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@ We will work over the field of complex numbers C.
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@ We will work over the field of complex numbers C.

@ A Q-Fano variety is a normal projective variety with mild
(Kawamata log terminal) singularities and the
anti-canonical divisor (Q-Cartier and ample.

@ A log Fano pair is a pair with at worst klt singularities
and the anti-log canonical divisor ample.

@ The dimension of X is denoted by n.
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@ Calabi problem and existence of Kahler-Einstein metric.

@ (Chen-Donaldson-Sun, Tian) A Fano Manifold is
Kahler-Einstein if and only if it is K-polystable.
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@ Calabi problem and existence of Kahler-Einstein metric.

@ (Chen-Donaldson-Sun, Tian) A Fano Manifold is
Kahler-Einstein if and only if it is K-polystable.

@ Originally, K-stability is defined via degenerations (test
configurations), and in general, it is not easy to verify.
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@ Calabi problem and existence of Kahler-Einstein metric.

@ (Chen-Donaldson-Sun, Tian) A Fano Manifold is
Kahler-Einstein if and only if it is K-polystable.

@ Originally, K-stability is defined via degenerations (test
configurations), and in general, it is not easy to verify.

e Equivariant K-stability is defined via equivariant test
configurations.

@ For Q-Fano varieties with large symmetry, checking
equivariant K-stability is sometimes easier. (E.g. P", V55)
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Recent progress

Let X be a Q-Fano variety and G a reductive group action on
X. If X is G-equivariantly K-semistable (resp. G-equivariantly
K-polystable), then X is K-semistable (resp. K-polystable).
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o (Datar-Székelyhidi) Smooth case;
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Recent progress

Let X be a Q-Fano variety and G a reductive group action on
X. If X is G-equivariantly K-semistable (resp. G-equivariantly
K-polystable), then X is K-semistable (resp. K-polystable).

Solution to the equivariant K-stability conjecture:
o (Datar-Székelyhidi) Smooth case;
o (Li-Xu, Li-Wang-Xu) Torus action;
@ (Liu-Z) Finite group action;
@ (Zhuang) General case.
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Equivariant test configuration

A test configuration (X, L) of (X, —rKx) is a
G m-equivariant degeneration of X over Al:

XxA{l} —— X xC" —— X

| L

{1} « » C* < >y AL
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Equivariant test configuration

A test configuration (X, L) of (X, —rKx) is a
G m-equivariant degeneration of X over Al:

XxA{l} —— X xC" —— X

| L

{1} « » C* < >y AL

G-action on X induces a G-action on X x C*:
glx.t)=(A\eogoA'(x),t), g €G.

where \; is the G,-action on the test configuration.
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Equivariant test configuration

A test configuration (X, L) of (X, —rKx) is a
G m-equivariant degeneration of X over Al:

XxA{l} —— X xC" —— X

| L

{1} < » C* < >y AL

G-action on X induces a G-action on X x C*:

g(x,t) = (\cogoA'(x).t), g €G.

where \; is the G,-action on the test configuration.

The test configuration is called G-equivariant if the above
G-action extends to an action on (X, £) commuting with the
G,-action.
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ltersection formula of generalized Futaki invariant

There is a natural G x Gp,-equivariant compactification
(X, L) of (X, L) over P.
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ltersection formula of generalized Futaki invariant

There is a natural G x G,-equivariant compactification

(X, L) of (X, L) over PL.

The generalized Futaki invariant of a normal (X, £) can be
computed by

n ZnJrl n+1—

1
FUt(X,ﬁ) — (n+1)(_KX)n <r”+1 r £ KX/]P’l)
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Norm of a test configuration

Let

be any resolution of the graph of X x P! --» X
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Norm of a test configuration

Let

be any resolution of the graph of X x P! --» X
The Non-Archimedian norm of (X', £) can be computed by

_: p*(—Kxxpim)" - q°L Lo+t

L) R T DR
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Norm of a test configuration

Let

be any resolution of the graph of X x P! --» X
The Non-Archimedian norm of (X', £) can be computed by

_: p*(—Kxxpim)" - q°L Lo+t

L) R T DR

JNA(X, L) is one of the several equivalent norms of test
configurations that can be used to define uniform K-stability.
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Equivariant K-stability

X is called

e (G-equivariantly) K-semistable if Fut(X', £) > 0 for
any (G-equivariant) test configuration (X, £);
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Equivariant K-stability

X is called
e (G-equivariantly) K-semistable if Fut(X', £) > 0 for
any (G-equivariant) test configuration (X, £);
o (G-equivariantly) K-polystable if Fut(X, £) > 0 for
any (G-equivariant) test configuration (X, £), and
Fut(X,£) = 0 if and only if X ~ X x Al;
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Equivariant K-stability

X is called

e (G-equivariantly) K-semistable if Fut(X', £) > 0 for
any (G-equivariant) test configuration (X, £);

o (G-equivariantly) K-polystable if Fut(X, £) > 0 for
any (G-equivariant) test configuration (X, £), and
Fut(X,£) = 0 if and only if X ~ X x Al;

e uniformly (G-equivariantly) K-stable if there exists
§ € (0,1), such that Fut(X, £) > §JNA(X, L) for any
(G-equivariant) test configuration (X, £).
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Equivariant K-stability

X is called

e (G-equivariantly) K-semistable if Fut(X', £) > 0 for
any (G-equivariant) test configuration (X, £);

o (G-equivariantly) K-polystable if Fut(X, £) > 0 for
any (G-equivariant) test configuration (X, £), and
Fut(X,£) = 0 if and only if X ~ X x Al;

e uniformly (G-equivariantly) K-stable if there exists
§ € (0,1), such that Fut(X, £) > §JNA(X, L) for any
(G-equivariant) test configuration (X, £).

Note: If we take G = {e}, then we recover the usual
K-stability notions.
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Examples (projective space)

@ The projective space P" is K-polystable, but not uniformly
K-stable.
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Examples (projective space)

@ The projective space P" is K-polystable, but not uniformly
K-stable.

e Consider G = Aut(P") = PGL(n +1).

Ziwen Zhu Equivariant K-stability and valuative criteria



Examples (projective space)

@ The projective space P is K-polystable, but not uniformly
K-stable.

e Consider G = Aut(P") = PGL(n +1).
IP™ is uniformly G-equivariantly K-stable, since there is no
nontrivial G-equivariant test configuration for P".
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Examples (projective space)

@ The projective space P is K-polystable, but not uniformly
K-stable.

e Consider G = Aut(P") = PGL(n +1).
IP™ is uniformly G-equivariantly K-stable, since there is no
nontrivial G-equivariant test configuration for P".

@ Therefore the equivariant K-stability conjecture is not
true for uniform K-stability.
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Examples (Fano threefolds of degree 22)

Example (Cheltsov-Shramov)

V5, denotes a class of Fano threefolds of degree 22 admitting
G-action with G = C* x Z/2. All but two of them have
G-equivariant alpha invariants to be 4/5.
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Examples (Fano threefolds of degree 22)

Example (Cheltsov-Shramov)

V5, denotes a class of Fano threefolds of degree 22 admitting
G-action with G = C* x Z/2. All but two of them have
G-equivariant alpha invariants to be 4/5.

According to the equivariant Tian's criterion, those X € V5,
with ag(X) = 4/5 are uniformly G-equivariantly K-stable and
hence K-polystable (Kahler-Einstein) due to the equivariant
K-stability conjecture.
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Examples (finite cover)

Let X = V(x¥ — f(x1,...,x,)) C P" be a degree k
hypersurface.
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Examples (finite cover)

Let X = V(x¥ — f(x1,...,x,)) C P" be a degree k
hypersurface.

X admits a degree k cyclic cover to P"~! branched over
B = V(f(x,...,x,)) C P L

Ziwen Zhu Equivariant K-stability and valuative criteria



Examples (finite cover)

Let X = V(x¥ — f(x1,...,x,)) C P" be a degree k
hypersurface.
X admits a degree k cyclic cover to P"~! branched over
B = V(f(x,...,x,)) C P L

@ k= n: X is K-stable if B is smooth. (R. Dervan)
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Examples (finite cover)

Let X = V(x¥ — f(x1,...,x,)) C P" be a degree k
hypersurface.
X admits a degree k cyclic cover to P"~! branched over
B = V(f(x,...,x,)) C P L
@ k= n: X is K-stable if B is smooth. (R. Dervan)
@ k < n: B is Fano, K-(semi/poly)stability of X <
K-(semi/poly)stability of B. (Liu-Z)
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Valuative criterion

Let E be a prime divisor over X with a proper birational
morphism

EcYy S X.

Ziwen Zhu Equivariant K-stability and valuative criteria



Valuative criterion

Let E be a prime divisor over X with a proper birational
morphism

EcYy S X.
Denote by Ax(E) the log discrepancy of E, and

1
(—Kx)"

T(E)
Sx(E) = /O voly (*(—Kx) — xE) dx.

Ziwen Zhu Equivariant K-stability and valuative criteria



Valuative criterion

Let E be a prime divisor over X with a proper birational
morphism

EcYy S X.
Denote by Ax(E) the log discrepancy of E, and

1
~(—Kx)"

(E)
/ voly (m*(—Kx) — xE) dx,
0

7(E) = sup{t|voly (7" (—Kx) — tE) > 0}

is the pseudo-effective threshold of E.
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Valuative criterion (Cont'd)

The following two invariants are involved in the valuative
criterion:

B(E) = Ax(E) — Sx(E), J(E) = 7(E) — Sx(E).
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Valuative criterion (Cont'd)

The following two invariants are involved in the valuative
criterion:

B(E) = Ax(E) — Sx(E), J(E) = 7(E) — Sx(E).

Theorem (Fujita, Li)
A Fano variety X is
© K-semistable if and only if 3(E) > 0 for every prime
divisor E over X;

@ uniformly K-stable if and only if there exists § € (0,1),
such that B(E) > 0j(E) for every prime divisor E over X.
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Pseudovaluations

Let G < Aut(X) be a group action on X. For any valuation v
on X, we define
G-v:=inf g-
=i
where g - v is the valuation given by g - v(f) = v(f o g) for
any f € C(X).
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Pseudovaluations

Let G < Aut(X) be a group action on X. For any valuation v
on X, we define
G-v:=infg-
=inbev
where g - v is the valuation given by g - v(f) = v(f o g) for
any f € C(X).
For any nonnegative real number x, the ideal sheaf

0 (G-v) = [ axlg - v)

geG

collects regular functions of vanishing order at least x with
respect to all g - v's.
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Equivariant valuative criterion

Let E be a divisor over X. Define

1

Sx(E) = (—Kx)"

T¢(E)
/ VO|X (Ox(—Kx)®CLX(G'OFdE)) dX,
0

where

7¢(E) := sup{t > 0| volx (Ox(—Kx) @ a;(G - ordg)) > 0}.
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Equivariant valuative criterion

Let E be a divisor over X. Define

1

Sx(E) = (—Kx)"

T¢(E)
/ VO|X (Ox(—Kx)®CLX(G'OI’CIE)) dX,
0

where
7¢(E) := sup{t > 0| volx (Ox(—Kx) ® a,(G - ordg)) > 0}.

The equivariant invariants we need for the equivariant
valuative criterion are

BE(E) = Ax(E) — SZ(E), j°(E) = m°(E) — SK(E).
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Equivariant valuative criterion

Let E be a divisor over X. Define

1

Sx(E) = (—Kx)"

T¢(E)
/ VO|X (Ox(—Kx)®CLX(G'OI’CIE)) dX,
0

where
7¢(E) := sup{t > 0| volx (Ox(—Kx) ® a,(G - ordg)) > 0}.

The equivariant invariants we need for the equivariant
valuative criterion are

BE(E) = Ax(E) — SZ(E), j°(E) = m°(E) — SK(E).

Note that the above invariants coincide with the usual ones if
E is G-invariant.
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Equivariant valuative criterion (Cont'd)

A prime divisor E over X is of finite orbit if the orbit of the
valuation ordg under G-action is finite.
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Equivariant valuative criterion (Cont'd)

A prime divisor E over X is of finite orbit if the orbit of the
valuation ordg under G-action is finite.

Theorem (Z)
A Fano variety X is

@ G-equivariantly K-semistable if and only if 3¢(E) > 0 for
every finite-orbit prime divisor E over X;

@ uniformly G-equivariantly K-stable if and only if there
exists § € (0,1), such that 3¢(E) > §j°(E) for every
finite-orbit prime divisor E over X.

Ziwen Zhu Equivariant K-stability and valuative criteria



Quotient under finite group action

For the rest of the talk, we assume G is finite.
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Quotient under finite group action

For the rest of the talk, we assume G is finite.
Let 0 : X — Y := X/G be the quotient map.
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Quotient under finite group action

For the rest of the talk, we assume G is finite.
Let 0 : X — Y := X/G be the quotient map. We have the
following relation of canonical divisors

Kx =0"Ky + > (er — 1)R,

where R runs through all ramification divisors and eg is the
ramification index of R.
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Quotient under finite group action

For the rest of the talk, we assume G is finite.
Let 0 : X — Y := X/G be the quotient map. We have the
following relation of canonical divisors

Kx =0"Ky + > (er — 1)R,

where R runs through all ramification divisors and eg is the
ramification index of R. For each branch divisor B; on Y,
denote by e; the ramification index of R with o(R) = B:.

Then we have
KX = O'*(Ky + B),

where B — Z <1 - el) B;.
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K-stability of quotient

Following the notation in the previous slide, (Y, B) is a log
Fano pair if X is Fano. All previous results work for log Fano
pairs by replacing canonical divisors with log canonical divisors.

Ziwen Zhu Equivariant K-stability and valuative criteria




K-stability of quotient

Following the notation in the previous slide, (Y, B) is a log
Fano pair if X is Fano. All previous results work for log Fano
pairs by replacing canonical divisors with log canonical divisors.

Proposition (Liu-Z)

Under the above notation, X is G-equivariantly K-semistable
(resp. uniformly G-equivariantly K-stable) if and only if (Y, B)
is K-semistable (resp. uniformly K-stable).
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K-stability of quotient

Following the notation in the previous slide, (Y, B) is a log
Fano pair if X is Fano. All previous results work for log Fano
pairs by replacing canonical divisors with log canonical divisors.

Proposition (Liu-Z)

Under the above notation, X is G-equivariantly K-semistable
(resp. uniformly G-equivariantly K-stable) if and only if (Y, B)
is K-semistable (resp. uniformly K-stable).

Idea of the proof:
@ "Only if" part: comparing beta invariants of
corresponding prime divisors;
@ "If" part: comparing generalized Futaki invariants of
corresponding test configurations.
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Main Result

Theorem (Liu-2)

Let X be a Q-Fano variety and G a finite group action on X.
If X is G-equivariantly K-semistable (resp. G-equivariantly
K-polystable), then X is K-semistable (resp. K-polystable).
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Main Result

Theorem (Liu-2)

Let X be a Q-Fano variety and G a finite group action on X.
If X is G-equivariantly K-semistable (resp. G-equivariantly
K-polystable), then X is K-semistable (resp. K-polystable).

Idea of the proof (K-semistable case):
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Main Result

Theorem (Liu-2)

Let X be a Q-Fano variety and G a finite group action on X.
If X is G-equivariantly K-semistable (resp. G-equivariantly
K-polystable), then X is K-semistable (resp. K-polystable).

Idea of the proof (K-semistable case):
X is G-equivariantly K-semistable = (Y, B) is K-semistable
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Main Result

Theorem (Liu-2)

Let X be a Q-Fano variety and G a finite group action on X.
If X is G-equivariantly K-semistable (resp. G-equivariantly
K-polystable), then X is K-semistable (resp. K-polystable).

Idea of the proof (K-semistable case):

X is G-equivariantly K-semistable = (Y, B) is K-semistable

Bumtli, (Y, B+ €eD') is uniformly K-stable, for some

D' e|—(Ky+ B)lg
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D' e|—(Ky+ B)lg

Uniform YTD (Li-Tian-Wang)

(Y, B+ €D’) is Kahler-Einstein
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Main Result

Theorem (Liu-2)

Let X be a Q-Fano variety and G a finite group action on X.
If X is G-equivariantly K-semistable (resp. G-equivariantly
K-polystable), then X is K-semistable (resp. K-polystable).

Idea of the proof (K-semistable case):

X is G-equivariantly K-semistable = (Y, B) is K-semistable

Bumtli, (Y, B+ €eD') is uniformly K-stable, for some
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Uniform YTD (Li-Tian-Wang)

(Y, B+ €D’) is Kahler-Einstein
= (X, eD) is Kahler-Einstein, where D = 0*D’ € | — Kx|g
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Main Result

Theorem (Liu-2)

Let X be a Q-Fano variety and G a finite group action on X.
If X is G-equivariantly K-semistable (resp. G-equivariantly
K-polystable), then X is K-semistable (resp. K-polystable).

Idea of the proof (K-semistable case):

X is G-equivariantly K-semistable = (Y, B) is K-semistable

Bumtli, (Y, B+ €eD') is uniformly K-stable, for some

D' e|—(Ky+ B)lg

Uniform YTD (Li-Tian-Wang)

(Y, B+ €D’) is Kahler-Einstein
= (X, eD) is Kahler-Einstein, where D = 0*D’ € | — Kx|g
Berman, (X, eD) is K-semistable Bumb, X is K-semistable.
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Main Result

Theorem (Liu-2)

Let X be a Q-Fano variety and G a finite group action on X.
If X is G-equivariantly K-semistable (resp. G-equivariantly
K-polystable), then X is K-semistable (resp. K-polystable).

Idea of the proof (K-semistable case):

X is G-equivariantly K-semistable = (Y, B) is K-semistable

Bumtli, (Y, B+ €eD') is uniformly K-stable, for some

D' e|—(Ky+ B)lg

Uniform YTD (Li-Tian-Wang)

(Y, B+ €D’) is Kahler-Einstein
= (X, eD) is Kahler-Einstein, where D = 0*D’ € | — Kx|g
Berman, (X, eD) is K-semistable Bumb, X is K-semistable.

Note: The proof of the uniform YTD conjecture in L-T-W is
analytic.
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|dea of Proof (K-polystable case)

Assume X is strictly K-semistable, then there is a special test
configuration X' degenerating X to some Xy which is
K-polystable.
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|dea of Proof (K-polystable case)

Assume X is strictly K-semistable, then there is a special test
configuration X' degenerating X to some Xy which is
K-polystable.

Consider an étale neighborhood of [Xp] in the corresponding
K-moduli stack of the form [Spec A/H] where H = Aut(Xo)
and G < Aut(X) < H.

A test configuration X’ degenerating X to Xj corresponds to a
morphism ¢ : [A'/G,,] — [Spec A/H] with ¢(1) = [X] and
$(0) = [Xo].
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|dea of Proof (K-polystable case)

Assume X is strictly K-semistable, then there is a special test
configuration X' degenerating X to some Xy which is
K-polystable.
Consider an étale neighborhood of [Xp] in the corresponding
K-moduli stack of the form [Spec A/H] where H = Aut(Xo)
and G < Aut(X) < H.
A test configuration X’ degenerating X to Xj corresponds to a
morphism ¢ : [A'/G,,] — [Spec A/H] with ¢(1) = [X] and
$(0) = [Xo].
Equivalently, we have a 1-parameter subgroup: A : G,, - H
with

lim A(2) - [X] = [Xo]
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|dea of Proof (K-polystable case)

Our goal is to find a G-equivariant ¢’ such that we get a
G-equivariant test configuration X’ with Fut(X’) = 0.
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|dea of Proof (K-polystable case)

Our goal is to find a G-equivariant ¢’ such that we get a
G-equivariant test configuration X’ with Fut(X’) = 0.

A result of Luna about closedness of orbits = we have a
1-parameter subgroup: X : G, — Zy(G) with

lim X(£) - [X] = X,

where Z,(G) is the centralizer of G inside H.
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|dea of Proof (K-polystable case)

Our goal is to find a G-equivariant ¢’ such that we get a
G-equivariant test configuration X’ with Fut(X’) = 0.

A result of Luna about closedness of orbits = we have a
1-parameter subgroup: X : G, — Zy(G) with

lim X(£) - [X] = X,

where Z,(G) is the centralizer of G inside H.
This gives us the desired G-equivariant test configuration X”.
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|dea of Proof (K-polystable case)

Our goal is to find a G-equivariant ¢’ such that we get a
G-equivariant test configuration X’ with Fut(X’) = 0.

A result of Luna about closedness of orbits = we have a
1-parameter subgroup: X : G, — Zy(G) with

lim X' (t) - [X] = [X],
t—0
where Z,(G) is the centralizer of G inside H.

This gives us the desired G-equivariant test configuration X”.
= Contradiction, and hence X is K-polystable.
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Thank you!
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