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1. Background (Kahler-Einstein case)



Kahler metric and curvature

X : n-dimensional complex manifold
(2%, 22,...,2™) : local holomorphic coordinates

Definition (Kahler metric)

A Kahler metric w is a closed positive (1,1) form on X.

Z‘7‘j

Definition (Ricci form and scalar curvature)
The Ricci form of w is defined by

Ric(w) = —v/—100 log det(g,5)ij € c1(X) = e1(—Kx).
The scalar curvature of w is defined by

S(w) = tryRic(w) € C°(X,R).




cscK metrics

Definition
w is a constant scalar curvature Kahler (cscK) metric if its scalar
curvature is constant, i.e.,

S(w) = const.

ex.

@ constant curvature metric on Riemann surface

@ Kahler-Einstein metric

A eR st Ric(w) = Iw



Main problem

Let (X, Lx) be a pair of a compact Kahler manifold X and an ample line
bundle Lx. Let D be a smooth divisor.

Problem

Does there exists a cscK metric on X \ D with some singularities?
Namely, solve the forth order nonlinear PDE on X \ D :

S(w 4 vV/—100¢) = const, ¢ € CH*(X \ D).

On local holomorphic coordinates,

S(w ++v/—1009) = —ggai&jlog det(g,; + ¢,;) = const,
w4 /—100¢p = \/fl(gﬁ + qbi;)dzi Adz > 0.



Kahler-Einstein metrics with negative Ricci curvature

Theorem (Kobayashi '84, Tian-Yau '87)

If Kx + D is ample, there exists a unique Kahler-Einstein metric
w € c1(Kx + D) with Poincaré type singularities along D such that

Ricw = —w on X\ D.

Theorem
(Jeffres-Mazzeo-Rubinstein'11,Campana-Guenancia-Paun'13)

Take By > 0 so that Kx + (1 — 8)D is ample for all 5 € (0, 3y). There
exists a unique Kahler-Einstein metric wg € c1(Kx) + (1 — 8)ci(D) with
cone singularities along D for angle 273 such that

Ricwg = —wg on X \ D.

Proof.

Solve complex Monge-Ampere equations. []




Conical approximation of Kahler-Einstein metrics

Theorem (Guenancia '20)

Assume that Kx + D is ample. Then, there is a family of Kahler-Einstein
metrics with cone singularities of angle 23 converges to a Kahler-Einstein
metric of Poincaré type as B — 0 in the sense of pointed
Gromov-HausdorfF topology.

In this talk, we consider the analogue of Guenancia's result for cscK
metrics.



2. Conical approximation (Differential Geometry)



Main result and strategy

Theorem (A, '22)

Assume that HO(D,TD) = 0 and Auto((X, Lx); D) is trivial. If X \ D
has a cscK metric w§*K € ¢)(Lx) of Poincaré type, then X \ D admits a
cscK cone metric wg“K € c1(Lx) for sufficiently small angle 2m[3.
Moreover, w ESCK — wCSCK as 8 — 0 in the weighted Holder space
Cp®(X \ D) for some —1 < 1 < 0.
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Preliminaries

(X, Lx) : a polarized manifold

D € |Lx| : a smooth hypersurface

op € HY(X, Ly) : a defining section of D
HO(D,TD) =0 and Auto((X, Lx); D) is trivial.

hx : a Hermitian metric on Lx with positive curvature
t:=logllopll;,> € PSH(X \ D) (t — +oc near D.)
Ox :=+/—100t : a Kahler metric on X

9[) = ex‘D



Kahler metrics of Poincaré type

Definition (Poincaré type Kahler metrics)
We say that w = fx + +/—100s is a Kahler metric of Poincaré type in
the class [0x] iff it is quasi-isometric to the model cusp metric

V—=1dz! A dzt

|21[? log? | 21|

+Y V=1de? Adf
J

and s = O(loglog |2!|72) near D = {z! = 0}.

Definition (the average of scalar curvature)
B Jx\p S(@)w" _ —n(Ex + Lx)Lx !
fX\D w™ L

_ JpSO0)0 " —(n—1)(Kx + Lx)Ip(Lx|p)"~
Op = NS 1 (Lx|p)" !




Theorem (Auvray '13)

If X \ D have a cscK metric of Poincaré type, then the following inequality
holds :

S < 8p.

Theorem (Auvray '17)

If X \ D have a cscK metric of Poincaré type, then D admits a cscK
metric in [0x|p].

Definition
2
Sp—5S

is a Kahler metric of Poincaré type, where fp = 0x|p is a cscK metric.

vV—1001ogt

wo = O0x —




Asymptotic behavior of a cscK metric of Poincaré type

Assume that
Wi = wo + V1000 cser

is a cscK metric of Poincaré type (Background Poincaré metric).

Theorem (Auvray '17)
There exists 5 > 0 such that

PescK = O(t_(s) = O((log ”O-DH_Q)_(S)

ast — oo at any differential order.




Function spaces

Definition (Cheng-Yau, Kobayashi, Auvray)

We can define the Holder space C*(X \ D) (Cheng-Yau, Kobayashi) and
the weighted Holder space CS’O‘(X \ D) (Auvray) for n € R by

Che = Ch(X \ D) = {f € C*(X \ D) | [t~ fllorapy < 00}

fely (x\0) (1<o)




Kahler cone metric

Definition (Kahler metrics with cone singularities)

w is a Kahler cone metric of angle 273 iff it is quasi-isometric to the
model cone metric near D = {z! = 0}:

2 /[ 1
Frylds ndz Z\/_dz’Ad_J
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cscK cone metric

e c1(X,D,B) =c1(X)—(1—-pB)er(D)

e 0 €ci(X,D,p) : asmooth representation

o foe C®(X) st Ric(0x)=60+(1—-p0)0x + \/jagfo
@ wp : a solution of the following equation

Ric(wg) = 0+ 27(1 — B)[D] <= wy = €fOH0'DH25 2 0%

Definition (cscK cone metrics (Zheng))

F _
wCSCK € w@ ) chscKF - tI.Wc.scKe - ﬁﬁ

Here,
TLCl(X, Da /B) U CI(LX)nil

Qg 1= e (Lx)"

Lemma
wp is a cscK cone metric of angle 2m3 <= S(wg) = Sz on X \ D.




Kahler potential of cone metric

Definition (potential function of cone metric)

t
Ga(t) : 2 / 5.

_§D,B_§ﬂ 5 €AV —1
Here,
g o (n—1)01(X,D,,8)|DUcl(LX\D)"_Z
©Opg: e1(Lx|p)™ 1 : |
2
o Ga(t) — 5 _Slogtasﬂ—>0.

_ 2 B ? gV —1dz' A dz!
o *\/jlaaGﬁ(t) ~ §Dﬁ _56 <1 — |Z1|2B) € |21’2(17g) .

Here, we write t = log |2!|2¢~® near D = {z! = 0}.



Background Kahler cone metric

Definition (Background Kahler cone metric)
wg = Ox — v/ —185G5(7§) + —165@00361( J

Since pgsci decays near D,

wﬁﬁex—{—

B\ g’V 1z A iz
Sps—8s \1— [ 21208

Remark

Note that wg — wﬁsCK as 8 — 0. In general, wg is not a cscK cone metric.J




Fixed point formula and the Lichnerowicz operator

Consider the expansion : S(wg + v/—199¢) = S(ws) + Luy(¢) + Qus ().
Here, L, : Cﬁ’a — Cg’a is the linearization of the scalar curvature
operator. Then, we can write as

S(wg + \/jlaggf)) = S3
= ¢=—I,) (S(ws) — S5+ Quy(9)), ¢€Cy*(X\D).

Problem

The map ¢ — —Lg,} (S(wp) — S5 + Qu,()) have a fixed point in Cre? J

Ly, = =D}, Duyt < VOS(ws), VO1x >
The first term ngpwa is called the Lichnerowicz operator.
Dy, = 90 V'Y, so Ker(Dy, D.y) =~ {holomorphic vector field}.



Sektnan's work

Proposition (Sektnan '18)

Assume that H°(D,TD) = 0 and Auto((X, Lx); D) is trivial. There
exists k < 0 such that the Lichnerwicz operator

Dlgeerc Dogrer + Cy*(X \ D) = Cp (X \ D)

is isomorphic for any n € (k,0).

Remark

Sektnan showed more general result in the study of extremal Kahler
metrics of Poincaré type. (He doesn't assume that H%(D,TD) = 0 and
Auto((X, Lx); D) is trivial.)




Outline of the proof (3 cscK cone metric)

Lemma
Je > 0 sit. |S(ws) — Sgllcea = O ((~log £)™).

Lemma
There exists K > 0 such that

|Lusdllgoe > Kldllgan, 0<VB<1, Vo€ Che.

Proof.
For small 8 > 0, the map
¢ = —Li,; (S(wp) — Sz + Quy(9p))
is a contraction on a small ball of radius 73 = O ((—log ) ™€) centered at

0 € Cy*(X \ D). Thus, wp +v/—100¢g is a cscK cone metric and
converges to w*K as g5 — 0 (8 — 0). Ol

v




3. log K-stability (Algebraic Geometry)



log test configuration

Definition
A log test configuration (X, Ly, D) for (X, Lx); D) is
1. X: normal variety, L: relatively ample, 7 : (X, Ly) — C : flat
projective family with an equivariant C*-action,
2. m71(1) ~ (X, Lx),
3. D is the closure of C*-orbit of D € 7=1(1).

Xp := 7 1(0) : central fiber of X, Dy : central fiber of D

e (X,Lx,D)is product if ¥ ~ X xC,D~ D x C.
e (X,Lx,D) is trivial if it is product and C*-action is trivial.




log Donaldson-Futaki invariant

o dy, := dimHO(Xy, £¥|,)
o dj, := dimH(Dy, L¥|p,)
o wy, := the total weight of the C*-action on H°(Xp, £F|x,)
o 1y, := the total weight of the C*-action on H°(Dy, L¥|p,)

We have the following formulae for sufficiently large k:
dy, = apk™ + alk‘n_l + ..., wg = bokn+1 + b k™ + ...
dp = aok™ ' + @ k"2 4 ..., W = bok™ + k" + ..

Definition (log Donaldson-Futaki invariant)

2((11()0 — aobl) 4 (1 . B) aogo - &obo

DF(X,Lx,D,B) =
aop ap




log K-stability

Definition (log K-(semi)stability)
e ((X,Lx);D) is log K-semistable with angle 273,
if DE(X,Lx,D,3) > 0 for any log test configuration ((X, Lx); D).
o ((X,Lx); D) is log K-stable with angle 27/ if it is log
K-semistable and DF (X, Lx,D, ) = 0 iff ((X,Lx); D) is trivial.

Definition (uniform log K-stability)

e ((X,Lx); D) is uniformly log K-stable with angle 273,
if there is € > 0 s.t.

DF(XaEXypa/B) > EH(XVCX)H’WL

for any log test configuration ((X, Lx); D).

(X, Lx)||m : Dervan's minimum norm of (X, Lx)



log YTD conjecture

We assume that Auty((X, Lx); D) is trivial.

Conjecture (log Yau-Tian-Donaldson conjecture)

The existence of cscK cone metric of angle 273 is equivalent to (uniform)
log K-stability with angle 27f.

Theorem (A-Hashimoto-Zheng '21)

If (X, Lx); D) admits a cscK cone metric for angle 27[3, then it is
uniformly log K-stable with angle 2mf3.

Corollary (A. '22)

Assume that H*(TD) = 0 and Auto((X, Lx); D) is trivial. If X \ D has
a cscK metric of Poincaré type, then ((X, Lx); D) is uniformly log
K-stable with sufficiently small angle 27(5.




log K-semistability with angle 0 (D : cscK)

Conjecture (J.Sun-S.Sun '16)

Assume that Sp < 0. If (D, Lx|p) has a cscK metric, then the pair
((X,Lx); D) is log K-semistable with cone angle 0.

Theorem (S. Sun '13)

Assume that S, = 0. If (D, Lx|p) has a cscK metric, the pair
((X, Lx); D) is strictly log K-semistable with cone angle 0.
(Namely, it is log K-semistable and there exists a nontrivial log test
configuration with vanishing log Donaldson-Futaki invariant.)




log K-semistability with angle 0 (X \ D : cscK)

Conjecture (Székelyhidi '06)

X \ D admits a cscK metric of Poincaré type iff ((X, Lx); D) is log
K-stable with angle 0 and S < Sp.

Corollary (A. '22)

Assume that H*(T'D) = 0 and Auto((X, Lx); D) is trivial. If X \ D has
a cscK metric of Poincaré type, then ((X, Lx); D) is log K-semistable
with angle 0.

uvray

X \ D : Poincaré type cscK A D¢ oeseK st Sp<0

[Conj(sz) \ lconj(ss)

(X, Lx); D,0) : log K-stable == ((X, Lx); D,0) : log K-semistable



Thank you for your attention !
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