Examples of Connections

Liam Watson

April 14 2003

1 Preliminaries

Consider a rank r complex vector bundle 7 : E — M. Let Y = {U,} be an

open cover of M such that
Ean = U, X C

for every U, € U, and let €l,..., e, be trivializing sections. We have maps
Jap - Uaﬂ — GL(T, (C)

where Uy = U, NUg for Uy, Ug € U.These tell us how to move between two
trivializing sections on the overlap U,g. In particular, we have

€o = Jap;j€h-

A connection d4 is a local opperator, determined by its restriction to ¢/. The
space of connections on the bundle E is denoted A(E), and for A € A(E|y, ),
B € A(E|y,) we have

dAefx = dA(gaB;eJB)
Alel, = d!)aﬁz-e% + gaB;-Bljceg
Alel, = dgap'gparel + 9op BiIpal h

where ggo = g;ﬂl. Now, renaming indicies,
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so that in general,

A = (dg)g~' +gBg~"

as matricies.



2 The case of CP!
As a simple example, consider TCP! — CP'. Here our manifold M is
CP' = (C° N A{0})/ (woie1)~(Azo:rar)
where A # 0 and E is
TCP' = {(z,v) : € CP',v € T,CP'}.
Construct U = {Uy, U1} by taking
x1

ng{(aro:ml)e(Cﬂ”l:xo#o}:{(lzx—o)}:{ze((l}C(CIP’l

U1={(x0:x1)e<c19>1;x1¢0}={<@:1>}={we<0}c@ﬂ»l

x1
so that each of the U, is a copy of C and

Uy — U
1

z - =w.
z

Now TCP'|y, is a copy of C x C so that
TCP'|y, = U, xC
via the maps

CxC +— UyxC
0
(z, 5) —  (2,1)

and
CxC «+«— U xC
0
(w,a—w> —  (w,1).
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go1 - U01 — GL(].,C)

The trivializing sections are eg = == and e; = and the transition function

is given by
0  Ow 0
9z 9z 0w
o 01090
9z~ 9zzow
a 10
9z~ 20w
€y = —w2€1



thus go1 = ¢ = —w? and g0 = g~ ! = ;—% In this case, we have only 1 x 1

matricies (functions) to worry about. If A € A(TCP'|y,) and B € A(TCP'|y,)
then

= (dg)g ' +gBg "

= (—2wdw) (—%) +B

2
A = —dw+ B. *
w
Let wd
B=_Y%
1+ ww

Notice that B is defined on all of C (i.e all of U;). We need to see that A is also
well defined on C (i.e all of Up), and that both functions agree on the overlap
U01 =C (as in *)
2 2w
A = Zdw- 2
w 1+ ww
2 4+ 2ww — 2ww
= —————————dw
w(l + ww)
2
—dw
w(l + ww)

Now w = % and dw = ‘fi—fdz = —;—de so that

2227 1
= ——)d
1+z2( z2)z
9%
= - z_dz
1+ 22

and A is well defined on C as required. The curvature of A is defined
Fyp=dA+ANA=dA

since A is a 1 x 1 matrix.

0A
FA = Edz
=21+ 22) +22(2) ,_
B (14 22)? dzdz
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= Trer®®

We want to see that



First, notice that Tr(F4) = F4 since Fy4 is a function in this case. Then, by
removing a set of measure zero,
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as required.

3 The case of CP?
Now consider the bundle TCP? — CP2. As before,
(CIP)Q = ((C3 N {0})/(1E02Z1:JIQ)N(kwo:AZl:Azz)

for A # 0 and
TCP? = {(z,v) : © € CP?,v € T,CP?}.

In this case, the cover I has three components,

UO:{(xO:xlzxz)ecW:xO;éo}:{(1:%;%)}={(z1,z2)ec2}ccm2
Up = {(zo : 71 : 32) € CP? : 1y #0}2{(%:1:%)}={(w1,w2)€(C2}CCIF’2
U2:{(m0:x1:xz)GCle:mg#O}:{(i:%:1>}={(y1,y2)€(c2}C(ClP’2



with maps
Uy — Us

(21,22) +— (i é) = (w1, ws)

2172'1
and
v, — U,
Y1 1)
, — =, — | = (wy,ws).
(Y1, 2) (y2 " (w1, ws)

Each TCP?|y, is a copy of C? x C? and
TCP?|y, = U, x C?
via the maps
CxC > UyxC

(21,2’2, 0 6) —  (z1,%2,1,1)

8721 Dz
and
CxC + U xC
0 0
- — 1,1
<w17w2aaw178w2> — (w17w27 ) )
and

CxC «— UyxC?
o 0
—, — 1,1).
<y17y2; 6y1’6y2> (ylay25 ) )
In this case, our trivialising sections are
0 0
(e5,€3) = (3—217 8—22) on U
0 0
(e1,€]) = (a—wl’ 6‘—1112) on U

1.y (9 O
(ey,€5) = (Oyl’ 6y2) on Us.

We need to build two transition functions

go1 2U01 — GL(2,C)
921 :Usn — GL(2,C)



so that e}y = gmj-e{ and e} = g21%e]. To do this, write

0 Ow;  Owy el
8Z2 | 622 322 8’11}2
. [ _ 1 _=z .
A = | F R e
L Zl
2
_ —wy —wi1Ws
@l = | Tor T @)
so that
r 2
—w —wi Wy
gor = 01 wy ]
_ 1 w1 Wiwa
go=gn~ ' = _F[ 0 —w?
1
[ —2dw; —(wedw; + widw,)
dgor = 0 dw,
and
e [ dw; Swa o
8y2 | Byz Byz 811]2
[ 1
1 0 )
@ = | s O ][ea]
| Y3 gg
w9 0
6l = | e, |
so that
_ w9 0
g1 = —wiw, _w%
_ -1 _ _i —w% 0
g12 = 921 = w3 | wws ws
d _ dUJQ 0
921 = —(wgdwl + wlde) —2wodwy |

The aim now is to choose a local connection matrix A € A(TCP?|y,) and

check that we get some local connection matricies B € A(TCP?|y,) and C €
A(TCP?|y,), via

B = (dgo1)g10 + go1Ag10
C = (dg21)912 + 921Bgi»



that agree on the respective overlaps. First, compute the coefficients of B in
terms of the coefficients of A:

(dgo1)g10
1 | —2dwy  —(wadwi + widws) Wy Wiws
= ——3
wy 0 dw; 0 —w%
_ 1| 2widwy  —2wiwydw: + wi(wadwy + widws)
wi 0 —widw;
_ 1 —2widw; —wiwsdw; + wdw,
wi 0 —w?dw;
2 wz _
d _ w1 dw1 w1 dw1 d’UJQ
( 901)910 = 1
0 w—ldUJ1
go1Agio
2
_ 1 —wy —wWi1W2 aip a2 w; wWiWw2
= —— <
et 0 w1 a21 Q22 0 —w?
2 2
_ 1 —011W7 — A21W1 W2  —a12W7] — A22W1W2 w1 wWiwz2
=1 .
w1 G21W1 G22W1 0 —w?
_ 3 _ 2 _ 3, 2,72 4 3
1 a1 1wy — a2 wWiws AW W — 21 WiW35 + A12W7 + Q22w W2
= —3 2 2, 3
1 21wy a21W7W3 a22W7q
+ a2 +an 2
ailr T a1, > a11w2 + a1 — a12W1 — a2w2
go1Agie = w1 w1

1 w
—@215; —@21,> + a2

Combining these, B = (dgo1)g10 + go1Agio and

2 w2
bin. = —dwi+a11+ —an
w1 w1
2
w2 w;
bio = —dw; —dws +w2(a11 —a) + —=a — wia12
w1 wq
1
by = ——an
w1
1 wo
bea = —dwi — —a21 + a2
w1 w1
where
_ | 11 a2 _ b1 bi2
A= ,B = .
a1 Qa22 ba1  bao
Similarly, with
€11 Ci12
C =
C21  C22



we obtain

(dg21)912
3 dws 0 —w2 0
T Wl |: —('LU2d'LU1 +’IU1d'IU2) —2wodws ] |: wiwW2 Wsa :|
g —w3dws 0
wd | w2 (wedwy + widws) — 2wiwidws  —2widws ]
! —w3dw, 0
Tl | widw, — wiwidws —2widw, ]
1
(dga1)g12 [ w—2d1:)02; 2 0 ]
—dw + Prdwy  o-dw;
9214912
. 1 Wy 0 aj; a2 —w% 0
- _w_g —wi1 Wy —’U}g :| |: 21 Qa92 :| |: wiwy Wo
_ 1 aji1wse ai12Wa —w% 0
Tl aj1wiws2 —a21w§ —a12W1W2 —azzw%' ] [ wiw2 w2 ]
-1 —a11w3 + arpwiw} ag w3

w 1
a1 — a2, t —Q1275-
wo w2

g21 Agu = 2

w
—G11W1 + A2 W2 — A12,E + anwr a2yt 4 ax

and as C = (dgo2)g20 + go2Aga0, the coefficients are

w1
ci1 = —dws+ a1 — —ais
w3 w3
1
Cl2 = ———a12
wa
w1 ’w2
1
o1 = —dwy+ —dws +wi(aze —a11) + —a12 — waas
w2 w2
2 w1
co2 = —dws+ —ai2 + asn.
w2 W2

4 A connection matrix
The following is an appropriate choice for a connection matrix:

A= _i 21I)1dw1 + U_JQdUJQ ’U_Jld’UJ2
- Ry wadwy w1 dwy + 2wadws

where
Ry =1+ wiw; +waws.

Wy auwlwg + azlwg - alzw%wﬁ - azgwlwg —alzwlwg - a22’wg

|



We need to check that this gives rise to a well defined connection matrix on Uyp.
Recall that

21
22

21 )
It will be useful to have
1 2929 1

Ry =1+wiw1 +waWy =1+ _—+— = —R..
2121 121 2121

We also have that

_ (9’11)1 6’11]1
dw; = 21 dz + 57 dzs

1
= —=d
22 “1
_ 871)2 8’11]2
d’ll)2 = (9—21dz1 + 6—z2dz2

2 1
= ——;dzl + —dzs.
21 z1

Now check each coefficient:

2 w
bin. = —dwi+an+ —2(121

wq w1
2 1 wy 1

= dwi — = (2Wydw; + Dadws) — 2~ wad
w0 w1 Rw( w1awy + w2 w2) w1 Ry Wadw1
2 2w Wa

= Zdwy — gy, - 22
v T R, T R, w1 Ry

2 2 2929 2921 zZ2 1
= ——d d ——dz — ——=d —d
) 21 + R 21+ R 21 R, ( 22 21 + 2 Zz)

_ —2Rz + 2 + 2929 + 2229 dz E_de
- 2R, TR
2Z1

Z:
= _R_ZdZI — R—zdeQ

2
’UJ2 w2

bio = w_dwl — dwy + wa(ai1 — az) + w—a21 — w1012
1 1

w2

w2 1 - - p 1 [
= —dw; —dwy + we— (—wrdw; + Wedwsy) — — —Wadwy + w1 — W1 dw
w1 1 2 sz( 10W1 2dws) w1 R 2dW1 lRw 10W2
— — 2_

w Wo W W W w35 W

= —zdwl—dwz— 2 1dw1+ 2 2clu;2— 272
un Rw Rw

dwi + (—1 +

w1 W
dwi +
wiRy ' Ry

W W2 wlwl)dw
2

dw2

wWo W1 w%u‘;
dw1 —
Ru} w1 Rw

R, | R,

w2
= —dwi —
w1



2o + —n-dn T - B (e S
T2 R 2R, R,
—Rz+1+22Z2

d
ZlRZ “2

—;—Zdzg

1 Wo
—dwy — —a21 + a99
w wy

1 U}21

b22

wh w1 w w

PATIN

Ry

2221
R,

WaW2

'wlR
1 2229

——dyy - 222 —dz —
Z1 ! ZlRZ 1R A1

—R, — 2072 + 2202 + 1

it dw1 - dw2

1
—dwy + Rw

wq

dw, —

dz;

2z
dzl - R—jd22

Now
i 221 le + EQdZQ

ngzl

Elsz

where
R, =14 2z12Z1 + 292>.

<_

2222
R,

. 1
) (—z—;dzl + —dz2>
21 Z1

1
—dwy + —R—wzdwl - R—(wldwl + 2w2d’LU2)

1
z—zdzl + —de)
21 21

Z1dz1 + 2Z2dzo :|

This shows that A and B agree on the overlap Upi, and that this B is defined
for all (z1,72) € C?, hence on all of Uy, as required. To see that the same is
true for C, let @;; and ¢;; denote the coefficients of A and C with the w; and

w9 switched. Then notice that

C: ¢
B=| 2
C12 (11
while
a a
A= | G2 G2 |
ai2 aii

10



Now since

1 Y1
w = — = —
21 Y2
z9 1
Wy = — = —
21 p]

a computation, similar to the one above (with the roles of w; and wy exchanged),

shows that

C = _ L | 251dys + Padyo g1dy2
R, Yadyr y1dy1 + 2g2dys

where
Ry, =1+ yiy1 + y2yo.
5 The curvature Fy

We need to compute
Fp=dA+ ANA.

Set R, = R so that

dR = w1dw; + w1dwy + wadWs + Wadw,

and
dA = d_R [ 2w dwy + Wadwo w1 dws _ l 2dw dwy + dwadws dwidws
o R? L U_)zd’wl ’11_)1d’11)1 + 2’1172(111)2 R du‘;del du_)ldwl + 2d’U_)2dU)2
I 2wy w1 dwy dwy + wiwadw dwe + w1 Wadw dws i
+ 20 wadWo dwy + werWadwsdwse + 2w Wadwadwy
1 w1 Wy dwidws + u’)fdwl dws + wow dwsdws
= 2
R wyWedwidwi + weWadwWadwy + ’lf)%dll)zdwl
w1 Wy dwidwy + 2w Wadw dws + 2w Wadwi dws
L +wow1 dwadwy + 2weWedwsdws + W1 Wadwedwy ]
+£ 2dwi dwy + dwadws —dw dws
R2 dw1 dws dwidwy + 2dwsdws
i — 2wy w1y dwy dw + wywadw; dws — Wy wadw, dws — 2w wadwi dws — wewWedws dws
1 wlﬂ)ldU_JldUJZ + u_)%dwldwz — 11_)1U)2d11)2d11_)2
— ﬁ . . . . .
—wq Wadw1 dwy — waWadwi dwy — W5 dwr dws
L — w1 dw1dw + 2wy Wedwr dws + W Werdwy dws — W wadw, dwe — 2wy wadws divs |
+i R(2dw1 dwi + d’UJQd’lIJQ) — Rdw dw-
R2 Rdw1dws R(dw1 dwy + QdUJQdHJQ)

11




1
T R
ANA =
Now
1
FA = ﬁ

(2 + 2w2u‘]2)dw1du‘)l + wywe dwr dws — W1 Wadw dws
— 2w wedwy dws + (]. + wlﬂ_)l)d’IUQd’u_)Q

(—1 — w2u_)2)du_)1dw2 + U_)2d1U1d’lU2 — Wi wadwadis

—wy wadwy dwy + (1 =+ wl’lf)l)dwld’lﬂg — ’lf)%d’wlde

(1 + waws)dwy dwy + 2wy wediwy dws + Wy Wadwy dws
—wywadw dwsy + (2 + 2’[1111171)(111]2(11172

211_11 dwl + wo d’UJ2 w1y d’UJ2 211_]1 dwl + wo d’ll]2 w1 d’U)2
wadwy w1 dwy + 2wadws wadwy wydwy + 2Wadws |
[ (2u‘)1dwl + ’lf)zdﬂ)z)z + (u")ldwg)(’u_)zdwl)
(211‘)1dw1 + ’lIJQdU)z)’U_)l dws + W dwo (U_)l dw; + 21T)2dw2)
wadwy (2’U_)1d’LU1 + ’U_JQd’lUQ) + (u‘;ldwl + 211)2d’LU2)U_)2dU)1
| (1I)2dw1)(u71dw2) + (u‘;ldwl + 21172(111]2)2 1
w1 Wadwadwy Zw%dwl dws + ’IIJ% dwsduwn

i u‘;%dwldwz + 2u_)§dw2dw1 w1 W dwi dws
[ —U_)lu_Jdel dUJQ u‘)%dwl d’UJQ

—u‘;%dwl dU)2 w1 u_)gdwlde

(2 + 2w2u_)2)dw1du_)1 + w1 Wadw dws — 2W1 W dwi dwo
— 2w wedwy dws + (1 + wlwl)dwgd’lﬁg

(—1 - ’UJQ?DQ)d’lIJl dws + 21172dw1 dws — Wy wadws dws
—wywadwydw, + (1 + w1u71)dw1du_)2 - 2'U_)§d/lU1dUJ2

(1 + ’11)211_)2)dwld’u_)1 + 2w Wadwi dws + 2w W dwi dwo
—wwaydwy dws + (2 + 211)11171)(11,02(1@2

6 Chern Numbers

Finally, we can compute

and

)]
2]
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First,

B .
Tr A = _ ((3 + 3’1U21D2)d11)1d1171 + 3wy wedw; dws — 3w wedwy dws + (3 + 311)11171)6[’11)261’1172)
2 2w R?
so that
(3 + 311]2’[1)2)(3 + 3w1w1)dw1dw1dw2dw2
T ’LFA _ 1 — 9w w1 wows dwy dws dw, dws
" 271’ B 472 R4 — 9w wy wews dwy dws dwq dws
+(3 + 311)111_)1)(3 + 3w2u‘12)dw2du‘)2dw1du‘)1
1
= —m (2(3 + 3’[1)111_)1)(3 + 311)2'11_)2) — 18w1w1w2@2)dw1dw1dw2du"}2
18
= —m (1 + wiwy + ’11)211_)2) dw1 dw, dwadws
9 _ _
= _—27T2R3 dwldwldwgdwg.
Second,
((2 + 2’11}2’11_)2)(111)1(111_)1 + w1 W dw; dws — 2w Wadwi dws
2
— 2w weydw dws + (1 + wl’u_)l)d’IUQd’u_)g)
—+—(( 1 — wats )dwy dws + 2w dwy dws — 1U11U2d11)2dw2)
] 5 ( wyWedwydiwy + (1 + w1y )dw divy — 2w2dw1dw2)
Tr @ = ——1
2 B 4m2 R4
+( wyWadw1dwy + (1 + w1y )dw, diwy — 2w2dw1dw2)
( —1 — wows )diwy dwy + 2W?dw; dws — wlwzdwzdwz)
+( 1 + ’U)2U)2 dwldwl + 2w W dwi dws + 2w Wodwi dwo
2
—wjwedwidws + (2 =+ 2w1w1)dw2dw2)
1
= _W (6(1 + 11}2'11_)2)(1 + wlu_il)dwldu_)ldwgdu_)g — 6w1u_)1w2u_;2dw1d1f)1dw2du_)2)
= _W (1 +wiwy + ’IUQ'U_]Q)d'U]ld'U_}ldU)QdU_)Q
3 _ _
= _—27T2R3 d’U}ld’U)ld’U)Qd’U)Q.
The following integration will be useful for both cases:
2 / dx1dzady dys _ 2 /°° r3dr oolS?
2 A+22+y2+22+92)3 w2 )y (1+1r2)3

Py AL
- / S
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Therefore

o (]

and

[

2

iF4]

2

)

Cu—1
= 2 / Y du where
1

—/Ul %dw1d@1dw2dw2
9 dw1 d1I)1 d’wz d’u_)z
T on? /Cz (1 4+ wywy + wyiws)?
9 —4dzidy1dzady:
_2_7r2/R4 (1+2f +yf +23 +43)°

dzidydzadys

2
(F/R (1+a23 +y? + 23 +143)3
9

3 _ _

- Ll deldwldU&dU&

3 / dw dw dwo dws

272 2 (1 + wiwy + ’UJ21D2)3

3 / —4dz1dy1dzady,
272 Jpa L+ 22 + 92 + 23 +y3)3
5 2 / dz1dy,dzodys )

72 Jpa (L+ 22 +y? + 23 +y32)3

3.

14
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u=14+r
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