo a suitable generalization of a result of [54] to
arbitrary labelled polytopes, which is now available due to E. Legendre [36].
We follow this second approach.

Suppose (∆,L,Λ) is a Delzant triple. It is well-known that the corresponding
Kähler manifold (M,J0, ω) is Fano, i.e. satisfies

c1(M,J0) =
1

2π
[ω]

if and only if (∆,L,Λ) is a reflexive lattice polytope in (V ∗,Λ∗), where Λ∗ ⊂ V ∗
denotes the dual lattice of Λ ⊂ V . Recall that a lattice polytope in (V ∗,Λ∗) is a
polytope whose vertices belong to Λ∗. The dual polytope ∆∗ ⊂ V is defined by

∆∗ = {v ∈ V : (v, x) + 1 ≥ 0, ∀x ∈ ∆},

and ∆ is reflexive if ∆∗ is also a lattice Delzant polytope in (V,Λ). It is easy to
see that for such reflexive Delzant polytopes (∆,L, λ), Lj(0) = λ is independent
of j, i.e., in a more affine-invariant way, there is an interior point x0 ∈ ∆ and a
positive constant λ > 0 such that

(67) Lj(x0) = λ, ∀Lj ∈ L

Of course, this condition makes sense for an arbitrary labelled convex poly-
tope (∆,L)

Definition 3.11. We say that a convex, simple labelled polytope (∆,L) is
monotone if there exists an interior point x0 ∈ ∆ for which (67) is satisfied.

The reason for the name is the following

Lemma 3.6. Suppose (∆,L) is a monotone labelled simple convex polytope
and and u ∈ S(∆,L) a symplectic potential defining a Kähler metric (27) on
∆0 × Tm. Then,

ρg −
1

λ
ω =

1

2
ddcf,

for a smooth function on ∆, called a Ricci potential of u.

Proof. We can translate (∆,L) and assume without loss of generality that
x0 is the origin in V . We now use (30) and Lemma 2.4 to write

ρg −
1

λ
ω =

1

2
ddc
(

log det
(
Hess(u)

)
− 2

λ
(−u(x) +

m∑
i=1

xiu,i)
)
.
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Using the boundary conditions restated in Exercise 2.3, it is easily seen that

f(u) := log det
(
Hess(u)

)
− 2

λ
(−u(x) +

m∑
i=1

xiu,i)

=

d∑
j=1

(
− logLj −

1

λ
(−Lj logLj +

m∑
i=1

xi(Lj logLj),i)
)

+ smooth

=

d∑
j=1

(
− logLj −

1

λ
(−Lj logLj + (Lj − λ) logLj)

)
+ smooth

= smooth.

(68)

�

If (∆,L,Λ) is a Delzant triple satisfying (67), using that 1
2πρg represents

c1(M,J), Lemma 3.6 explicitly shows the Fano property of (M,J, ω). In this
case, Wang–Zhu [54] proved the following important result

Theorem 3.8 (Wang–Zhu [54]). Suppose (∆,L) is a monotone Delzant
polytope for which the extremal affine-linear function s(∆,L) is constant. Then

there exists u ∈ S(∆,L) such that ρg = 1
λω, i.e. the corresponding T-invariant,

ω-compatible metric on (M,ω,T) is Kähler–Einstein. In particular, u is a solu-
tion to (49).

The proof of this result itself uses the continuity method. By Lemma 3.6,
we want to solve for each t ∈ [0, 1]

(69)
det
(
Hess(u0 + ϕ)

)
det
(
Hess(u0)

) = exp
(2t

λ
(−ϕ(x) +

m∑
i=1

xiϕ,i)− f0(x)
)
,

where (u0, f0) are the symplectic and Ricci potentials of the canonical metric
(g0, J0). For t = 0, the existence of a solution u0 + ϕ ∈ S(∆,L) follows from
Yau’s theorem [57] of prescribing the Ricci form in a given Kähler class on
MC

∆ = (M,J0). The openness follows too from a standard argument on MC
∆.

The closedness reduces, via the method of [57], to a uniform C0(M) bound for
the solutions ϕt of (69), see e.g. [53, 60]. The latter is derived in [54] by using
only the convexity of ∆ ⊂ (Rm)∗.

An extension of Theorem 3.8 to arbitrary compact convex simple labelled
polytopes was obtain by E. Legendre [36], building on the general strategy sug-
gested in [20] to apply the machinery of global analysis to compact simple la-
belled polytopes which are not necessarily Delzant. Recall that by Theorem 1.3,
if (∆,L) is Delzant, there are natural holomorphic chart Cmv associated to a
vertex v of ∆, and two different charts are identified using the relation (17). We
can match this with the discussion in Section 4. Indeed, fixing a reference point
p0 ∈ M0 with x0 = µ(p0) ∈ ∆0 and, by adding an affine-linear function to u,
we assume yi(x0) = u,i(x0) = 0. Furthermore, at each vertex v ∈ ∆ we use
the identification (31) with ev = {uv1, . . . , uvm} being the basis obtained from the
normals of facets containing v. We can also translate the vertex v at the origin
so that, by the boundary conditions, u = 1

2

∑m
j=1(xj log xj − xj) + ϕ for some
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smooth function ϕ(x) on ∆. Then, the J holomorphic coordinates

zuj = eu,je
√
−1tj = z0

j e
ϕ,j

allow to extend the identification Φu,p0,ev : (C∗)mv → M0 to an equivariant
embedding Φu,p0,ev : Cmv → (M,J). Choosing another vertex w, we get that
Φu,p0,ev and Φu,p0,ew are related via (17). Now, for any u ∈ S(∆,L), Lemma 2.4
shows that the function on Cmv defined by

Fv(z) = φ(y) = φ(
1

2
log |z1|2, . . . ,

1

2
log |zm|2)

satisfies

• 2i∂∂̄Fv > 0,
• Fv(z) is invariant under the linear action of Tmv on Cmv ;
• Fw = Fv +

∑m
i=1(v − w)i log |zi|,

where the third relation reflects the fact that each time we translate the poly-
tope to ensure the corresponding vertex is at the origine. Conversely, any such
collection of functions gives rise to u ∈ S(∆,L).

When (∆,L) is not Delzant, we cannot use (17) in order to construct a
complex manifold MC

∆. But we still have “charts” for the “quotient space”

|M | = MC
∆/T ∼= ∆. More precisely, for each vertex v we have maps Φu,v : Cmv →

∆ where ri = |zi| are the radial coordinates on Cmv . We can thus define an
embedding of Φu,v : [0,∞)mv → ∆ by letting ri = yi = u,i. The identification
(17) has now sense if we replace zi with ri, and thus we associate to ∆ a Hausdorff
topological space |M | which admits “uniformizing” charts Φv : Cmv /Tmv → |M |,
precisely as in the definition (1.11) for orbifolds, but now the groups Γi ∼= Tmv
are tori. Furthermore, we can define the sheaf of smooth functions of |M | by
pull back to each Cmv , etc. Using the relevant analysis in such charts, Legendre
has proved

Theorem 3.9 (Legendre [36]). Theorem 3.8 holds true for any compact
convex simple labelled polytope (∆,L).

The main advantage of this is the following

Theorem 3.10 (Donaldson [20], Legendre [36]). Let (∆,L) be a labelled
compact convex simple polytope in (Rm)∗. Then there exits a unique up to an
overall positive scale labelling L∗ such that (∆,L∗) is monotone and s(∆,L∗) is
constant.

Proof. For any interior point x∗ ∈ ∆0 we let r(x∗) = (L1(x∗), . . . , Ld(x
∗)) ∈

N(r) and

L∗ :=
( L1(x)

L1(x∗)
, . . . ,

Ld(x)

Ld(x∗)

)
,

be the corresponding label, so that (∆,L∗) is monotone. We want to show that
one can choose x∗ so that s(∆,L∗) ≡ a∗0 is a constant function. By the last relation
in (47),

a∗0 = 2

∫
∂∆ dσL∗

Vol(∆)
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whereas the other m relations give∫
∂∆

xidσL∗ =

∫
∂∆ dσL∗

Vol(∆)

∫
∆
xidv.

We thus obtain a linear system for the unknown x∗:

(70)
d∑
j=1

Lj(x
∗)

∫
Fj

xidσLj =
(∫

∆ xidv∫
∆ dv

)( d∑
j=1

Lj(x
∗)

∫
Fj

dσLj

)
, i = 1, . . . ,m.

In order to show that (70) has a unique solution we shall use the following
elementary

Lemma 3.7. Let f(x) = 〈u, x〉+λ be an affine-linear function on Rm. Then

d∑
j=1

(∫
Fj

fdσLj

)
uj = −

(∫
∆
dv
)
u ∈ (Rm)∗.

The proof of Lemma 3.7 is left as an exercise, and can be obtained easily
starting from a triangulation of ∆ as the union of simplexes with a common
vertex at the interior of ∆.

We now suppose, without loss of generality, that 0 ∈ ∆0, and the initial
labelling L satisfies Lj(0) = 1, i.e.

Lj(x) = 〈uj , x〉+ 1, j = 1, . . . , d.

By Lemma 3.7,

x∗i = − 1

Vol(∆)

d∑
j=1

〈uj , x∗〉
∫
Fj

xidσLj

= − 1

Vol(∆)

d∑
j=1

Lj(x
∗)

∫
Fj

xidσLj +
1

Vol(∆)

∫
∂∆

xidσL

=
1

Vol(∆)

(∫
∂∆

xidσL −
∫
∂∆

xidσL∗
)
.

0 = 〈uj , x∗〉
∫
Fj

dσLj =
d∑
j=1

Lj(x
∗)

∫
Fj

dσLj −
∫
∂∆

dσL

=

∫
∂∆

dσL −
∫
∂∆

dσL∗

(71)

and (70) becomes

x∗i =
1

Vol(∆)2

(∫
∆
dv

∫
∂∆

xidσL −
∫

∆
xidv

∫
∂∆

dσL

)
.

�
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