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Involutions and tangles

Let K < S3 be a strongly invertible

knot.
Then there is an involution f on the
knot complement M = S3 < v(K) 0

with one dimensional fixed point set
(a pair of arcs) meeting the boundary
transversely in 4 distinct points.
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Involutions and tangles

Note that the quotient M/f is homeomorphic to a 3-ball.

Definition

For a strongly invertible knot K < S3, the associated quotient
tangle is the pair T = (B3, 7), where T is the image of the fixed
point set of f in the quotient M/f = B3,

As a result the knot complement is a two-fold branched cover:

M=X(B3 1).
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Example: the figure eight
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Example: the figure eight
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Example: the figure eight

Tangles, in this setting, are considered up to homeomorphism of
the pair (B3, 7):

In particular, such homeomorphisms need not fix the boundary.
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The preferred representative

By construction, the denominator closure of T —
@ denoted 7'(%) — corresponds to the trivial surgery on
K (notice that 7(3) is the trivial knot).

There is a preferred choice of representative for the
associated quotient tangle so that the numerator
closure of T — denoted 7(0) — corresponds to the zero
surgery in the cover: S3(K) = X(S3,7(0)).

In particular, with this notation 7(n) is
obtained by adding n half-twists so that
S3(K) = £(S3,7(n)).

Liam Watson Université du Québec a Montréal Surgery Obstructions from Khovanov homology



Montesinos' trick

In general,

Sorq(K) = (5%, 7(8))

where the link T(g) is obtained by attaching a rational tangle.
For example:

() = [1,3,3] = A \A\/\'\”’\"D

——
1 3 3
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Branch sets for Dehn surgeries

With the observation that
S5 q(K) = E(8%,7(2))

in hand, the idea is to apply the Khovanov homology of T(%) as an
obstruction to exceptional Dehn surgeries on K.
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Khovanov homology

The reduced Khovanov homology is a relatively Z & Z-graded
group Kh(L) associated to a link L < S3. We work over

F = Z /27, with primary (cohomological) grading ¢ and secondary
(Jones, quantum) grading q. These grading conventions are
non-standard:

Theorem (Khovanov)

Let u= 9§ + q, then there exists and absolute 7 ® %Z—grading on
Kh(L) so that

Vi(t) =Y (~1)“t9 rk Khy(L)

u,q

where V| (t) € Z[t%, t_%] is the Jones polynomial.
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Example: the trefoil
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Homological width

Definition
The homological width of a link L is given by the number of
d-gradings supporting Kh(L). That is if
—~9
PKh () =F" o oF>,
é

for bs > 0 and by, b > 0, write w(L) = k.
Notice that

Sy RT{S(L)( = |Hy((S%, 1), Z)]
§

since |V (—1)| = det(L) = |H1():(S37 L);Z)’.
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EES

W(31) =1 W(10124) =2
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Homological width

Theorem 1 (W.)
If £(S3,L) has finite fundamental group then w(L) < 2.
As a first step, compare:

Theorem
If £(S3,L) is a lens space then w(L) = 1.

Proof.

Hodgson and Rubinstein show that if (53, L) is a lens space then
L is a non-split two-bridge link; Lee proved that non-split
alternating links — in particular two-bridge links — are thin. []
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Manifolds with finite fundamental group

e By the orbifold theorem, having a finite fundamental group is
equivalent to admitting elliptic geometry in this setting (Thurston,
see Boileau-Porti).

e Manifolds with elliptic geometry are all Seifert fibered: they are
either lens spaces (see previous theorem) or have base orbifold
S2(2,2,n) for n > 1 or $?(2,3, n) for n = 3,4,5 (Seifert, see
Scott).

e These manifolds may be constructed by considering Dehn fillings
of the twisted /-bundle over the Klein bottle (base D?(2,2)) or the
trefoil complement (base D?(2,3)) (Heil, Montesinos).

e This construction is such that the branch set in each case is
recovered, and this branch set is unique (Montesinos,
Boileau-Otal).
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Manifolds with finite fundamental group

In summary, there exists a set of links £ for which L € £ if and
only if 1 (X(S3,L)) is finite.

To prove Theorem 1, we need to see that this collection of branch
sets has relatively tame Khovanov homology, in the sense that
w(L) < 2 whenever L € L.

This will rely on a particular form of stability enjoyed by Khovanov
homology.
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Surgery obstructions

Let K < S3 be a strongly invertible knot so that
Sg/q(K) = 2(53,7(5)). Define

WK = pmin {w(r(5))}.

q

Theorem 2 (W.)

If wg > 1 then K does not admit lens space surgeries, and if
wyk > 2 then K does not admit finite fillings. Moreover, if T is
generic then wy is determined on a finite collection of integer
fillings by stability.
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The skein exact sequence

Kh(3X))
/ \

k() O[5 352 <~~~ =2~~~ - KW 4

Where ¢ = n_() () — n—()) and ﬂ\f’(L)[i,j] = RF‘(;:;(L)

Or, as a mapping cone:

Kn(X) = H. (Kh()[-31. 31 — Kh() Q-5 252])
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A mapping cone for integer surgeries

Now when applying this to the link 7(m + 1) we have:

) (
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A mapping cone for integer surgeries

So that

Kn(r(m + 1)) = H. (Rh(r(m))[~3, 3] - Kn(r(}))[- £, 352])

where T(%) is the trivial knot and ¢ = ¢; + m with

- (D) (@)

Kh(r(m + 1))
= H, (Kn(r(m))[-3, 3] - FI- %, 25%2][0, m|[-Z, 3])
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A mapping cone for integer surgeries

Stability Lemma
For any integer m, and positive integer n,

Rh(r(m -+ n)) = H. (Kh(r(m) — &, Kn(=(}))

as a relatively 7 & 7Z-graded group. More precisely, there exist
explicit constants x and y and an identification

n—1
D Kn(r(3))lx. ¥1l0. q] = FIZ/nZ]
q=0

as graded F-vector spaces so that

Kh(r(m + n)) = H, (RT](T(m)) - IE‘[Z/nZ]) .
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Example: the figure eight revisited

1 0 twists

1 i : (/;3‘/:/:/'
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Example: the figure eight revisited

1 1 twist

o8 Y
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Example: the figure eight revisited

1 2 twists

o8 Y

==l
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Example: the figure eight revisited

1
1 3 twists
1|1
1
211 —\
) ( Yoy
1
1 /\ ~/
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Example: the figure eight revisited

1
1 4 twists
211
1
211 S \
1 oo
1
1 /\ ~/
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Example: the figure eight revisited

1
111 5 twists
211
1
211 S \
) ( oS
1
1 /\ ~/
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Example: the figure eight revisited

Notice that w(7(n)) =2 for n > 0, and w(7(n)) =3 for n <0 as
a consequence of the stability lemma.

By the cyclic surgery theorem, a lens space surgery on S arises as
an integer surgery.

Therefore, we recover the well known fact that the figure eight
does not admit lens space surgeries:

Kh(r(0)) = F & F® & F*

implies that w > 1 for branch sets associated to integer surgeries.
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Consequences of stability

Lemma s
For N >> 0 the exact sequence for Kh(7(N + 1)) splits so that,
ignoring gradings,

Kh(7(N + 1)) 2 Kh(r(N)) & F.
Lemma

Up to overall shift the generators R\B(T(%)) >~ T, when they survive
in homology, are all supported in a single relative §-grading.
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Maximum and minimum width

Definition
For a given strongly invertible knot and preferred associated
quotient tangle, define

Wmax = max {W(T(n))}

nez
and
Wmin = TGIQ {W(T(n))} :
Lemma

Either Winax = Wmin OF Wmax = Wmin + 1.
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An upper bound for width

With a view to proving Theorem 1:
Proposition

Let K be a strongly invertible knot with preferred associated
quotient tangle T. Then w(7(Z)) < Wmax.
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o-normalized Khovanov homology

To prove the proposition, it is natural to introduce
— o L
Kho (L) 2 Kh(L)[- 2]

as an absolutely Z-graded object where (L) is the signature.

Theorem (Manolescu-Ozsvath)

Kho(X) = H, (m:) — Khy() ())

if det(C2), det() () > 0 and det()X) = det(CX) + det() ().

It is possible to prove a variant of this statement when the
determinant of one of the resolutions vanishes.
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Resolutions and continued fractions

E=13=1[1373]

X oclS9

/

SoclPS oD

pL

a=5=[3 B9 =137
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Resolutions and continued fractions

In general,
Potp1
qo+q1

Qo
I

when
g =la1,...,ar—1,ar — 1,1 =[a1,...,ar-1, a]
and & @ ,q are the continued fractions

[317 N '7ar—1]7 [al)' -eydr—1,dr — 1]

Since det(7(2)) = |H1(E(5%,7(5)): Z)| = [Hi(S] o (K): Z)| = p
we have that

det(T( )) = det(7( po)) + det(7( pl))

and Manolescu and Ozsvath's theorem may be applied.
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Resolutions and continued fractions

As a result, it is possible to induct in the length r of the continued

fraction to prove that wpayx is an upper bound for W(T(g)).

In particular, be successively resolving the final crossing of T(g)) it
can be shown that

w(T(£)) < max{w(r[2]), w(r[E])}
= max{w(7(a1)), w(r(a1 + 1))}.

where g =la1,...,ar-1,ar].
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On Quasi-alternating links

Definition

The set of quasi-alternating links Q is the smallest set of such that:
e The trivial knot is an element of Q, and

e if L admits a projection with distinguished crossing X for which
each resolution gives an element of Q, and

det(X) = det ) +det() (),

then L € Q as well.

Theorem (Manolescu-Ozsvath)
Quasi-alternating links are homologically thin.
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On Quasi-alternating links

Proposition
Suppose 53 J(K) = >(S3, 7(£)) and 7(N) is quasi-alternating for
some N > 0 Then T(q) is quasi—a/ternating for all g > N.

Corollary
For large surgery on the trefoil, T(B) is quasi-alternating. In
particular, W(’T(q)) =1 for P > 5.
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w < 2 for manifolds with finite fundamental group

Since Wmax = Wmin + 1 = 2 for the tangle associated to the trefoil,
w(L) < 2 for X(S3, L) Seifert fibered with base orbifold 5(2, 3, n).

A similar argument holds for branch sets associated to fillings of
the twisted /-bundle over the Klein bottle to obtain the S%(2,2, n)
family.

This proves Theorem 1.
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A lower bound for width

The proof of Theorem 2 depends on similar arguments to establish
Wmin as a lower bound for w(7(2)).
Proposition

Let K be a strongly invertible knot with generic preferred
associated quotient tangle T. Then W(T(g)) > Whin-

In particular:

WK = Wmin
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A tangle T is generic if either
® Wmax = Wmin, OF
e if by > 1 where

Kh(r(£)) 2 F @ - - @ Fb

and
Kh(r(£+1) 2 F2 @ --- @ F* @ F,

or
o if by > 1 where

Kh(7(£)) = FaF* @ ... o Fb

and .
Kh(r(£ +1)) =F* @ ... ¢ Fb*,
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For example, for the figure eight we had that
Kh(7(0)) = F & F° @ F*
and .
Kh(r(+1)) 2 F°> ¢ F*

so that the width decays but by =5 so the tangle is generic.
Since the figure eight is amphicheiral, we recover:

Theorem (Thurston)
The figure eight does not admit finite fillings.
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A lower bound for width

Suppose that Wmjn = Wmax = w. Then as before

Kho(r(2)) = H, (F(Vh(,(f(&)) - RRAT@))) .

q0 qn

Recall that the connecting homomorphism raises d-grading by one:

. Fbl Fbg Fb""
Kh(r(2)) = H. NN AW

Fbr Fb2 - FbM

By induction in the length of the continued fraction for g,
W(T(%)) = w.
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Determining widths

Notice that w(7(—)) : @ — N is constant when Wpin = Wiax-

After a slightly modified argument when wynax = Wiin + 1, we have
w(7(—)) : Q — N takes values {Wmin, Wmax} in the generic setting.

This proves Theorem 2: for generic tangles, the minimum width is
determined on the integer fillings. That is,

WK = Wnin-
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Example: the knot 147,593

\/\> Theorem (Ozsvath-Szabd)

If K — S3 admits an L-space surgery then
k .
| Bk(t) = (1) + S (-1 4 e7)
j=1

forO < ng < np <--- < ng.

( . For example, Ag, (t) = —t 1 +3 —t.

\_ | On the other hand,

A ()=t 33—t 24t 14+t —t2 445

11893
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Example: the knot 147,593




1
2
2
513 For any n
3 ) w(r(n)) = 4
217]2 so that
4|71 b 4
1]6]5 \ A\
g ; 3 S *" Theorem
3(a 7 1.4571893. c.loes not admit
213 finite fillings.
3
2
2
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9

det(7(m))

213
413
5|2
712

2

7

213

413] det(r(m+2))

5|2
712
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Kh(r(~7)) =
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