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We show that the properties of admitting a co-oriented taut 
foliation and having a left-orderable fundamental group are 
equivalent for rational homology 3-sphere graph manifolds 
and relate them to the property of not being a Heegaard–
Floer L-space. This is accomplished in several steps. First 
we show how to detect families of slopes on the boundary 
of a Seifert fibred manifold in four different fashions—
using representations, using left-orders, using foliations, and 
using Heegaard–Floer homology. Then we show that each 
method of detection determines the same family of detected 
slopes. Next we provide necessary and sufficient conditions 
for the existence of a co-oriented taut foliation on a graph 
manifold rational homology 3-sphere, respectively a left-order 
on its fundamental group, which depend solely on families of 
detected slopes on the boundaries of its pieces. The fact that 
Heegaard–Floer methods can be used to detect families of 
slopes on the boundary of a Seifert fibred manifold combines 
with certain conjectures in the literature to suggest an L-
space gluing theorem for rational homology 3-sphere graph 
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manifolds as well as other interesting problems in Heegaard–
Floer theory.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Much work has been devoted in recent years to examining relationships between the 
existence of a co-oriented taut foliation in a closed, connected, prime 3-manifold W , the 
left-orderability of its fundamental group, and the property that it not be a Heegaard–
Floer L-space. Indeed, it has been conjectured that the three conditions coincide. (See 
Conjecture 1 of [5] and Conjecture 5 of [31].) When W has a positive first Betti number, 
each condition holds ([24, Theorem 5.5, p. 477] and [6, Theorem 1.1]). Further, it follows 
from [6, Theorems 1.3 and 1.7] that when W is a non-hyperbolic geometric manifold, 
W has a left-orderable fundamental group if and only if it admits a co-oriented taut foli-
ation. On the other hand, [5, Theorem 1 and Corollary 1] imply that for such manifolds, 
the latter is equivalent to the condition that W not be an L-space. Thus understanding 
the relationship between the three conditions reduces to the case when W is a rational 
homology 3-sphere which is either hyperbolic or has a non-trivial JSJ decomposition. 
In this paper we show that the first two conditions are equivalent when W is a graph 
manifold (cf. Theorem 1.2) and make some steps toward relating them to the third. With 
regards to the latter, we have

Theorem 1.1. If a graph manifold rational homology 3-sphere has a left-orderable funda-
mental group, then it is not an L-space. �

The proof of Theorem 1.1 follows from Theorem 1.2 below via an argument of Oszváth
and Szabó [37, Theorem 1.4], which ultimately depends on a result concerning the ap-
proximation of taut foliations by contact structures. Eliashberg and Thurston proved 
the latter in the C2 case [23, Theorem 2.9.1] and following a suggestion of Jonathan 
Bowden, we construct certain smooth foliations on the pieces of the graph manifold W
in [4] whose existence can be combined with the Eliashberg–Thurston result to produce 
the appropriate contact structures, even though the foliations do not necessarily glue to-
gether to form a smooth foliation on W . Alternately, Bowden [3] and Kazez and Roberts 
[32] have extended the Eliashberg–Thurston theorem to the C0 case, which can then be 
used to complete the proof of Theorem 1.1.

The methods we develop here allow us to formulate an L-space gluing conjecture 
whose truth implies the inverse implication of Theorem 1.1. See Conjecture 1.10 and 
Problem 1.11 below.

The equivalence between the existence of a co-oriented taut foliation on a graph 
manifold and the left-orderability of its fundamental group takes on various forms, de-
pending on the types of foliations considered (cf. Theorems 1.2, 1.3 and 1.5). And, since 
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the fundamental group of a connected, prime, orientable 3-manifold W is left-orderable 
if and only if it admits a homomorphism to Homeo+(R) with non-trivial image ([33], 
[6, Theorem 1.1(1)]), we translate the order-theoretic statements Theorems 1.2(2), 1.3(2) 
and 1.5(2) into their representation-theoretic counterparts (Theorems 1.2(3), 1.3(3) and 
1.5(3)), which are of independent interest.

Theorem 1.2. Let W be a graph manifold rational homology 3-sphere. The following 
statements are equivalent.

(1) W admits a co-oriented taut foliation.
(2) π1(W ) is left-orderable.
(3) There is a homomorphism ρ : π1(W ) → Homeo+(R) with non-trivial image.

Theorem 1.2 is known to hold when W is Seifert fibred [6,5] (and that (1), (2), and 
(3) are equivalent to W not being an L-space [34]). In this case the foliations can be 
chosen to be horizontal. In other words, they are transverse to the Seifert fibres of W . 
More generally, a co-dimension 1 foliation in a graph manifold W is called horizontal
if it is transverse to the Seifert fibres in each piece of W . We can refine Theorem 1.2
by restricting our attention to this important family of foliations. Let sh(±1) : R → R

denote the homeomorphism sh(±1)(x) = x ± 1. A homeomorphism of the reals is fixed 
point free if and only if it is conjugate to sh(±1).

Theorem 1.3. Let W be a graph manifold rational homology 3-sphere. The following 
statements are equivalent.

(1) W admits a co-oriented horizontal foliation.
(2) π1(W ) admits a left-order in which the class of any Seifert fibre in any piece of 

W is cofinal.
(3) There is a homomorphism ρ : π1(W ) → Homeo+(R) such that the image of the 

class of any Seifert fibre in any piece of W is conjugate in Homeo+(R) to sh(±1).

Here is a consequence of the proofs of these results. Call a co-oriented taut foliation 
rational if up to isotopy it intersects each JSJ torus of W in a fibration with a compact 
leaf.

Proposition 1.4. If W admits a co-oriented taut foliation, respectively a horizontal co-
oriented foliation, it admits a co-oriented taut rational foliation, respectively a horizontal 
co-oriented rational foliation.

A fundamental open problem in 3-manifold topology is to determine whether a 
3-manifold which admits a co-oriented taut foliation admits a smooth co-oriented taut 
foliation. The problem is open even in the case of graph manifolds which are rational 
homology 3-spheres. (See the discussion after Question 1.13 below.) Though the con-
structions which lead to the proofs of Theorem 1.2 and Theorem 1.3 do not yield smooth 
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foliations in general, we can strengthen Proposition 1.4 and guarantee smoothness under 
suitable hypotheses.

Call a co-oriented taut foliation strongly rational if up to isotopy it intersects each JSJ 
torus of W in a fibration by simple closed curves. Since no co-oriented taut foliation on a 
graph manifold rational homology 3-sphere W can intersect a JSJ-torus T in a fibration 
by simple closed curves representing the fibre slope in a piece of W incident to T , at least 
up to assuming that the Seifert structures on pieces homeomorphic to twisted I-bundles 
over the Klein bottle have orientable base orbifolds (Lemma 6.8), a strongly rational 
co-oriented taut foliation is necessarily horizontal. Boileau and Boyer have shown that 
a graph manifold integer homology 3-sphere admits a strongly rational co-oriented taut 
foliation if and only if it is neither S3 nor the Poincaré homology 3-sphere Σ(2, 3, 5) [2]. 
We will see below that if W admits a strongly rational co-oriented taut foliation, it 
admits a smooth strongly rational co-oriented taut foliation, so it is of interest to prove 
a version of the theorems above for this category of foliations.

Theorem 1.5. Let W be a graph manifold rational homology 3-sphere. The following 
statements are equivalent.

(1) W admits a strongly rational co-oriented taut foliation.
(2) π1(W ) admits a left-order o in which the class of any Seifert fibre in any piece of W

is cofinal and there is an o-convex normal subgroup C of π1(W ) such that C∩π1(T ) ∼= Z
for each JSJ-torus T in W .

(3) There is a homomorphism ρ : π1(W ) → Homeo+(R) such that the image of the 
class of any Seifert fibre in any piece of W is conjugate in Homeo+(R) to sh(±1) and 
ker(ρ|π1(T )) ∼= Z for each JSJ-torus T in W .

The hypotheses of (i) admitting a co-oriented taut foliation, (ii) admitting a hori-
zontal co-oriented taut foliation, and (iii) admitting a strongly rational co-oriented taut 
foliation are successively more constraining. (See §12.) In particular, not every graph 
manifold rational homology 3-sphere which admits a co-oriented taut foliation also ad-
mits a strongly rational co-oriented taut foliation. On the other hand, the results above 
combine with those of the Appendix to imply that this is true generically, at least in 
terms of the gluing of its pieces.

Our strategy for establishing these theorems is based on the two main technical results 
of the paper: Theorem 8.1, a slope detection theorem, and Theorem 9.5, a gluing theorem. 
More precisely, we introduce four different methods of detecting a family of slopes on 
the boundary of a Seifert fibred manifold M : using representations (§3), using left-orders 
(§4), using foliations (§6), and using Heegaard–Floer homology (§7).3 Each form of 
detection has a more restrictive form which is easy to understand for rational slopes. 
Thus a family of rational slopes on the boundary of a Seifert fibred manifold M is 
strongly representation detected if it is horizontal and there is a homomorphism from 

3 It is also possible to detect slopes via contact structures, but we do not pursue this here.
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the fundamental group of the associated Dehn filled manifold W to H̃omeo+(S1) which 
sends the fibre class to sh(1). It is strongly order detected if W has a left-orderable 
fundamental group. It is strongly foliation detected if there is a co-oriented taut foliation 
on M which restricts to a linear foliation of the given slope on each boundary component 
of M . Finally, it is strongly NLS detected if W is not an L-space. Thus the various 
forms of strong detection of rational families of slopes are essentially characterised by 
whether the associated Dehn filled manifold admits a co-oriented taut foliation or is not 
an L-space, and whether its fundamental group admits a left-order or an appropriate 
representation with values in H̃omeo+(S1). On the other hand, strong detection is not 
well-adapted to understanding whether manifolds obtained by gluing Seifert manifolds 
along their boundaries admit co-oriented taut foliations or are L-spaces, or whether 
their fundamental groups admit a left-order or a non-trivial representation with values 
in H̃omeo+(S1). To make progress on these problems we are led to loosening the concept 
of strong detection. An instructive example is provided by +4-surgery on the figure-eight 
knot, which we denote by W .

It is known that W is the union of the trefoil exterior M and a twisted I-bundle over 
the Klein bottle N2 where the gluing map identifies the meridional slope [μ] of M with 
the rational longitude of N2. Delman [21] and Roberts [41] have shown that W admits 
a co-oriented taut foliation, and it is possible to choose one which intersects ∂M = ∂N2
transversely in a foliation with some circular leaves of slope [μ]. This is what it means 
for [μ] to be foliation detected in M . On the other hand, since S3 admits no co-oriented 
taut foliation, there is no co-oriented taut foliation on M which is linear of slope [μ]. In 
other words, [μ] is not strongly foliation detected in M . A similar situation arises when 
investigating in what way [μ] is or is not NLS detected. First, [μ] is not strongly NLS 
detected in M because S3 is an L-space. On the other hand, W is not an L-space [38, 
Proposition 4.1], which is a key point in showing that [μ] is NLS detected. Indeed, we 
introduce a family of Heegaard–Floer solid tori Nt (t ≥ 2) in §2.2.3 and say that a rational 
slope [α] on ∂M is NLS detected if for each t, a manifold obtained by gluing M and Nt

in such a way that [α] is identified with the rational longitude of Nt is not an L-space.
Theorem 8.1 states that any two notions of (strong) detection coincide when both are 

defined. Theorem 9.5 provides necessary and sufficient conditions for the existence of 
co-oriented taut foliations on a graph manifold rational homology 3-sphere, respectively 
a left-order on its fundamental group, from families of appropriately detected slopes on 
the boundaries of its pieces. The gluing conditions depend only on slope detectability, 
which leads to the equivalences of Theorems 1.2, 1.3, and 1.5. Here are special cases of 
the slope detection and gluing theorems.

Theorem 1.6. Let M be a Seifert manifold with base orbifold P (a1, . . . , an) or
Q(a1, . . . , an) where P is a punctured 2-sphere and Q is a punctured projective plane. Let 
∅ �= ∂M = T1 ∪ . . .∪ Tr be the decomposition of ∂M into its toral boundary components. 
Let [αj ] be a slope on Tj and set [α∗] = ([α1], [α2], . . . , [αr]). The following statements 
are equivalent.
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(1) [α∗] is detected by some co-oriented taut foliation on M .
(2) [α∗] is detected by some left-order on π1(M).
(3) If no [αj ] is vertical, [α∗] is detected by some homomorphism ρ : π1(M) →

H̃omeo+(S1).
(4) If [α∗] is rational, then for all integers t ≥ 2, no manifold obtained by attaching 

r copies of Nt to M such that the rational longitude of Nt is identified with [αj ] is an 
L-space.

Brittenham, Naimi and Roberts showed that taut foliations in graph manifolds are 
built from their counterparts in their JSJ pieces [10] and used this to construct, for 
instance, graph manifolds with no co-oriented taut foliations. Part (1) of the next theorem 
refines this work.

Theorem 1.7. Let W be a graph manifold rational homology 3-sphere with JSJ pieces 
M1, . . . , Mn. For each piece Mi and m-tuple of slopes [α∗] = ([α1], [α2], . . . , [αm]), one 
for each of the JSJ tori, let [α(i)

∗ ] be the sub-tuple of [α∗] corresponding to the boundary 
components of Mi. Then,

(1) W admits a co-oriented taut foliation if and only if there is an m-tuple of slopes [α∗]
such that for each i, [α(i)

∗ ] is detected by some co-oriented taut foliation on Mi.
(2) π1(W ) is left-orderable if and only if there is an m-tuple of slopes [α∗] such that for 

each i, [α(i)
∗ ] is detected by some left-order on π1(Mi).

The fundamental group of an irreducible rational homology 3-sphere graph manifold 
which admits a co-oriented taut foliation acts by orientation-preserving homeomorphisms 
on S1 via Thurston’s universal circle construction [13], and hence is circularly-orderable. 
One can promote the circular-ordering to a left-ordering whenever the action lifts to an 
action on R, but the existence of such a lift depends upon the vanishing of an obstruction 
in the finite group H2(W ). It would be interesting to see how the hypotheses of the gluing 
theorem can be used to show that this obstruction can be made to vanish.

As mentioned above, statements (2) and (3) of Theorem 1.2 are known to be equivalent 
(cf. [33], [6, Theorem 1.1(1)]). The remaining equivalences claimed in Theorem 1.2 are 
immediate consequences of Theorems 1.6 and 1.7. Theorems 1.3 and 1.5 will follow in a 
similar fashion.

Various problems and questions arise naturally from this study, most importantly 
with regards to the Heegaard–Floer aspects of the detection theorem and the potential 
for a Heegaard–Floer version of the gluing theorem.

Question 1.8. For a given t ≥ 2, is NLS detection determined exclusively in terms of Nt? 
In particular, is it determined in terms of the twisted I-bundle over the Klein bottle N2

(cf. Remark 7.17)? (We expect this to be the case.) More generally, can an arbitrary 
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Heegaard–Floer solid torus with incompressible boundary be used to determine NLS 
detection?4

Although the definition of NLS detection is extrinsic to the ambient manifold, we 
expect that there to be an intrinsic definition.

Problem 1.9. Determine an intrinsic definition of NLS detection in terms, for instance, 
of the bordered Heegaard–Floer theory of the ambient manifold. Do this in such a way 
so as to remove the restriction that NLS detection be defined only for families of rational 
slopes.

Conjecture 1 of [5] contends that an irreducible rational homology 3-sphere W is 
not an L-space if and only if its fundamental group is left-orderable. Consideration 
of Theorem 1.1 reduces the conjecture to showing that if W has a non-left-orderable 
fundamental group then W is not an L-space. From the point of view of the detection 
and gluing theorems, this leads to the following conjecture.

Conjecture 1.10. The gluing theorem holds in the context of NLS detection. That is, 
a rational homology 3-sphere graph manifold W is not an L-space if and only if there is 
an m-tuple of rational slopes [α∗] = ([α1], [α2], . . . , [αm]), one for each JSJ torus of W , 
such that for each i, [α(i)

∗ ] is NLS detected (cf. Theorem 1.7).5

The conjecture is unknown even when W has only two pieces. Here is the simplest 
open case.

Problem 1.11. Show that the union W = M1 ∪ M2 of two trefoil exteriors along T =
∂M1 = ∂M2 is an L-space if and only if the set of slopes on T detected from M1 is 
disjoint from the set of slopes on T detected from M2.

Our notions of order detection, representation detection, foliation detection and NLS 
detection extend to general compact connected orientable 3-manifolds whose boundaries 
consist of tori.

Question 1.12. To what extent do the detection and gluing theorems hold in this more 
general setting? (Compare with [18, Conjecture 4.3].)

This question is of particular importance considering the approach to Conjecture 1 of 
[5] and Conjecture 5 of [31] developed in this paper.

4 Added in proof. Work of J. Hanselman and L. Watson [28] and of J. Rasmussen and S. Rasmussen [40]
implies that the answer to the first question is yes and determines precise conditions under which that of 
the second is yes.
5 Added in proof. J. Hanselman, J. Rasmussen, S. Rasmussen and L. Watson [27] have established the 

conjecture positively and in a more general context.
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Finally, we ask:

Question 1.13. If a graph manifold rational homology 3-sphere admits a co-oriented taut 
foliation, does it admit a smooth co-oriented taut foliation?

Brittenham, Naimi and Roberts have constructed examples of graph manifolds with 
positive first Betti number which admit C0 co-oriented taut foliations but no C2 co-
oriented taut foliations, and their construction is generic in terms of the gluing maps of 
the graph manifold’s JSJ pieces [10, Theorem D]. On the other hand, we noted above 
that the constructions used in the proof of Theorem 1.2 show that the generic graph 
manifold rational homology 3-sphere which admits a co-oriented taut foliation admits a 
smooth co-oriented taut foliation (cf. §12.2). It is possible that they all admit smooth 
co-oriented taut foliations.

Here is how the paper is organised. Background material is introduced in §2 while the 
notions of representation detection, order detection and foliation detection are developed 
in §3, §4 and §6 respectively. The goal of §5 is to show how to relate representation
detection to both order detection and foliation detection in a slope preserving fashion. 
The equivalence of statements (2) and (3) of Theorems 1.3 and 1.5 is dealt with there. 
See Remark 5.5. We introduce NLS-detection (i.e. not an L-space detection) in §7 and 
develop the background to show that it is equivalent to foliation detection when restricted 
to families of rational slopes. One of the main technical results of this paper is the slope 
detection theorem, Theorem 8.1, which is stated and proved in §8. The second main 
technical result is the gluing theorem, Theorem 9.5, which is stated in §9 and then proved 
over the next two sections. Proposition 1.4 is proved in §10. We make a few comments on 
smoothness issues and provide examples which illustrate Theorems 1.2, 1.3 and 1.5 and 
their differences in §12. Finally we collect the results of Eisenbud, Hirsch and Neumann, 
of Jankins and Neumann, and of Naimi on representations of fundamental groups of 
Seifert manifolds with values in H̃omeo+(S1) in Appendix A and translate them into the 
form needed for the purposes of this paper.

2. Assumptions and notation

We introduce assumptions and notation here which will be used throughout the paper.

2.1. Slopes

A slope on a torus T is the class [α] of a non-zero element α ∈ H1(T ; R) in the 
projective space

S(T ) = P1(H1(T ;R)) ∼= S1

We call a slope on T rational if it is represented by a class α ∈ H1(T ). Otherwise we call 
it irrational.
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A rational longitude of a compact, connected, orientable 3-manifold N with boundary 
a torus is a primitive class λN ∈ H1(∂N) which represents a torsion element when 
considered as an element of H1(N). Rational longitudes exist and are well-defined up to 
sign. Thus they determine a well-defined slope [λN ] ∈ S(∂N).

2.2. Seifert manifolds

Throughout this paper P will denote a punctured 2-sphere, Q a punctured projective 
plane and Q0 a Möbius band. We use M to denote a compact, connected, orientable 
Seifert fibred 3-manifold, distinct from S1 × D2 and S1 × S1 × I, whose boundary is 
a non-empty union of tori T1, . . . , Tr. We also assume that M embeds in a rational 
homology 3-sphere. Equivalently, M has base orbifold of the form P (a1, a2, . . . , an) or 
Q(a1, a2, . . . , an) where n ≥ 0 and a1, . . . , an ≥ 2. The Seifert fibring on M is unique 
up to isotopy unless M is a twisted I-bundle over the Klein bottle, denoted N2, which 
admits exactly two isotopy classes of Seifert structures. One has base orbifold Q0 and the 
other has base orbifold D2(2, 2). Let h0, h1 ∈ H1(∂N2) denote, respectively, primitive 
classes carried by a Seifert fibre of the structure with base orbifold Q0, respectively 
D2(2, 2). Then {h0, h1} is a basis of H1(∂N2) well-defined up to sign change of h0 or h1. 
The rational longitude of N2 is represented by h0.

When M � N2 the class of a regular Seifert fibre of M is well-defined up to taking 
inverses and we use h ∈ π1(M) to denote it. For each boundary component Tj of M we 
will also use h to denote a primitive class of H1(Tj) represented by a Seifert fibre. When 
M ∼= N2, h will correspond to either h0 or h1, depending on the Seifert structure chosen 
for M .

Define

S(M) = {([α1], [α2], . . . , [αr]) : [αj ] ∈ S(Tj) for each j} ∼= (S1)r

We call [α∗] ∈ S(M) rational if each [αj ] is rational, and horizontal if no [αj ] coin-
cides with the slope of the fibre class [h]. We use v([α∗]) to denote the number of vertical 
[αj ]:

v([α∗]) = |{j : [αj ] = [h]}|

Thus [α∗] is horizontal if and only if v([α∗]) = 0.
Without loss of generality we suppose that the Seifert invariants (a1, b1), . . . , (an, bn)

of the exceptional fibres of M satisfy 0 < bi < ai for each i. Set

γi = bi
ai

∈ (0, 1)

The fundamental group of M admits a presentation of the following form.
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2.2.1. Seifert manifolds over Q(a1, a2, . . . , an)

π1(M) = 〈y1, . . . , yn, x1, . . . , xr, z, h0 : [xj , h0] = 1, [yi, h0] = 1, yai
i = hbi

0 , zh0z
−1 = h−1

0 ,

y1y2 . . . ynx1 . . . xrz
2 = 1〉

Here xj carries a dual class h∗
j to h0 on Tj , 1 ≤ j ≤ r. This means that {h0, h∗

j} is a 
basis of H1(Tj) = π1(Tj).

2.2.2. Seifert manifolds over P (a1, a2, . . . , an)

π1(M) = 〈y1, . . . , yn, x1, . . . , xr, h : h central, yai
i = hbi , y1y2 . . . ynx1 . . . xr = 1〉

Again, xj carries a dual class to h on Tj , 1 ≤ j ≤ r.

2.2.3. A special family of Seifert fibred manifolds
For each integer t ≥ 2 let Nt be the Seifert fibred space with base orbifold a 2-disk 

D2(t, t) and γ1 = 1
t , γ2 = t−1

t . (Thus N2 is the twisted I-bundle over the Klein bottle, 
as above.) There is a unique Seifert structure on Nt with an orientable base orbifold. We 
use h1 ∈ H1(∂Nt) to be a primitive class carried by a fibre of this structure (cf. §2.2.2). 
In analogy with the case t = 2 we will use h0 to denote a primitive class in H1(∂Nt)
representing the rational longitude of Nt. The reader will verify using the presentation 
for π1(Nt) in §2.2.2 that h0 = h∗

1 + h1 has order t in H1(Nt). Thus

Δ(h0, h1) = 1

and there is a connected, oriented, horizontal surface F in Nt with t boundary compo-
nents, each like-oriented on ∂Nt and of slope [h0]. It follows that the restriction of the 
Seifert map Nt → D2(t, t) to each boundary component of F is a homeomorphism onto 
its image ∂D2(t, t). In particular, F is non-separating and so is the fibre of a locally 
trivial fibring Nt → S1.

Lemma 2.1. The image of Homeo(Nt) → GL2(Z) which sends F ∈ Homeo(Nt) to the ma-
trix of (F |∂Nt)∗ : H1(∂Nt) → H1(∂Nt) is given by {

( 1 0
0 1

)
, 
(

−1 0
0 −1

)
, 
(−1 0

0 1

)
, 
(

1 0
0 −1

)
}

when expressed in terms of the basis {h0, h1}.

Proof. By their definition, h0 and h1 are preserved by any homeomorphism of Nt, at 
least up to sign. It is easy to see that there is an F1 ∈ Homeo(Nt) which simultaneously 

inverts the orientations of the base and fibre of Nt. Thus (F1|∂Nt)∗ =
(

−1 0
0 −1

)
. Similarly 

using the fact that the exceptional fibres of Nt have Seifert invariants (t, 1) and (t, t −1), 
we can construct an orientation-reversing homeomorphism F2 of Nt which switches the 
two exceptional fibres. More precisely, think of Nt as obtained by Dehn filling the two 
“inner” boundary components of a product P × S1 where P is a twice-punctured disk. 
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Let r be a reflection of P along a properly embedded arc which separates its two inner 
boundary components. We can post-compose r × 1S1 with Dehn twists along a pair of 
disjoint vertical annuli in P × S1 which connect its inner boundary components to its 
outer one to obtain an orientation-reversing homeomorphism of P ×S1 which exchanges 
its two inner boundary components and extends to F2 : Nt → Nt. This implies the result 
since det((F2|∂Nt)∗) = −1. �
2.3. Graph manifolds

Throughout this paper W will denote a graph manifold rational homology 3-sphere. 
Thus W contains a disjoint family of incompressible tori T = {T1, T2, . . . , Tm} which split 
it into a family M1, M2, . . . , Mn of connected Seifert manifolds of the type described in 
§2.2. Define

S(W ; T ) = {([α1], [α2], . . . , [αm]) : [αj ] ∈ S(Tj) for all j} ∼= (S1)m

An element [α∗] of S(W ; T ) will be called rational if each of its components is a rational 
slope.

An element [α∗] of S(W ; T ) will be called horizontal if for each Tj in T the associated 
component of [α∗] is horizontal in the two pieces of W incident to Tj .

For each i we have a projection map

Πi : S(W ; T ) → S(Mi)

which associates to each [α∗] ∈ S(W ; T ) the |∂Mi|-tuple of associated slopes correspond-
ing the components of ∂Mi. We shall write

Πi([α∗]) = [α(i)
∗ ]

3. Detecting horizontal slopes via representations

Let M be a compact orientable Seifert fibred manifold M as in §2.2. In this section 
we review the results of Eisenbud–Hirsch–Neumann, of Jankins–Neumann, and of Naimi 
concerning the relationship between slopes on ∂M and representations of π1(M) with 

values in H̃omeo+(S1).

3.1. Representation detection of horizontal slopes

For γ ∈ R we use sh(γ) ∈ Homeo+(R) to denote the translation homeomorphism 

sh(γ)(x) = x + γ. The universal cover H̃omeo+(S1) of Homeo+(S1) can be identified in 
a natural way with the centraliser of sh(1) in Homeo+(R):

H̃omeo+(S1) = {f ∈ Homeo+(R) : f(x + 1) = f(x) + 1}
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There is a continuous, conjugation-invariant translation number quasimorphism

τ : H̃omeo+(S1) → R

for which τ(sh(γ)) = γ and which is a homomorphism when restricted to an abelian 

subgroup of H̃omeo+(S1) (cf. [26, §5]). It is known that τ(f) = 0 if and only if f has a 
fixed point.

We leave the proof of the following elementary lemma to the reader.

Lemma 3.1. Let f ∈ Homeo+(R).

(1) If f has no fixed point, then it is conjugate in Homeo+(R) to sh(1) if f(x) > x for 
all x and to sh(−1) if f(x) < x for all x.

(2) If there is a k ≥ 1 such that fk = sh(1), then there is a g ∈ ˜Homeo+(S1) such that 
g ◦ f ◦ g−1 = sh( 1

k ). �
Let M be a compact orientable Seifert fibred manifold as in §2.2 and define

R0(M) = {ρ ∈ Hom(π1(M),Homeo+(R)) : ρ(h) = sh(1)}

Lemma 3.2. Let M be a compact orientable Seifert fibred manifold M as in §2.2.

(1) If M has base orbifold Q(a1, . . . , an) then R0(M) = ∅.
(2) Suppose that M has base orbifold P (a1, . . . , an).

(a) R0(M) ⊂ Hom(π1(M), H̃omeo+(S1)).
(b) Consider the presentation of π1(M) given in §2.2.2. Then for each ρ ∈ R0(M)

and i ∈ {1, 2, . . . , n}, ρ(yi) is conjugate to sh(γi).

Proof. Suppose that M has base orbifold Q(a1, . . . , an) and ρ ∈ R0(M). There is an 
element z ∈ π1(M) such that zhz−1 = h−1 (cf. the presentation of π1(M) given in §2.2.1). 
Since ρ(z) ∈ Homeo+(R), ρ(z)(x) < ρ(z)(y) for each pair of real numbers x < y. But 
then for x ∈ R, ρ(z)(x) < ρ(z)(x +1) = ρ(z)(ρ(h)(x)) = ρ(h−1)(ρ(z)(x)) = ρ(z)(x) −1 <
ρ(z)(x), a contradiction. Thus assertion (1) of the lemma holds.

If M has base orbifold P (a1, . . . , an) then h is central in π1(M) (§2.2.2) so the image 

of any ρ ∈ R0(M) is contained in H̃omeo+(S1). Therefore part (a) of assertion (2) holds. 
Part (b) follows immediately from Lemma 3.1(2). �

If ρ ∈ R0(M), then for each 1 ≤ j ≤ r, kernel((τ ◦ ρ|) ⊗ 1R : π1(Tj) ⊗ R =
H1(Tj ; R) → R) ∼= R and hence determines a slope [αj(ρ)] ∈ S(Tj). Note that if 
h∗
j ∈ H1(Tj) is the dual class to h corresponding to xj , then as ρ(h) = sh(1) we have

[αj(ρ)] = [τ(ρ(h∗
j ))h− h∗

j ]

Thus [αj(ρ)] is horizontal. We call [α∗(ρ)] = ([α1(ρ)], [α2(ρ)], . . . , [αr(ρ)]) the slope of ρ.
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Definition 3.3. Let ρ ∈ R0(M). A slope [αj ] ∈ S(Tj) is detected by ρ, or ρ-detected, if 
[αj ] = [αj(ρ)]. It is strongly ρ-detected if it is ρ-detected and ρ|π1(Tj) conjugates into the 
translation subgroup of R. For J ⊂ {1, 2, . . . , r} and [α∗] = ([α1], [α2], . . . , [αr]) ∈ S(M), 
we say that (J ; [α∗]) is ρ-detected if ρ|π1(Tj) detects [αj ] for all j and strongly detects 
[αj ] for j ∈ J . Finally, we say that (J ; [α∗]) is representation-detected if it is ρ-detected 
for some ρ ∈ R0(M).

We shall often simplify the phrase “(∅; [α∗]) is ρ-detected, resp. representation de-
tected”, to “[α∗] is ρ-detected, resp. representation detected”. Similarly, we simplify 
“({1, 2, . . . , r}; [α∗]) is ρ-detected, resp. representation detected”, to “[α∗] is strongly
ρ-detected, resp. strongly representation detected”.

Set

Drep(M ; J) = {[α∗] ∈ S(M) : (J ; [α∗]) is representation detected}

When J = ∅ we will often simplify Drep(M ; J) to Drep(M).
Determining Drep(M ; J) is a subtle problem which was completely resolved in a series 

of papers by Eisenbud, Hirsch, Neumann, Jankins and Naimi [22,30,35]. See Appendix A. 
The interested reader should also see [14], and in particular Theorem 3.9 of that paper, 
for a simpler, more direct approach to these results. One of the main results of this area 
implies that if (J ; [α∗]) is representation detected, then it is ρ-detected where ρ takes 
values in a certain family of 3-dimensional Lie groups. We describe this result next.

3.2. JN-realisability

For a subset J of {1, 2, . . . , r} and an r-tuple (τ1, . . . , τr) ∈ Rr, we say that 
(J ; 0; γ1, . . . , γn; τ1, . . . , τr) is JN-realisable (after Jankins–Neumann) if there is some 
ρ ∈ R0(M) such that τj = τ(ρ(xj)) (1 ≤ j ≤ r) and ρ(xj) is conjugate to sh(τj) for 
j ∈ J . (Our notation differs slightly from that of [30].) Clearly (J ; 0; γ1, . . . , γn; τ1, . . . , τr)
is JN-realisable if and only if (J ; [α∗]) is representation detected where [αj] = [τjh − h∗

j ]
(1 ≤ j ≤ r).

More generally, given J ⊆ {1, 2, . . . , r}, b ∈ Z and (τ1, . . . , τr) ∈ Rr, we say 
that (J ; b; γ1, . . . , γn; τ1 . . . , τr) is JN-realisable if there exist f1, . . . , fn, g1, . . . , gr ∈
˜Homeo+(S1) such that

• fi is conjugate to sh(γi) for 1 ≤ i ≤ n;
• τ(gj) = τj for 1 ≤ j ≤ r;
• gj is conjugate to sh(τj) for each j ∈ J ;
• f1 ◦ . . . ◦ fn ◦ g1 ◦ . . . ◦ gr = sh(b).

If f1, . . . , fn, g1, . . . , gr satisfying these conditions can be chosen to lie in a subgroup 

G̃ of ˜Homeo+(S1), we say that (J ; b; γ1, . . . , γn; τ1 . . . , τr) is JN-realisable in G̃.
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A particularly important family of subgroups G̃ of H̃omeo+(S1) correspond to the 

universal covers P̃SL(2, R)k of the k-fold cyclic covers PSL(2, R)k of PSL(2, R) (k ≥ 1). 
These groups are conjugate in Homeo+(R), though not in H̃omeo+(S1). More precisely, 
let Fk : R → R be the homeomorphism Fk(x) = kx. Then

P̃SL(2,R)k = F−1
k P̃SL(2,R)Fk

Note that P̃SL(2, R)1 = P̃SL(2, R).
The elements of P̃SL(2, R)k are either elliptic, parabolic or hyperbolic depending on 

whether the image in PSL(2, R) of its conjugate by Fk has that property. Thus an 
element is elliptic if and only if it is conjugate to a translation. The parabolic and 
hyperbolic elements of P̃SL(2, R) have integral translation numbers, so the translation 
number of a parabolic or hyperbolic element of P̃SL(2, R)k is of the form dk where d ∈ Z.

Theorem 3.4. [22,30,35] (J ; b; γ1, . . . , γn; τ1 . . . , τr) is JN-realisable if and only if it is 
JN-realisable in P̃SL(2, R)k for some k ≥ 1.

Proof. The conclusion of this theorem is the substance of [30, Conjecture 1] whose proof 
is a consequence of results contained in [22,30,35]. See the discussion at the end of [30, §1]
and [35, Theorem 1]. �
3.3. JN-realisability and representation detection

Proposition 3.5. Let J ⊂ {1, 2, . . . , r} and suppose that [α∗] = ([α1], [α2], . . . , [αr]) ∈
S(M) is horizontal. Then (J ; [α∗]) is representation detected if and only if it is ρ-detected 
for some ρ ∈ R0(M) with values in some P̃SL(2, R)k.

Proof. Since [α∗] is horizontal we can find real numbers τ1, τ2, . . . , τr such that [αj ] =
[τjh − h∗

j ]. Then (J ; [α∗]) is representation detected if and only if (J ; 0; γ1, . . . , γn;
τ1 . . . , τr) is JN-realisable and by Theorem 3.4 this is equivalent to it being JN-realisable 
in P̃SL(2, R)k for some k ≥ 1, which is what we had to prove. �
Corollary 3.6. Suppose that J ⊂ {1, 2, . . . , r} and (J ; [α∗]) is representation detected 
where [α∗] ∈ S(M) is horizontal. Then (J†; [α∗]) is representation detected where J† =
J ∪ {j : [αj ] is irrational}.

Proof. It follows from Proposition 3.5 that (J ; [α∗]) is ρ-detected for some ρ ∈ R0(M)
with values in some P̃SL(2, R)k. In particular [αj ] = [αj(ρ)] = [τj(ρ(xj))h − h∗

j ]. If [αj ]
is irrational then so is τj(ρ(xj)). But as ρ(xj) ∈ P̃SL(2, R)k, it is therefore elliptic and so 
is conjugate to a translation. Since ρ(h) = sh(1), this implies that ρ(π1(Tj)) conjugates 
into the group of translations of R. Thus [αj] is strongly ρ-detected, which completes 
the proof. �
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Corollary 3.7. Suppose that J ⊂ {1, 2, . . . , r} and (J ; [α∗]) is representation detected 
where [α∗] ∈ S(M) is horizontal and some [αj ] is irrational. Reindex the boundary 
components of M so that [αj ] is irrational if and only if 1 ≤ j ≤ s and set J† =
J ∪ {1, 2, . . . , s}. Then for 1 ≤ j ≤ s there is an open sector Uj ⊂ S(Tj) containing [αj ]
such that one of the following two statements holds.

(1) (J†; [α′
∗]) is representation detected for all [α′

∗] such that [α′
j ] ∈ Uj for 1 ≤ j ≤ s

and [α′
j ] = [αj ] otherwise.

(2) M has no singular fibres, s = 2, J† = {1, 2, . . . , r} and [αj ] = [τjh − h∗
j ] where 

τ3, . . . , τr ∈ Z. Further, there is a homeomorphism ϕ : U1 → U2 which preserves both 
rational and irrational slopes and for which (J†; [α′

∗]) is representation detected for all 
[α′

∗] = ([α′
1], ϕ([α′

1]), [α3], . . . , [αr]) whenever [α′
1] ∈ U1.

Proof. By Corollary 3.6 it suffices to deal with the case that J† = J . Let n be the 
number of exceptional fibres in M and let r1 and s0 be the non-negative integers defined 
in Appendix A. Note that r1 ≥ 1 by hypothesis. If n + r1 + s0 ≥ 2 then Proposition A.4
implies that statement (1) holds. Otherwise n = s0 = 0 and r1 = 1, in which case the 
proof of Proposition A.3 implies that statement (2) holds. �
4. Detecting slopes via left-orders

4.1. Left-orders

Let o be a strict total ordering of a group G and use < to denote the associated 
relation. We say that o is a left-ordering of G if < is invariant under left multiplication:

g < h ⇒ fg < fh for all f, g, h ∈ G

We call G left-orderable if it admits a left-ordering. While the trivial group satisfies the 
criterion for being left-orderable, we will adopt the convention that it is not left-orderable 
in this paper. We use LO(G) to denote the set of left-orderings on G.

For example, the group Homeo+(R) is left-orderable [20] (cf. the proof of Proposi-
tion 4.5), as is any of its non-trivial subgroups. Moreover, a countable group is left-
orderable if and only if it is isomorphic to a non-trivial subgroup of Homeo+(R) [33]. 
See Proposition 5.1. A much stronger result holds for many 3-manifold groups: The fun-
damental group of a compact P2-irreducible 3-manifold is left-orderable if and only if 
it admits an epimorphism to a left-orderable group [6, Theorem 1.1(1)]. Thus for W a 
graph manifold rational homology 3-sphere, π1(W ) is left-orderable if and only if there 
is a homomorphism π1(W ) → Homeo+(R) whose image is non-trivial.

Given o ∈ LO(G), we call an element g ∈ G o-positive, or simply positive, if g > 1. 
Similarly we call g negative if g < 1. The set P (o) of o-positive elements of G is called 
the positive cone of o, which we simplify by writing P when there is no risk of ambiguity. 
A left-ordering is uniquely determined by its positive cone, for a subset P of G which 
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is closed under multiplication and for which G = {1} � P � P−1 uniquely determines a 
left-ordering o by defining g1 < g2 if and only if g−1

1 g2 ∈ P . Evidently P = P (o).
The opposite order of o is the order oop defined by the subset P (o)−1 of G.

4.2. Order detection of slopes

It is elementary to verify the following proposition.

Proposition 4.1. [19, Lemma 3.3] Every left-ordering o of Z2 determines a unique line 
Lo in R2 characterised by the property that all elements of Z2 lying to one side of Lo

are positive and all elements lying to the other are negative. �
It follows that every left-ordering o of the fundamental group of a torus T determines 

a unique slope [α(o)] ∈ S(T ).
Every non-trivial subgroup K of G is left-ordered by the restriction of the ordering o, 

which will be denoted by o|K, or simply o when there is no risk of ambiguity. A subgroup 
C of G is called o-convex if whenever g1, g2 ∈ C and g0 ∈ G satisfy g1 < g0 < g2, then 
g0 ∈ C. The condition of o-convexity is equivalent to requiring that the left cosets 
{gC}g∈G inherit a well-defined ordering from o that is invariant under the left action of 
G on {gC}g∈G. In particular, when C is normal, the quotient G/C is left-orderable.

Conversely, if 1 → K → G → H → 1 is a short exact sequence of groups 
and K and H are left-ordered, then G can be left-ordered lexicographically so that 
K ⊂ G becomes a convex subgroup. When G is the fundamental group of a compact 
P2-irreducible 3-manifold, we need only know that the quotient H is left-orderable in 
order to lexicographically order G in this way, because G (and thus K) is left-orderable 
by [6, Theorem 1.1(1)].

Let M be a Seifert fibred manifold as in §2.2. In what follows we consider π1(Tj) ∼=
H1(Tj) as a subgroup of H1(Tj , R), and denote by 〈αj〉 the vector subspace of H1(Tj , R)
generated by αj .

Definition 4.2. Let o be a left-ordering of π1(M). A slope [αj ] ∈ S(Tj) is detected by o, 
or o-detected, if [αj ] = [α(o|π1(Tj))]. In this case we will simply write [αj ] = [αj(o)]. 
It is strongly o-detected if it is o-detected and there is an o-convex, normal subgroup 
C of π1(M) such that C ∩ π1(Tj) = 〈αj〉 ∩ π1(Tj). For J ⊂ {1, 2, . . . , r} and [α∗] =
([α1], [α2], . . . , [αr]) ∈ S(M), we say that (J ; [α∗]) is o-detected if [αj ] is o-detected for 
all j and there exists a o-convex, normal subgroup C of π1(M) such that C ∩ π1(Tj) =
〈αj〉 ∩ π1(Tj) for j ∈ J and C ∩ π1(Tj) ≤ 〈αj〉 ∩ π1(Tj) otherwise.

We’ll often simplify “(∅; [α∗]) is o-detected, resp. order detected”, to “[α∗] is o-detected, 
resp. order detected”, and “({1, 2, . . . , r}; [α∗]) is o-detected, resp. order detected”, to 
“[α∗] is strongly o-detected, resp. order detected”.
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Set

Dord(M ; J) = {[α∗] ∈ S(M) : (J ; [α∗]) is order detected}

When J = ∅ we write Dord(M) in place of Dord(M ; J).

Remarks 4.3. (1) Order detected irrational slopes are always strongly order detected; if 
[αj ] is irrational then 〈αj〉 ∩π1(Tj) = {1} is contained in every convex subgroup C of G. 
Therefore whenever (J ; [α∗]) is o-detected we can enlarge the set J to create a new set 
J† that contains all j for which [αj ] is irrational, and (J†; [α∗]) is o-detected.

(2) The reader will verify that (J ; [α∗]) is o-detected if and only if it is oop-detected. 
Thus if (J ; [α∗]) is order detected it is o-detected where h > 1.

Lemma 4.4. Fix [α∗] ∈ S(M) and J ⊂ {1, 2, . . . , r} such that {j ∈ J : [αj ] = [h]} = ∅. 
Define J0 = {j ∈ J : [αj ] is rational}, J ′ = J \ J0, and let M ′ be the Seifert manifold 
obtained by [αj ]-Dehn filling of M where j ∈ J0. Suppose that M ′ �= S1 × D2. Then 
(J ; [α∗]) is order detected in M if and only if either ∂M ′ �= ∅ and (J ′; [α′

∗]) is order 
detected in M ′, or ∂M ′ = ∅ and π1(M ′) is left-orderable.

Proof. Suppose that M ′ is closed. Then J0 = J = {1, . . . , r}, so our assumptions imply 
that [α∗] is rational and horizontal. If (J ; [α∗]) is o-detected, there is a o-convex, normal 
subgroup C of π1(M) such that C ∩ π1(Tj) = 〈αj〉 ∩ π1(Tj) for all j. The quotient 
homomorphism π1(M) → π1(M)/C induces a left-order o′ on G = π1(M)/C �= {1}
and factors through an epimorphism π1(M ′) → G. It follows that M ′ � P 3#P 3 and 
so is prime. Therefore by [6, Theorem 1.1], π1(M ′) is left-orderable. Conversely suppose 
that π1(M ′) is left-orderable. Since the kernel of the epimorphism π1(M) → π1(M ′) is 
also left-orderable, we obtain an induced left-order o on π1(M). Now the cores of the 
filling tori in M ′ cannot be null-homotopic as otherwise M ′ would be the 3-sphere (see 
[6, Proposition 4.1] for instance). It follows that (J ; [α∗]) is o-detected.

Next suppose that M ′ is not closed. Let J ′ = J \ J0 and let [α′
∗] be the projection 

of [α∗] in S(M ′). If (J ; [α∗]) is o-detected, there is a o-convex, normal subgroup C of 
π1(M) such that C ∩ π1(Tj) = 〈αj〉 ∩ π1(Tj) for j ∈ J and C ∩ π1(Tj) ≤ 〈αj〉 ∩ π1(Tj)
otherwise. The quotient homomorphism π1(M) → π1(M)/C induces a left-order ō on 
G = π1(M)/C �= {1} and factors through an epimorphism π1(M ′) → G. Since the kernel 
of this epimorphism is left-orderable, we obtain an induced left-order o′ on π1(M ′) for 
which (J ′; [α′

∗]) is o′-detected. Conversely if (J ′; [α′
∗]) is o′-detected, we can use the 

epimorphism π1(M) → π1(M ′) to construct a left-order o on π1(M) for which (J ; [α∗])
is o-detected. �
4.3. Representation detection implies order detection

Given o ∈ LO(G) and a subgroup H ⊂ G, we call f ∈ G o-cofinal in H if for all 
g ∈ H there exists n ∈ Z such that f−n < g < fn.
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Proposition 4.5. Let M be a compact orientable Seifert fibred manifold as in §2.2. Suppose 
that J ⊂ {1, 2, . . . , r} and (J ; [α∗]) is representation detected. Then (J ; [α∗]) is o-detected 
for some ordering o ∈ LO(π1(M)) for which h is o-cofinal in π1(M).

Proof. An enumeration {0 = r1, r2, r3, . . .} of the rationals yields a left-order on 
Homeo+(R) by taking f > f ′ if and only if f(rk0) > f ′(rk0) where k0 = min{k : f(rk) �=
f ′(rk)}. Hence if we fix ρ ∈ R0(M) such that (J ; [α∗]) is ρ-detected, there is an induced 
left-order o1 on image(ρ). Note that as ρ(h) = sh(1), ρ(h) is o1-cofinal in image(ρ). Let 
C = ker(ρ) and observe that as C is a subgroup of π1(M), it admits a left-ordering o0
(cf. [6, Theorem 1.1(1)]). Let o denote the lexicographic ordering of π1(M) arising from 
the left-orderings o0 and o1, by construction C is o-convex and h is o-cofinal. We prove 
that (J ; [α∗]) is o-detected next.

Since (J ; [α∗]) is ρ-detected, [αj ] = [τ(ρ(xj))h − h∗
j ] for each j. Further, ρ(π1(Tj))

conjugates into the group of translations when j ∈ J . Since translation number is an 
injective homomorphism when restricted to the translation subgroup of H̃omeo+(S1) we 
find C ∩ π1(Tj) = ker(ρ) ∩ π1(Tj) ≤ 〈αj〉 ∩ π1(Tj) for all j with equality when j ∈ J . 
To complete the proof it suffices to show that [αj ] is o-detected for all j. To that end, 
note that the complement of the line containing 〈αj〉 in H1(Tj ; R) is the union of two 
components H+ ∪ H− where τ(ρ(γ)) > 0 for γ ∈ π1(Tj) ∩ H+ and τ(ρ(γ)) < 0 for 
γ ∈ π1(Tj) ∩ H−. (Here we identify π1(Tj) with H1(Tj).) It follows that for each k, 
ρ(γ)(rk) > rk when γ ∈ π1(Tj) ∩ H+ and ρ(γ)(rk) < rk when γ ∈ π1(Tj) ∩ H−. In 
particular, for γ ∈ (H+∪H−) ∩π1(Tj) we have ρ(γ) ∈ P (o) if and only if γ ∈ H+∩π1(Tj). 
Thus Lo|π1(Tj) contains 〈αj〉, so [αj ] = [αj(o)]. �
4.4. Order detection of horizontal [α∗]

Lemma 4.6. Let G be a left-ordered group with ordering o.
(1) If f ∈ G is o-cofinal and positive, then gfg−1 > 1 for all g ∈ G.
(2) Suppose there exists h ∈ G which is central and o-cofinal. If f ∈ G is o-cofinal 

and positive, then gfg−1 is o-cofinal and positive for all g ∈ G.

Proof. We first prove (1). Given g ∈ G, suppose g < 1. Choose k > 0 so that g−1 < fk, 
then 1 < gfk, and since g−1 is positive 1 < gfkg−1 = (gfg−1)k. Since the k-th power of 
gfg−1 is positive, gfg−1 > 1. The case of g > 1 is similar.

Now assume that h ∈ G is central and o-cofinal, we may assume also that h > 1. 
Suppose g < 1 and choose k so that hg−1 < fk. Then 1 < gh−1fk, so 1 < gh−1fkg−1

since g−1 is positive. Since h is central, we find h < gfkg−1 which implies hn < (gfkg−1)n
for all n > 0. Thus gfkg−1 is both positive and cofinal. As above the case g > 1 is 
similar. �
Proposition 4.7. Let M be a compact orientable Seifert fibred manifold M as in §2.2.

(1) Suppose that M has base orbifold Q(a1, . . . , an) and that [α∗] ∈ S(M) is horizontal. 
Then [α∗] is not order detected.
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(2) Suppose that M has base orbifold P (a1, . . . , an) and that [α∗] ∈ S(M) is o-detected. 
Then [α∗] is horizontal if and only if h is o-cofinal in π1(M).

Proof. First we establish some inequalities that must hold in π1(M).
Suppose that [α∗] is horizontal and refer to the presentations of π1(M) given in §2.2.1

and §2.2.2. Set H = 〈y1, . . . , yn, x1, . . . , xr, h〉 ⊂ π1(M). We claim that h is cofinal in H. 
As h is central in H, it suffices to show that there are integers c1, . . . , cn, d1, . . . , dr such 
that h−ci < yi < hci (1 ≤ i ≤ n) and h−dj < xj < hdj (1 ≤ j ≤ r). The existence of the 
ci is obvious from the relations yai

i = hbi . On the other hand, xj ∈ π1(Tj) and therefore 
as [αj ] is horizontal, h is o-cofinal in π1(Tj). Thus we can find integers d1, d2, . . . , dr as 
claimed.

When M has base orbifold P (a1, . . . , an), H = π1(M) and it follows that h is o-cofinal. 
Conversely, if h is o-cofinal in π1(M), it is o-cofinal in π1(Tj) for each j. In particular 
[αj ] cannot be the fibre slope [h] ∈ S(Tj). Thus [α∗] is horizontal.

On the other hand when M has base orbifold Q(a1, . . . , an), h is cofinal since the 
generator z in §2.2.1 satisfies z2 = (y1 . . . ynx1 . . . xr)−1 ∈ H. By Remark 4.3 (2) we may 
assume h > 1, but then the generators z, h satisfy zhz−1 = h−1 < 1. This is not possible 
by Lemma 4.6(1). �
4.5. Order detection of non-horizontal [α∗]

Next we examine the order detectability of a pair (J ; [α∗]) in the case [α∗] is not 
horizontal. The main result, Proposition 4.15, is a characterisation of the non-horizontal 
[α∗] which are order detected.

Lemma 4.8. Suppose that (J ; [α∗]) is order detected and that {j ∈ J : [αj ] = [h]} is 
nonempty. Then [αj ] = [h] for all j.

Proof. Say that (J ; [α∗]) is o-detected. Then there is a convex, normal subgroup C of 
π1(M) such that C ∩ π1(Tj) = 〈αj〉 ∩ π1(Tj) for j ∈ J and C ∩ π1(Tj) ≤ 〈αj〉 ∩ π1(Tj)
otherwise. Since {j ∈ J : [αj ] = [h]} is nonempty, C ∩ π1(Tj) contains h for some, and 
therefore all, j. Thus [h] is o|π1(Tj)-detected for all j, which completes the proof. �

Next we prepare some preliminary gluing results that will be used to deal with de-
tection of non-horizontal [α∗]. For a left-ordering o of G, and for every g ∈ G, we 
will use og to denote the conjugate ordering of G, defined by h1 <g h2 if and only if 
gh1g

−1 < gh2g
−1.

Definition 4.9. A family of left-orderings L ⊂ LO(G) is called normal in G if it is 
non-empty, and for all g ∈ G if o ∈ L then og ∈ L.

Definition 4.10. Let Hi ⊂ Gi be groups with left-orderings oi for i = 1, 2. Suppose that 
φi : Hi → H are isomorphisms and let Li ⊂ LO(Gi) be families of left-orderings on Gi

for i = 1, 2.
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We say that φ2φ
−1
1 is compatible for the pair (L1, L2) if and only if for every ordering 

o1 ∈ L1 there exists an ordering o2 ∈ L2 such that for all h ∈ H1, 1 <1 h implies 
1 <2 φ2φ

−1
1 (h). When this holds, we also say that φ2φ

−1
1 is compatible for the pair 

(o1, o2).

Theorem 4.11. [1, Theorem A] Let G1 and G2 be left-ordered groups with orderings o1
and o2 respectively. Suppose that Hi ⊂ Gi are subgroups and that φi : Hi → H are 
isomorphisms for i = 1, 2. Set φ = φ2φ

−1
1 . Then G1 ∗φ G2 admits a left-ordering which 

extends each of the oi if and only if φ2φ
−1
1 is compatible for the pair (o1, o2) and there exist 

normal families Li such that φ2φ
−1
1 is compatible for (L1, L2) and φ1φ

−1
2 is compatible 

for (L2, L1).

Lemma 4.12. (1) Suppose that M is Seifert fibred over P (a1, . . . , an) and (J ; [α∗]) is 
order detected where {j ∈ J : [αj ] = [h]} = ∅. Assume v([α∗]) ≥ 2 and [α1] = [h]. Then 
there exists a normal family L ⊂ LO(π1(M)) such that the set

{o ∈ LO(π1(T1)) : o = o′|π1(T1) for some o′ ∈ L}

contains exactly four left-orderings, all detecting [h], each of which arises as the restric-
tion of an ordering o′ ∈ L which detects (J ; [α∗]).

(2) Suppose M is Seifert fibred over Q0(a1, . . . , an). Then there exists a normal family 
L ⊂ LO(π1(M)) containing an ordering which detects [h] such that the set

{o ∈ LO(π1(∂M)) : o = o′|π1(∂M) for some o′ ∈ L}

contains exactly four left-orderings, all detecting [h].

Proof. To prove (1), let o′ be an ordering of π1(M) detecting (J ; [α∗]). Consider the 
short exact sequence

1 → K → π1(M) → Zv([α∗])−1 → 1

where the map π1(M) → Zv([α∗])−1 is the result of killing the fibre class h ∈ π1(M), the 
resulting torsion, and the dual classes xv([α∗])+1, . . . , xr. Create a set S of four distinct 
orderings of π1(M) by choosing an arbitrary ordering of Zv([α∗])−1, using the restrictions 
of o′ and (o′)op on K, and ordering π1(M) lexicographically. Set L = {og : o ∈ S and g ∈
π1(M)}. By construction, every ordering in S detects (J ; [α∗]) and L has the required 
property.

For (2), we use the short exact sequence

1 → K → π1(M) → Z → 1

arising from Dehn filling along the fibre slope and killing the resulting torsion, then argue 
as above. �
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Lemma 4.13. Suppose that M has base orbifold P (a1, . . . , an) where r ≥ 2. If r = 2
then there exists a left-ordering of π1(M) detecting ([h], [h]); if r ≥ 3 then for each slope 
[α] ∈ S(Tr) there exists a left-ordering of π1(M) detecting ({r}; ([h], . . . , [h], [α])).

Proof. If r = 2 or if r ≥ 3 and [α] = [h] then we use the short exact sequence

1 → K → π1(M) → Zr−1 → 1

where the epimorphism π1(M) → Zr−1 is the result of killing the fibre class h ∈ π1(M)
as well as the resulting torsion. Since h ∈ K, though no dual class xj ∈ π1(Tj) is, 
the sequence can be used to create a lexicographic left-ordering of π1(M) that strongly 
detects ([h], . . . , [h]).

Assume next that r ≥ 3 and α is a primitive rational element of H1(Tr) such that [α]
is horizontal. In this case, π1(M(α)) is left-orderable since it is the fundamental group of 
an irreducible 3-manifold with positive first Betti number, and therefore π1(M) admits 
a left-ordering o with [αr(o)] = [α] arising from the short exact sequence 1 → 〈〈α〉〉 →
π1(M) → π1(M(α)) → 1.

On the other hand if r ≥ 3 and [α] is irrational then we use the topology on LO(π1(M))
defined by Sikora [43]. Recall that a left-order o is determined by its positive cone 
P (o) ⊂ π1(M). Given x ∈ π1(M), let Ux = {P ∈ LO(π1(M)) : x ∈ P}. Now en-
dow LO(π1(M)) with the topology with subbasic open sets {Ux : x ∈ π1(M)}. Sikora 
shows that LO(π1(M)) is compact and metrizable in this topology. He also identifies 
LO(π1(Tj)) with a space X which has a circle as a natural quotient and which double 
covers S(Tj) ∼= S1. (This circle quotient of X is simply the space of oriented slopes in 
H1(Tj ; R). See [43, §3].) If H is a non-trivial subgroup of π1(M), the restriction map 
LO(π1(M)) → LO(H) is easily seen to be continuous, so taking H to be π1(Tr) we 
obtain a continuous map LO(π1(M)) → S(Tr) whose image contains all rational points. 
Since LO(π1(M)) is compact so is its image in S(Tr); thus every irrational slope is in 
the image as well. In particular we may fix o ∈ LO(π1(M)) with [αr(o)] = [α].

Now since r ≥ 3 we can construct, as above, a short exact sequence

1 → K → π1(M) → Zr−2 → 1

with h ∈ K, xr ∈ K and xj /∈ K for j = 1, . . . , r − 1. Use the restriction o|K to left-
order K, and give Zr−2 an arbitrary ordering. The corresponding lexicographic ordering 
of π1(M) detects ({r}; ([h], . . . , [h], [α])). �
Lemma 4.14. Let M1 and M2 be Seifert fibred manifolds with ∂M1 = T1 ∪ · · · ∪ Ts and 
∂M2 = Ts∪· · ·∪Tr. Suppose that (J ; [α∗]) is order detected on M1 and (K; [β∗]) is order 
detected on M2. Set M = M1 ∪φ M2, where φ : Ts → Ts is a homeomorphism satisfying 
φ∗([αs]) = [βs]. If s ∈ J ∩ K, then ((J ∪ K) \ {s}; ([α1], . . . , [αs−1], [βs+1], . . . , [βr])) is 
order detected on M .
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Proof. First consider the case that [αs] is rational (cf. [18, Theorem 8]). Suppose that 
(J ; [α∗]) is o1-detected, and (K; [β∗]) is o2-detected. Let Ci ⊂ π1(Mi) be a normal, 
oi-convex subgroup such that Ci ∩ π1(Tj) ⊆ 〈αj〉 ∩ π1(Tj) for all j with equality if j ∈ J

(similarly for all k ∈ K). Each ordering oi descends to an ordering o′i of π1(Mi)/Ci.
There is a map φ̄ : π1(Ts)/〈αs〉 → π1(Ts)/〈βs〉 induced by φ which we use to amalga-

mate the left-orderable groups π1(M1)/C1 and π1(M2)/C2 along cyclic subgroups. We 
arrive at a short exact sequence

1 → C → π1(M1) ∗φ π1(M2) → π1(M1)/C1 ∗φ̄ π1(M2)/C2 → 1

where the middle term is isomorphic to the fundamental group π1(M). By [1, Corol-
lary 5.3], the group π1(M1)/C1 ∗φ̄ π1(M2)/C2 is left-orderable and admits a left-
ordering o′ that extends o′1 and o′2. Using the ordering o′ and the short exact sequence 
above to left-order π1(M), we arrive at an ordering o of π1(M) detecting the tuple 
([α1], . . . , [αs−1], [βs+1], . . . , [βr]) of slopes. Moreover, the kernel C is convex in o and 
satisfies C ∩ π1(Tj) = C1 ∩ π1(Tj) for j < s and C ∩ π1(Tj) = C2 ∩ π1(Tj) for j > s. 
Therefore o detects ((J ∪K) \ {s}; ([α1], . . . , [αs−1], [βs+1], . . . , [βr])).

Now consider the case that [αs] is irrational. Without loss of generality we can assume 
that J ∩ {1, 2, . . . , s − 1} and K ∩ {s + 1, s + 2, . . . , r} are empty (cf. Remark 4.3 and 
Lemma 4.4).

Consider the torus Z = S(T1) ×. . .×S(Ts) ×. . .×S(Tr) and the closed compact subset 
X = {([α1], [α2], . . . , [αs−1])} × S(Ts) × {([βs+1], [βs+2], . . . , [βr])} of Z. As above, there 
is a continuous map s : LO(π1(M)) → Z which associates to an element of LO(π1(M))
the r-tuple of slopes that it detects on T1, T2, . . . , Ts, . . . , Tr. Then Y = s−1(X) is closed 
and compact in LO(π1(M)), so the image of Y in S(Ts) is closed. If there are rational 
slopes [α′

s] arbitrarily close to [αs] for which the lemma holds, then [αs] is contained in 
the image of Y in S(Ts), which implies the lemma holds. Otherwise, at least one of M1

and M2, say M1, is of a very special sort (cf. Propositions 4.5 and Corollary A.6). Set 
J0 = {j ∈ J | [αj ] is rational}, and let M ′

1 denote the Seifert fibred manifold obtained 
from [αj ]-Dehn filling M1 where j ∈ J0. Indeed, in this case M ′

1 (as in Lemma 4.4) 
is just S1 × S1 × I with boundary T1 ∪ Ts (after reindexing T1, . . . , Ts−1). It follows 
that [α1] equals [αs] under the identification S(T1) = S(Ts) induced by M ′

1. Thus the 
order detectability of (K; [β∗]) combines with the obvious homeomorphism M ∼= M2 to 
complete the proof of the lemma. �
Proposition 4.15. Let M be a compact orientable Seifert fibred manifold as in §2.2 and 
J ⊆ {1, . . . , r}. Fix [α∗] ∈ S(M) such that {j ∈ J : [αj ] = [h]} = ∅.

(1) If M has base orbifold Q(a1, . . . , an) then (J ; [α∗]) is order detected if and only if 
v([α∗]) ≥ 1.

(2) If M has base orbifold P (a1, . . . , an) and v([α∗]) ≥ 1 then (J ; [α∗]) is order detected 
if and only if v([α∗]) ≥ 2.
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Proof. Suppose that M has base orbifold Q(a1, . . . , an). By Lemma 4.7(1), if (J ; [α∗]) is 
order detected then v([α∗]) ≥ 1. Assume conversely that v([α∗]) ≥ 1. If r = 1, [α∗] = [α1]
is the fibre class [h]. Hence J = ∅. Since Q is non-orientable, h is the rational longitude of 
M and therefore ({1}; [h]) is order detected. This implies that (∅; [h]) is order detected, 
as required.

Assume that r > 1 and note that M splits along an essential vertical torus T as the 
union of a Seifert manifold N with base orbifold Q0(a1, . . . , an) and a Seifert manifold M0
where ∂M0 = ∂M∪T . It is clear that M0 has base orbifold a planar surface with r+1 ≥ 3
boundary components. If assertion (2) holds, then by using assertion (1) in the case r = 1
each of π1(M0) and π1(N) can be equipped with normal families of left-orderings L and 
L′ respectively satisfying the hypotheses of Lemma 4.12. By construction, L and L′ are 
compatible with a gluing map which identifies the fibre of M0 with the fibre of N (cf.
Proposition 11.5). Then Theorem 4.11 allows us to construct the required ordering of 
π1(M). Thus we are reduced to proving assertion (2).

Suppose that M has base orbifold P (a1, . . . , an), v([α∗]) = 1, and (J ; [α∗]) is 
o-detected. Without loss of generality we can suppose that [α1] = [h]. Recall the presen-
tation from §2.2.2 and observe that π1(M) is generated by y1, . . . , yn, x2, . . . , xr, h. Since 
v([α∗]) = 1 the slopes [α2], . . . , [αr] are horizontal, and then Proposition 4.7 implies that 
[α1] is horizontal as well. Thus (J ; [α∗]) is not o-detected when v([α∗]) = 1.

Suppose that v([α∗]) ≥ 2. Without loss of generality we can suppose that [αj] = [h] for 
1 ≤ j ≤ v([α∗]) and [αj ] is horizontal for v([α∗]) +1 ≤ j ≤ r, and J ⊂ {v([α∗]) +1, . . . , r}. 
Choose an essential vertical torus T cutting M into two pieces M1 and M2 where M1 ∼=
P1 × S1 (P1 a planar surface) has boundary tori T1, . . . , Tv([α∗]), T and M2 is a Seifert 
fibred space with boundary tori Tv([α∗])+1, . . . , Tr, T . Set J ′ = {j−v([α∗]) | j ∈ J}. Then 
J ′ is the set of indices whose slopes on M2 are strongly detected.

By applying Corollary A.6 and Proposition 4.5 there exists a slope [α] ∈ S(T ) and a 
left-ordering of π1(M2) that detects (J ′ ∪ {r + 1 − v([α∗])}; ([αv([α∗])+1], . . . , [αr], [α])), 
and by Lemma 4.13, there exists a left-ordering of π1(M1) detecting ({v([α∗])};
([h], . . . , [h], [α])). It follows from Lemma 4.14 that π1(M) ∼= π1(M1) ∗π1(T ) π1(M2) ad-
mits a left-ordering o detecting (J ; ([h], . . . , [h], [αv([α∗])+1], . . . , [αr]). This completes the 
proof of assertion (2). �
5. Left-orders, dynamic realisations and slopes

We have seen how representations yield orders in a slope preserving fashion. The goal 
of this section is to reverse this process.

5.1. The dynamical realisation of a left-ordering

We begin with a classic result concerning countable left-orderable groups (cf. [26, 
Theorem 6.8], [36, Proposition 2.1]). We include a brief sketch of the proof of the forward 
implication for later use.
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Proposition 5.1. A non-trivial countable group G is left-orderable if and only if there 
exists a faithful representation ρ : G → Homeo+(R).

Proof. It suffices to prove the forward implication [20]. Suppose that G is left-orderable 
with ordering < and fix an enumeration {g0, g1, g2, . . .} of G with g0 = id. Inductively de-
fine an order-preserving embedding t : G → R as follows: Set t(g0) = 0. If t(g0), . . . , t(gi)
have already been defined and gi+1 is either larger or smaller than all previously embed-
ded elements, set:

t(gi+1) =
{

max{t(g0), . . . , t(gi)} + 1 if gi+1 > max{g0, . . . , gi}
min{t(g0), . . . , t(gi)} − 1 if gi+1 < min{g0, . . . , gi}

On the other hand, if there exist j, k ∈ {0, . . . , i} such that gj < gi+1 < gk and there 
is no n ∈ {0, . . . , i} such that gj < gn < gk, set t(gi+1) = t(gj)+t(gk)

2 . The group G
acts in an order-preserving way on t(G) according to the rule g(t(h)) = t(gh). This 
action extends uniquely to an order-preserving action of G on the closure t(G). Since 
the complement of t(G) is a disjoint union of open intervals whose end-points lie in 
t(G), we can extend the G-action on t(G) affinely over R \ t(G). This defines a faithful 
representation ρo : G → Homeo+(R). �
Definition 5.2. Given a left-ordering o of a countable group G, a representation ρo con-
structed as in Proposition 5.1 is called a dynamical realisation of o.

It follows from the method of proof of [36, Lemma 2.8] that any two dynamical 
realisations of a left-orderable group G are conjugate in Hom(G, Homeo+(R)).

Lemma 5.3. Let o be a left-order on a group G and ρo : G → Homeo+(R) a dynamical 
realisation of o.

(1) The action on R induced by ρo is nontrivial, i.e. there are no global fixed points.
(2) An element g ∈ G is o-cofinal if and only if ρo(g) is fixed point free (and if and 

only if it is conjugate in Homeo+(R) to sh(±1)).

Proof. Assertion (1) follows from the observation that the set t(G) is unbounded above 
and below.

Next suppose that g ∈ G is o-cofinal and x ∈ R. There is an integer n such that x ∈
[t(gn), t(gn+1)), so ρo(g)(x) ∈ [t(gn+1), t(gn+2)) and therefore ρo(g)(x) �= x. Conversely 
suppose that ρo(g) is fixed point free. It follows from the construction of ρo that the 
intersection of {t(gn) : n ∈ Z} with any bounded subset of R is finite. Hence g must be 
o-cofinal. Finally observe that Lemma 3.1(1) implies that an element of Homeo+(R) is 
conjugate to sh(±1) if and only if it is fixed point free. This proves (2). �
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5.2. Left-orders, dynamic realisations and slopes

The next proposition is a converse to Proposition 4.5.

Proposition 5.4. Let M be a compact orientable Seifert fibred manifold as in §2.2. Suppose 
that J ⊂ {1, 2, . . . , r} and (J ; [α∗]) is o-detected where [α∗] is horizontal.

(1) If ρo : π1(M) → Homeo+(R) is a dynamic realisation of o, then ρo is conjugate 

in Homeo+(R) to a representation ρ with values in H̃omeo+(S1). Further, each [αj ] is 
ρ-detected.

(2) (J ; [α∗]) is ρ′-detected for some ρ′ ∈ R0(M) which takes values in some 
P̃SL(2, R)k.

Proof. First note that if [α∗] is horizontal, Proposition 4.7 implies that M has base 
orbifold P (a1, . . . , an) and h is o-cofinal. Therefore Lemma 5.3 (2) implies that ρ(h) is 
conjugate to sh(±1). Hence ρo is conjugate in Homeo+(R) to a representation ρ with 

values in H̃omeo+(S1).
Fix j and let Lo ⊃ 〈αj〉 be the line in H1(Tj ; R) determined by o. By construction, 

each element of π1(Tj) \ Lo is o-cofinal while

t({g ∈ π1(Tj) \ Lo : g > 1}) = {t(g) : g ∈ π1(Tj) \ Lo} ∩ R+

and

t({g ∈ π1(Tj) \ Lo : g < 1}) = {t(g) : g ∈ π1(Tj) \ Lo} ∩ R−

It follows that τ(ρ(g)) > 0 for all positive g ∈ π1(Tj) \Lo and τ(ρ(g)) < 0 for all negative 
g ∈ π1(Tj) \ Lo. Thus [αj ] is ρ-detected, so assertion (1) holds.

Up to replacing o by oop, we can suppose that h is o-positive and therefore that 
ρ(h) = sh(1). (See Remark 4.3(2).) We shall assume this below.

Fix an o-convex, normal subgroup C of π1(M) such that C ∩ π1(Tj) = 〈αj〉 ∩ π1(Tj)
for j ∈ J and C ∩ π1(Tj) ≤ 〈αj〉 ∩ π1(Tj) otherwise. As C is o-convex and normal, 
o induces a left-order ō on π1(M)/C by taking the positive cone of ō to be the image in 
π1(M)/C of the positive cone of o. The convexity of C implies that ō is a well-defined 
left-order.

Let ρō be a dynamic realisation of ō. Since the image of h in π1(M)/C is ō-cofinal, we 
can assume that ρō(hC) = sh(1). Therefore ρ̄ ∈ R0(M) where ρ̄ is the composition of 
the dynamic realisation ρō and the quotient π1(M) → π1(M)/C. We claim that (J ; [α∗])
is ρ̄-detected. Fix j and suppose first of all that C ∩π1(Tj) = {1}. In this case, π1(Tj) →
π1(M)/C is injective, so the left-orders on π1(Tj) induced from o and ō coincide. The 
method of proof of part (1) of this proposition then shows that [αj(ρ̄)] = [αj(ō)] =
[αj(o)] = [αj ]. On the other hand, if C ∩ π1(Tj) = 〈αj〉 ∩ π1(Tj), then ker(ρ̄) ∩ π1(Tj) =
〈αj〉 ∩π1(Tj) so [αj ] is ρ̄-detected for such j. Further, when [αj] is rational, it is strongly
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ρ̄-detected. Thus if J0 = {j ∈ J : [αj ] is rational}, (J0; [α∗]) is ρ̄-detected. Proposition 3.5
and Corollary 3.6 now show that (J ; [α∗]) is ρ′-detected for some ρ′ ∈ R0(M) which takes 
values in some P̃SL2(R)k. �
Remark 5.5. The methods of this section can be used to show the equivalence of state-
ments (2) and (3) of Theorem 1.3 and of Theorem 1.5. For instance, consider a dynamical 
realisation ρo of a left-order o on the fundamental group of a graph manifold rational 
homology 3-sphere W . If o satisfies the condition of statement (2) of Theorem 1.3 then 
Lemma 5.3(2) implies that the image by ρo of the class each Seifert fibre of a piece of 
W is conjugate to sh(±1). Thus statement (3) of Theorem 1.3 holds. If o satisfies the 
condition of statement (2) of Theorem 1.5, then π(W )/C admits an induced left-order o
in which the image of the class of each Seifert fibre of a piece of W is cofinal. The compo-
sition of the quotient homomorphism π1(W ) → π1(W )/C with a dynamical realisation 
of o is a representation which satisfies the condition of statement (3) of Theorem 1.5.

Conversely consider a representation ρ : π1(W ) → Homeo+(R) with non-trivial image. 
It follows from [6, Theorem 1.1(1)] that π1(W ) admits a left-ordering and therefore 
so does ker(ρ) as long as it is non-trivial. Since Homeo+(R) is left-orderable, there is 
a left-ordering o on π1(W ) induced by the exact sequence 1 → ker(ρ) → π1(W ) →
image(ρ) → 1 (cf. the proof of Proposition 4.5). Since sh(1) is cofinal in the natural 
left-orderings on Homeo+(R) (cf. the first paragraph of the proof of [36, Proposition 2.1]), 
the reader will verify that if ρ satisfies statement (3) of Theorem 1.3 then o satisfies 
statement (2) of that theorem. Further if ρ satisfies statement (3) of Theorem 1.5 then 
o satisfies statement (2) of that theorem when we take C = ker(ρ).

6. Detecting slopes via foliations

Let M be a compact orientable Seifert fibred manifold as in §2.2. We use F(M) to 
denote the set of isotopy classes of co-oriented, taut foliations on M which are transverse 
to ∂M . The set of isotopy classes of co-oriented, horizontal foliations on M is contained 
in F(M).

6.1. Co-oriented taut foliations in Seifert manifolds

Brittenham has made a detailed study of essential laminations in Seifert fibred man-
ifolds [7,8]. The next proposition is a consequence of his results.

Proposition 6.1.

(1) Suppose that W is a Seifert fibred space which admits a co-oriented taut foliation F . 
If W is a rational homology 3-sphere, then F can be isotoped to be horizontal. Con-
sequently, the base orbifold of W has underlying space a 2-sphere.

(2) Suppose that M is a compact orientable Seifert fibred manifold as in §2.2.



S. Boyer, A. Clay / Advances in Mathematics 310 (2017) 159–234 185
(a) If F ∈ F(M) has no compact leaves, then F can be isotoped to be horizontal 
in M . Consequently, the base orbifold of M is orientable.

(b) If F ∈ F(M) has a compact leaf L, then L is non-separating and has non-empty 
boundary. Consequently, it is either a vertical annulus or a horizontal surface. 
In the former case, F can be isotoped so that every leaf is either vertical or 
horizontal in M . In the latter case, F can be isotoped to be horizontal in M , so 
the base orbifold of M is orientable.

Proof. A co-oriented taut foliation F on a rational homology 3-sphere Seifert fibred 
space W has no compact leaves, since each closed, connected, orientable surface in W
separates. Hence, as W has first Betti number 0, each leaf of F has exponential growth 
[39, Corollary 6.4]. This implies that no leaf of F can be isotoped to be vertical. To 
see this, observe that there is a Riemannian metric on W for which the lengths of 
the Seifert fibres are uniformly bounded, which implies that the growth of any leaf 
which can be isotoped to be vertical is polynomial. Thus F can be isotoped to be hori-
zontal [7, Theorem 1 and Proposition 6]. The co-orientability of F then shows that the 
Seifert fibres of W can be coherently oriented and so its base orbifold is orientable. This 
proves (1).

Next we consider Assertion (2)(a). Suppose that F ∈ F(M) has no compact leaves 
but cannot be isotoped to be horizontal in M . Then by [8, Theorem 1 and Proposition 4], 
F can be split open along a finite number of leaves to produce an essential lamination 
L which contains a vertical sublamination L0. We claim that L0 contains a compact 
vertical leaf, contrary to our initial assumption, thus completing the proof. In the case 
that the base orbifold of M is not orientable, it suffices to show that the pull back of L0
to a 2-fold cover of M whose base orbifold has a planar underlying surface has a compact 
vertical leaf. Thus, without loss of generality we can assume that the base orbifold of M
is of the form P (a1, . . . , an) where P is a planar surface.

After splitting L0 along its leaves which contain exceptional fibres of M , we may 
assume that it is a vertical lamination in the exterior M0 of the exceptional fibres 
of M . As P is orientable, M0 ∼= P0 × S1 where P0 is the exterior of the cone points 
of P (a1, a2, . . . , an). Since L0 is vertical, it projects to a 1-dimensional lamination L0
in P0. Further, since a compressing or end-compressing disk for a leaf of L0 in P0 is also 
one for L0 in M , L0 is incompressible in P0.

Let τ ⊂ int(P0) be an incompressible train track which fully carries L0. Since F is 
co-oriented, so is L0 and therefore the branches of τ can be coherently oriented. Thus, 
any embedded loop in τ consists of a sequence of coherently oriented branches. Each 
such loop separates P0 and so we can choose one, say C, such that P0 splits as the 
union of two subsurfaces S0, S1 such that S0 ∩ S1 = C and τ ∩ int(S0) = ∅. Since τ is 
essential, there is a point x ∈ int(S0) \ L0. Given an arc in S0 which is transverse to L0
and connects a point of C to x, it contains a unique point y “closest” to x, and it is not 
hard to see that the leaf of L which passes through y must be a simple closed curve. The 
inverse image of this leaf in M0 is a separating torus leaf of L0, which contradicts the 
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fact that F has no compact leaves. Hence combinatorially, τ is a tree whose extrema are 
contained in ∂P . But then there is an arc A contained in τ which is properly embedded 
in (P0, ∂P ) and which has a tubular neighbourhood N(A) such that τ ∩ (N(A) \ A), if 
non-empty, is contained in one of the two components of N(A) \ A. Arguing as in the 
proof that τ contains no loops shows that L0 ⊂ F has an annular leaf, contrary to our 
assumption that F has no compact leaves. Thus Assertion (2)(a) holds.

Finally, for Assertion (2)(b), suppose that F has a compact leaf F . Since F is taut 
and co-oriented, F must be non-separating. In particular, as M is contained in a ra-
tional homology 3-sphere, ∂F cannot be empty. Further, as a leaf of a taut foliation, 
it is incompressible in M . Consequently, it is isotopic to either a vertical annulus or a 
horizontal surface. In the former case, [8, Theorem 1] implies that F can be isotoped so 
that every leaf is either vertical or horizontal. In the latter case, we can apply [8, Propo-
sition 5] to see that if F cannot be isotoped to be horizontal, it contains the product of 
a Reeb annulus and an interval. But this possibility is ruled out by the tautness of F . 
Thus F can be isotoped to be horizontal and the base orbifold of M is orientable, which 
completes the proof. �
Corollary 6.2. Let M be a compact orientable Seifert fibred manifold as in §2.2 and fix 
F ∈ F(M). Then either F contains a vertical annulus leaf or it is horizontal and M has 
an orientable base orbifold. In particular, for each boundary component Tj of M , either 
F ∩ Tj contains a vertical leaf or it is horizontal.

Proof. The first statement follows immediately from Proposition 6.1(2) while the second 
follows from Proposition 6.1(2) and [8, Theorem 1]. �
Corollary 6.3. Let M be a compact orientable Seifert fibred manifold as in §2.2 and fix 
F ∈ F(M). Then F is horizontal if and only if it restricts to a horizontal foliation on 
each boundary component of M . In the case that such a foliation exists, the base orbifold 
of M is orientable.

Proof. The forward direction of the first statement is obvious while the reverse impli-
cation follows from Proposition 6.1(2). The second statement follows as in the proof of 
Proposition 6.1. �
6.2. Foliation detection of slopes

An orientation-preserving homeomorphism f : S1 → S1 gives rise to a suspension 
foliation Ff on the quotient torus Tf = (S1×R)/

(
(x, t) ≡ (f(x), t +1)

)
whose leaves are 

the image of the lines {x} ×R. More generally, a foliation F on a torus T is a suspension 
foliation if there is a homeomorphism (T, F) → (Tf , Ff ) for some orientation-preserving 
homeomorphism f of the circle. It is simple to see that F is a suspension if and only if 
it is transverse to a foliation F ′ of T by simple closed curves. The homeomorphism f is 
the first return map on a fixed leaf of F ′ determined by F .
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A linear foliation on a torus is any foliation homeomorphic to the suspension of a 
rotation S1 → S1. A linear foliation has closed leaves if and only if the rotation is of 
finite order, in which case each of its leaves is closed. Linear foliations can be isotoped 
to either coincide or be transverse.

For each F ∈ F(M) and 1 ≤ j ≤ r, F determines a co-dimension 1 foliation F∩Tj of Tj

which, after an isotopy, either contains a closed leaf or is horizontal on Tj (Corollary 6.2). 
Suppose that the latter occurs and let Cj denote a horizontal simple closed curve on Tj

which carries xj . Then Tj
∼= Cj ×S1 where the second factor is vertical. The first return 

map R → R of the pull back of F ∩ Tj to Cj × R under the cover Cj × R → Cj × S1

determines an element fj ∈ H̃omeo+(S1). (See [22, p. 654] for the details.) We can define 
a uniquely determined slope [αj(F)] ∈ S(Tj) as follows:

• if F ∩ Tj contains a closed leaf, we define [αj(F)] to be the slope of that leaf;
• if F ∩ Tj is horizontal we define [αj(F)] = [τ(fj)h − h∗

j ].

These definitions coincide when F ∩ Tj is horizontal and contains a closed leaf. To 
see this, note that if p, q are coprime integers, then F ∩ Tj has a closed leaf representing 
[ph − qh∗] if and only if there is a t ∈ R such that fq

j (t) = t + p. On the other hand, it 
follows from the basic properties of translation numbers [26, §5] that the latter condition 
is equivalent to τ(fj) = p

q , that is [τ(fj)h − h∗
j ] = [ph − qh∗].

Lemma 6.4. [αj(F)] depends only on F ∩ Tj.

Proof. We have just seen that the lemma holds if [αj(F)] is rational, so suppose that 
it isn’t. In other words, suppose that τ(fj) is irrational. In this case Fj = F ∩ Tj has 
no closed leaves and therefore can be assumed to be transverse to each slice {x} × S1

of the factorisation Tj = Cj × S1, where the second factor is vertical (Corollary 6.2). 
It follows that Fj is a suspension and so each leaf of the lift F̃j of Fj to R2 = R × R, 
the universal cover of Tj = Cj × R, is the graph of a continuous function R → R. In 
particular, it is closed and separating in R2. This allows us to identify the leaf space of 
F̃j with R ≡ {0} × R ⊂ R2. The induced action of π1(Tj) on R is free since Fj has no 

closed leaves. Consider the associated homomorphism ρj : π1(Tj) → H̃omeo+(S1) where 
by construction, ρj(h) = sh(1).

Set ϕ = τ ◦ ρj : π1(Tj) → R and note that for all integers p, q we have ϕ(hpx−q
j ) =

pϕ(h) − qϕ(xj) = p − qτ(fj). Since τ(fj) is irrational, ϕ(hpx−q
j ) = 0 if and only if 

p = q = 0, and therefore by the properties of τ [26, §5], ρj(hpx−q
j )(t) = t for some t

if and only if p = q = 0. Then for each 1 �= γ ∈ π1(Tj), either ρj(γ)(t) > t for all t
or ρj(γ)(t) < t for all t. In the former case ϕ(γ) > 0 and in the latter ϕ(γ) < 0. Put 
another way, for any leaf L of F̃j , ϕ(γ) > 0 if and only if γ(L) lies above L and ϕ(γ) < 0
if and only if γ(L) lies below L. Since ϕ(hpx−q

j ) > 0 if and only if q = 0 and p > 0
or τ(fj) < p , the slope [τ(fj)h − h∗

j ] ⊂ R2 is the dividing line between the elements of 
q
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π1(Tj) = H1(Tj) ≤ H1(Tj ; R) = R2 which move a leaf L to one of its sides from the ones 
that move it to its other. Thus [αj(F)] depends only on F ∩ Tj . �

We call [α∗(F)] = ([α1(F)], [α2(F)], . . . , [αr(F)]) the slope of F .

Definition 6.5. Let F be a taut co-oriented foliation in M which is transverse to ∂M . 
A slope [αj ] ∈ S(Tj) is detected by F , or F-detected, if [αj] = [αj(F)]. It is strongly 
F-detected if it is F-detected and F|Tj is linear. For J ⊂ {1, 2, . . . , r} and [α∗] =
([α1], [α2], . . . , [αr]) ∈ S(M), we say that (J ; [α∗]) is F-detected if F detects [αj ] for all j
and F strongly detects [αj ] for j ∈ J . Finally, we say that (J ; [α∗]) is foliation-detected
if it is F-detected for some F ∈ F(M).

We shall often simplify the phrase “(∅; [α∗]) is F-detected, resp. foliation detected”, to 
“[α∗] is F-detected, resp. foliation detected”. Similarly, we simplify “({1, 2, . . . , r}; [α∗])
is F-detected, resp. foliation detected”, to “[α∗] is strongly F-detected, resp. strongly
foliation detected”.

Set

Dfol(M ; J) = {[α∗] ∈ S(M) : (J ; [α∗]) is foliation detected}

When J = ∅ we simplify Dfol(M ; J) to Dfol(M).
Here is a rephrasing of Corollary 6.3.

Proposition 6.6. Suppose that [α∗] ∈ S(M) is F-detected. Then [α∗] is horizontal if and 
only if F is horizontal. �
6.3. Representation detection and foliation detection

The relations between horizontal foliations in Seifert manifolds and representations 
with values in H̃omeo+(S1) was worked out in detail in [22]. We summarise this work in 
the context of detected slopes below.

Proposition 6.7. [22] Let M be a compact orientable Seifert fibred manifold as in §2.2. 
Suppose that J ⊆ {1, 2, . . . , r} and [α∗] ∈ S(M) is horizontal. Then (J ; [α∗]) is represen-
tation detected if and only if it is foliation detected.

Proof. Suppose that (J ; [α∗]) is ρ-detected for some ρ ∈ R0(M). By Proposition 3.5 we 
can suppose that ρ takes values in P̃SL(2, R)k for some k ≥ 1. A standard construction 
associates a horizontal foliation F(ρ) on M to ρ, which we describe next.

Let X → P (a1, a2, . . . , an) be the universal cover so that int(X) ∼= R2. Then π1(M)
acts properly discontinuously on X via the quotient homomorphism ϕ : π1(M) →
π1(P (a1, a2, . . . , an)) and freely and properly discontinuously on X × R via

γ · (x, t) = (ϕ(γ)(x), ρ(γ)(t))
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since ρ(h) = sh(1). Consider the quotient M ′ = X×ρR = (X×R)/π1(M). Then M ′ is a 
3-manifold whose fundamental group is isomorphic to the group of deck transformations 
of the cover X×R → M ′, which is π1(M) acting on X×R as above. This determines an 
identification π1(M ′) = π1(M). Observe that the image of each {x} ×R in M ′ is a circle, 
so M ′ is Seifert fibred in a natural way. Now (x, t) and (x′, t′) map to the same fibre of M ′

if and only if x′ = ϕ(γ)(x) for some γ ∈ π1(M ′) = π1(M). Thus the base orbifold B′ of 
M ′ is the quotient of X by π1(P (a1, a2, . . . , an)). In other words, B′ = P (a1, a2, . . . , an). 
Further, the action of π1(M ′) on X induced by the quotient ϕ′ : π1(M ′) → π1(B′)
coincides with the action of π1(M) on X under the ϕ-action. It follows that M ′ ∼= M . 
(This is because the Seifert invariant of the i-th Seifert fibre is determined by the action 
of ϕ(xi) on X: ai is the order of ϕ(xi) while bi is the unique integer in the interval (0, ai)
such that ϕ(xbi

i ) acts by rotation by 2π/ai about the fixed point of ϕ(xi) in X.) Finally 
observe that M ′, and therefore M , inherits a horizontal foliation F(ρ) from the foliation 
{X × {t} : t ∈ R} of X × R.

Let L̃j be the component of ∂X such that T̃j = L̃j ×R is the π1(Tj)-invariant compo-
nent of ∂(X×R). Fix an identification L̃j = R such that ϕ(h∗

j )(x) = x +1 for all x ∈ L̃j . 
Assume first that ρ(π1(Tj)) conjugates into the group of translations of R. Then after 
conjugation, for (x, t) ∈ T̃j we have h ·(x, t) = (x, t +1) and h∗

j ·(x, t) = (x +1, t +τ(ρ(h∗
j ))). 

It is well known (cf. [15, Example 1.2.4 and Exercise 1.2.6]) that F(ρ)|Tj
is a linear fo-

liation of slope [τ(ρ(h∗
j ))h − h∗

j ] = [αj(ρ)]. Thus F(ρ) strongly detects [αj ] for j ∈ J . 
Suppose now that ρ(π1(Tj)) does not conjugate into the group of translations of R. It 
follows from the conventions set in §6.2 that [αj(F)] = [τ(ρ(h∗

j ))h −h∗
j ] = [αj(ρ)] = [αj ]. 

Thus (J ; [α∗]) is F(ρ)-detected.
Conversely suppose that (J ; [α∗]) is F-detected. Since [α∗] is horizontal, so is F

(Proposition 6.6). Let M̃ → M be a universal cover and F̃ the lift of F to M̃ . Then the 
preimage in M̃ of any Seifert fibre of M intersects each leaf of F̃ once and only once. 
(See [8, §3] for instance.) It follows that the leaf space of F̃ is homeomorphic to the real 
line, so π1(M) acts on R. As F is co-oriented, this action is by orientation-preserving 
homeomorphisms. Further, h acts by sh(1), at least up to conjugation and an appropriate 

orientation on F̃ . Let ρ : π1(M) → H̃omeo+(S1) be the associated homomorphism. It 
follows from our conventions that [α∗(ρ)] = [α∗(F)] = [α∗]. If j ∈ J , then F∩Tj is linear, 
which implies that ρ(xj) is conjugate to a translation. Hence ρ|π1(Tj) conjugates into the 
subgroup of translations of R so that ρ strongly detects [αj ]. This completes the proof. �
6.4. Foliation detection and non-horizontal [α∗]

Our first lemma shows that a vertical slope can rarely be strongly foliation detected.

Lemma 6.8. Suppose that F ∈ F(M) and F ∩ Tj is a foliation by simple closed curves. 
Then either [αj(F)] is horizontal or M is a twisted I-bundle over the Klein bottle with 
base orbifold a Möbius band. In the latter case we can alter the Seifert structure on M
so that [αj(F)] becomes horizontal.
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Proof. Suppose that F ∩Tj is a foliation by simple closed curves of slope [hj]. Let M ′ be 
the manifold obtained by Dehn filling M along its fibre slope on Tj. If M has base orbifold 
of the form P (a1, . . . , an), then M ′ is homeomorphic to (#n

i=1Lai
)#(#r−1

j=1S
1 ×D2). On 

the other hand, M ′ admits a co-oriented taut foliation and so is either prime or S2 × I

(see e.g. [16, Corollary 9.1.9]). The latter is clearly impossible. Therefore M is prime and 
so n + (r − 1) ≤ 1. But then M is either a solid torus or S1 × S1 × I, which contradicts 
our assumptions. Similarly if M has base orbifold Q(a1, . . . , an), M ′ is homeomorphic 
to (#n

i=1Lai
)#(S1 × S2)#(#r−1

j=1S
1 ×D2) so as it is prime, n = r − 1 = 0. Hence M is 

a twisted I-bundle over the Klein bottle with the Seifert structure having base orbifold 
a Möbius band. After changing the structure on M to that with base orbifold D2(2, 2), 
[αj(F)] becomes horizontal. Thus the lemma holds. �

Here is one of the main results of this section.

Proposition 6.9. Let M be a compact orientable Seifert fibred manifold M as in §2.2 and 
J ⊆ {1, . . . , r}. Fix [α∗] ∈ S(M) and suppose that j ∈ J implies that [αj ] �= [h].

(1) If M has base orbifold Q(a1, . . . , an), then (J ; [α∗]) is foliation detected if and only 
if v([α∗]) ≥ 1.

(2) If M has base orbifold P (a1, . . . , an) and v([α∗]) > 0, then (J ; [α∗]) is foliation 
detected if and only if v([α∗]) ≥ 2.

Proof. We use Cj to denote the image of Tj in the base orbifold of M . Without loss 
of generality we suppose that [αj ] = [h] if and only if 1 ≤ j ≤ v([α∗]). Then J ⊂
{v([α∗]) + 1, . . . , r}.

First assume that M has base orbifold Q(a1, . . . , an). Proposition 6.6 shows that 
v([α∗]) > 0. Let M0 be a connected manifold obtained by cutting M open along disjoint 
vertical annuli A0, A1, . . . , Av([α∗])−1 where A0 is non-separating and connects T1 to itself 
and Ai connects Ti and Ti+1 for 1 ≤ i ≤ v([α∗]) −1. Then M0 is Seifert with base orbifold 
P0(a1, . . . , an) where P0 is planar with |∂P0| = r − v([α∗]) + 1. We can write ∂M0 =
T0 ∪ Tv([α∗])+1 ∪ . . . ∪ Tr where T0 is a torus containing 2v([α∗]) disjoint vertical annuli 
A+

0 , A
−
0 , A

+
1 , A

−
1 , . . . , A

+
v([α∗])−1, A

−
v([α∗])−1 indexed so that A+

j and A−
j are identified by 

a homeomorphism fj in reconstructing M from M0. We can find a horizontal slope 
[α0] on T0 and a representation ρ0 which detects ({0} ∪ J ; ([α0], [αv([α∗])+1], . . . , [αr]))
(Proposition A.4). By Proposition 6.7, there is a horizontal foliation F0 in M0 which 
detects ({0} ∪ J ; ([α0], [αv([α∗])+1], . . . , [αr])). Then F0 ∩ A±

j is a foliation by horizontal 
arcs and we can assume that fj preserves this foliation. Then F0 determines a horizontal 
foliation F1 in M which is transverse to the annuli Aj and detects [αj ] on Tj for v([α∗]) +
1 ≤ j ≤ r. Note that f0 reverses the transverse orientation of the leaves of F1 while 
f1, . . . , fv([α∗]) preserves them, so F1 is not co-oriented. But spinning F1 vertically around 
A1, A2, . . . , Av([α∗])−1 in an appropriate fashion produces a co-oriented taut foliation F
which detects (J ; [α∗]) (cf. [12, Example 4.9]). This completes the proof of (1).



S. Boyer, A. Clay / Advances in Mathematics 310 (2017) 159–234 191
Next assume that M has base orbifold P (a1, . . . , an). Since v([α∗]) > 0, Proposi-
tion 6.1(2) implies that if (J ; [α∗]) is detected by F ∈ F(M), then F has a leaf which is 
a non-separating vertical annulus, which necessarily intersects distinct boundary com-
ponents of M . Hence v([α∗]) ≥ 2.

Conversely suppose that v([α∗]) ≥ 2. Fix J ⊂ {1, 2, . . . , r} and [α∗] ∈ S(M) such 
that j ∈ J implies that [αj ] �= [h]. Without loss of generality we can suppose that 
[αj ] = [h] if and only if 1 ≤ j ≤ v([α∗]). Then J ⊂ {v([α∗]) + 1, . . . , r}. Let M0

be a connected manifold obtained by cutting M open along disjoint vertical annuli 
A1, A2, . . . , Av([α∗])−1 where Ai connects Ti and Ti+1. Then M0 is Seifert with base 
orbifold P0(a1, . . . , an) where P0 is planar with |∂P0| = r − v([α∗]) + 1. We can write 
∂M0 = T0 ∪ Tv([α∗])+1 ∪ . . . ∪ Tr where T0 is a torus containing 2v([α∗]) − 2 disjoint 
vertical annuli A+

1 , A
−
1 , . . . , A

+
v([α∗])−1, A

−
v([α∗])−1 indexed so that A±

j are identified by 
a homeomorphism fj in reconstructing M from M0. We can find a horizontal foliation 
F0 in M0 which detects some ({0} ∪ J ; [β∗]) where [βj ] = [αj ] for v([α∗]) + 1 ≤ j ≤ r. 
Then F0 ∩ A±

j is a foliation by horizontal arcs and we can assume that fj preserves 
this foliation. Then F0 determines a horizontal foliation F1 in M which is transverse 
to the annuli Aj and detects [αj ] on Tj for v([α∗]) + 1 ≤ j ≤ r. Spinning F1 vertically 
around these annuli produces a co-oriented taut foliation F which detects (J ; [α∗]), which 
completes the proof of (2). �
Proposition 6.10. Suppose that J ⊂ {1, 2, . . . , r} and (J ; [α∗]) is foliation detected where 
some [αj ] is irrational. Reindex the boundary components of M so that [αj ] is irrational 
if and only if 1 ≤ j ≤ s. Set J† = J ∪ {1, 2, . . . , s}. Then for 1 ≤ j ≤ s there is an open 
sector Uj ⊂ S(Tj) containing [αj ] such that one of the following two statements holds.

(1) (J†; [α′
∗]) is foliation detected for all [α′

∗] such that [α′
j ] ∈ Uj for 1 ≤ j ≤ s and 

[α′
j ] = [αj ] otherwise.
(2) M has no singular fibres, s = 2, J† = {1, 2, . . . , r} and [α∗] is horizontal with 

[αj ] = [τjh − h∗
j ] where τ3, . . . , τr ∈ Z. Further, there is a homeomorphism ϕ : U1 → U2

which preserves both rational and irrational slopes and for which (J†; [α′
∗]) is foliation 

detected for all [α′
∗] = ([α′

1], ϕ([α′
1]), [α3], . . . , [αr]) whenever [α′

1] ∈ U1.

Proof. If [α∗] is horizontal this is a consequence of Proposition 6.7 and Corollary 3.7. 
On the other hand, if v([α∗]) > 0 conclusion (1) holds by Proposition 6.9. �
6.5. Controlling boundary behaviour

Our goal in this section is to show that we can choose our foliations to display stan-
dardised behaviour on the boundary components of M . This will be a key component of 
the proof of Theorem 9.5.

Here is a consequence of Proposition 6.7 and its proof combined with Proposi-
tion A.8.
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Proposition 6.11. Let M be a compact orientable Seifert fibred manifold as in §2.2 and 
fix a horizontal [α∗] ∈ S(M) and J ⊆ {1, 2, . . . , r}. If (J ; [α∗]) is foliation detected, then 
it is F(ρ)-detected where ρ takes values in P̃SL(2, R)k for some k ≥ 1. Further, we can 
suppose that for each j, ρ(π1(Tj)) contains no parabolics. �

Thus each horizontal [α∗] ∈ Dfol(M ; J) is detected by some F where for each i, F∩Ti

is a suspension foliation of either a rotation, and so is a circle fibration of slope [αi(F)]
(this always happens if j ∈ J), or a hyperbolic element gi of some P̃SL(2, R)k. In the 
latter case, F ∩ Tj has a non-zero even number of closed leaves, each of slope [αi(F)], 
and gi is alternately increasing or decreasing in the complementary intervals of the fixed 
points of gi.

For an orientation-preserving homeomorphism f : S1 → S1, let T (f) ∼= S1 × S1

denote its mapping torus (S1×I)/((x, 1) ≡ (f(x), 0)) and let F(f) denote its suspension 
foliation on T (f).

Definition 6.12. (1) For each positive integer k let IH0(k) be the set of orientation-
preserving homeomorphisms f : S1 → S1 whose fixed point set consists of 2k disjoint 
closed non-degenerate intervals and for which f is alternately increasing or decreasing 
on the 2k complementary open intervals.

(2) For a positive integer k we say that a codimension one foliation F on a torus T
is k interval-hyperbolic if it is homeomorphic to the suspension foliation F(f) on T (f)
of a homeomorphism f ∈ IH0(k). The slope of a k interval-hyperbolic foliation on T is 
the slope of its closed leaves.

Lemma 6.13. (1) Let f ∈ IH0(k). Then the foliation F(f) on T (f) is invariant up to 
isotopy under any homeomorphism of T (f) which leaves the slope of F(f) invariant.

(2) Two k interval-hyperbolic foliations of the same slope on a torus T are isotopic.

Proof. (1) Let α be a primitive class in H1(T (f)) representing the slope of F(f) and 
α∗ ∈ H1(T (f)) a primitive class carried by the image of S1 × {0} in T (f). Then α∗ is 
dual to α. Use the ordered basis {α, α∗} of H1(T (f)) to identify the mapping class group 
of T (f) with GL(2, Z) in the usual way. Then a homeomorphism of T (f) which leaves 

[α] invariant corresponds to a matrix of the form 
(
ε b
0 δ

)
where ε, δ ∈ {±1} and b ∈ Z. 

As this matrix factors 
(

1 δb
0 1

)(
1 0
0 δ

)(
ε 0
0 1

)
, it suffices to show that F(f) on T (f)

is invariant up to isotopy under the homeomorphisms corresponding to the matrices (
1 1
0 1

)
, 
(
−1 0
0 1

)
and 

(
1 0
0 −1

)
.

To that end, first observe that F(f) is invariant up to isotopy by a Dehn twist of slope 
[α] (i.e. simply perform the Dehn twist in one of the annuli composed of circle leaves 

of F) and that the matrix of such a Dehn twist is 
(

1 1
0 1

)
.
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Next observe that IH0(k) is a conjugacy class of elements of Homeo+(S1). (See the 
discussion on page 355 of [26] for instance.) In particular there is an h ∈ Homeo+(S1)
such that f−1 = hfh−1. Then if [x, t] denotes the class of (x, t) in T (f), the corre-
spondence [x, t] �→ [h(x), 1 − t] determines a homeomorphism of T (f) which leaves F(f)

invariant and which corresponds to the matrix 
(
−1 0
0 1

)
.

Finally note that if r is an orientation-reversing homeomorphism of S1 then rfr−1 ∈
IH0(k). Thus there is some h ∈ Homeo+(S1) such that rfr−1 = hfh−1. Hence if 
r1 = h−1r, then r1 is orientation-reversing and f = r1fr

−1
1 . The correspondence [x, t] �→

[r1(x), t] determines a homeomorphism of T (f) which leaves F(f) invariant and which 

corresponds to the matrix 
(

1 0
0 −1

)
. This completes the proof of (1).

(2) Let F1 and F2 be k interval-hyperbolic foliations of slope [α] on a torus T
and fix homeomorphisms f1, f2 ∈ IH0(k) and ϕ1 : (T (f1), F(f1)) → (T, F1) and 
ϕ2 : (T (f2), F(f2)) → (T, F2). Fix h ∈ Homeo+(S1) such that f2 = hf1h

−1 and note that 
the correspondence [x, t] �→ [h(x), t] determines a homeomorphism ψ : (T (f1), F(f1)) →
(T (f2), F(f2)). By construction, the composition θ = ϕ2 ◦ ψ ◦ ϕ−1

1 : (T, F1) 
∼=−→ (T, F2). 

Since θ([α]) = [α], part (1) of the lemma implies that F1 is isotopic to θ(F1) = F2. �
Lemma 6.14. Let M be a compact orientable Seifert fibred manifold as in §2.2. Consider 
a co-oriented taut foliation F(ρ) where ρ ∈ R0(M) takes values in some P̃SL(2, R)k and 
ρ(π1(Ti)) contains no parabolics for each i. Suppose that F(ρ) has no compact leaves and 
that [α∗(F)] is rational. Then there is a constant k(F) > 0 such that for positive integers 
k1, . . . , kr ≥ k(F), there is a co-oriented horizontal foliation F ′ in M such that [α∗(F)]
is F ′-detected and F ′ is ki interval-hyperbolic on the boundary component Ti of ∂M .

Proof. Our hypotheses imply that F ∩ Ti is a suspension foliation of an elliptic or hy-
perbolic element f of P̃SL(2, R)k. In the first case, F ∩ Ti is a circle fibration of slope 
[αi(F)]. In the latter, f has an even number 2li > 0 of fixed points and is alternately 
increasing or decreasing on the 2li complementary open intervals. Further, F ∩ Ti has 
exactly 2li compact leaves Ci1, Ci2, . . . , Ci2li , each of slope [αi(F)]. If F ∩ Ti is a circle 
fibration, set li = 0 and choose a circle fibre Ci1. Define k(F) = max{l1, l2, . . . , lr}.

Let L1, L2, . . . , Ls be the leaves of F which contain some Cij . Since F(ρ) is taut, the 
fundamental group of each Li injects into π1(M) [12, Theorem 4.35]. Since each Li is 
non-compact, its fundamental group is free and each of its circle boundary component 
provides a free generator. Since F(ρ) is co-oriented, each Lj is orientable. Now replace 
F by a foliation F ′ obtained by thickening L1 ∪L2 ∪ . . .∪Ls (cf. [25, Operation 2.1.1]). 
Each Lj has a product neighbourhood Vj

∼= Lj × I, which we can assume are mutually 
disjoint, and each slice Lj × {t} is a leaf of F ′. Set L′

j := Lj × {1
2}.

Choose a subset C1, . . . , Cr of the Cij so that Ci is contained in Ti. For each j, fix a 
homomorphism ϕj : π1(Lj) → Homeo+(I) which sends each generator determined by the 
Ci ⊆ ∂Lj to a homeomorphism fi ∈ Homeo+(I) and contains all other free generators 
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in its kernel. We can refoliate Lj × I as the quotient of its universal cover (L̃× I) by the 
diagonal action of π1(Lj) which acts by deck transformations on the first factor and by 
ϕj on the second. Call the new foliation F(ϕj). By construction, Lj ×{0} and Lj ×{1}
are leaves of F(ϕj) and if Ci ⊆ ∂Lj , the holonomy of F(ϕj) on Ci × I is the suspension 
of fi. Further, F ′ is unchanged near the components of ∂L′

j × I which are not one of 
the Ci × I. Now replace F ′ by the new foliation obtained by substituting F(ϕj) for the 
product foliation Lj × I. By choosing appropriate fi ∈ Homeo+(I), we can arrange for 
the new foliation to be ki interval hyperbolic on each Ti. �
Lemma 6.15. Let M be a compact orientable Seifert fibred manifold as in §2.2. Consider 
a co-oriented taut foliation F(ρ) where ρ ∈ R0(M) takes values in some P̃SL(2, R)k
and ρ(π1(Ti)) contains no parabolics for each i. Suppose that F(ρ) has a compact leaf F , 
so that [α∗(F)] is rational. Given any positive integers k1, . . . , kr, there is a co-oriented 
horizontal foliation F ′ in M which detects [α∗(F)] such that F ′ is ki interval-hyperbolic 
on the boundary component Ti of ∂M subject to the following constraints.

(a) If r = |∂M | ≥ 2 and F is planar, then ki = kj for some i �= j.
(b) If M ∼= N2, then k1 is odd.

Proof. Since F is compact and horizontal, it is the fibre of a horizontal locally-trivial 
fibre bundle M → S1. We can assume, without loss of generality, that this fibre bundle 
is F(ρ).

The base orbifold of M is orientable since it admits a horizontal co-oriented foliation, 
say it is P (a1, . . . , an). If F is planar, it has at least two boundary components, and if 
two, either P (a1, . . . , an) = D2(2, 2) and M ∼= N2 or P (a1, . . . , an) is an annulus and 
M ∼= S1 × S1 × I. By assumption, the latter does not occur. Then to prove the lemma, 
we need to consider the four cases: F has positive genus; F is planar and r ≥ 2; F is 
planar, r = 1, and |∂F | ≥ 3; M ∼= N2.

Let g be the genus of F and consider the presentation

π1(F ) = 〈a1, b1, . . . , ag, bg, x1, . . . , xm :
(
Πj [aj , bj ]

)
x1 . . . xm = 1〉

where m = |∂F | and xi corresponds to the i-th boundary component of F .
First assume that the genus of F is positive and fix a neighbourhood F ×I of F where 

each F × {t} is a fibre of F(ρ). Each orientation preserving homeomorphism of I is a 
commutator (cf. the proof of [26, Proposition 5.11]), so for each f1, . . . , fm ∈ Homeo+(I)
we can find g, h ∈ Homeo+(I) such that the composition f1◦· · ·◦fm◦[g, h] is the identity. 
Define a homomorphism ϕ : π1(F ) → Homeo+(I) by setting ϕ(a1) = g, ϕ(b1) = h, 
ϕ(xi) = fi and ϕ(aj) = ϕ(bj) = 1 for 2 ≤ j ≤ r. For each boundary component Tj of M , 
fix a boundary component Cj of F contained in Tj . By setting fl to be the identity 
when xl does not correspond to some Ci and choosing fl appropriately otherwise, we 
can refoliate F × I as in the proof of Lemma 6.14 to introduce ki interval hyperbolic 
behaviour on any boundary component of M .
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Assume next that F is planar, r ≥ 2 and, after reindexing, that k1 = k2. Each 
f1, . . . , fm ∈ Homeo+(I) whose composition is the identity determines a homomorphism 
ϕ : π1(F ) → Homeo+(I). Fix boundary components C1, C2 of F where C1 ⊂ T1 and 
C2 ⊂ T2. We can assume that the class xi ∈ π1(F ) corresponds to Ci for i = 1, 2. By 
choosing f2 = f−1

1 and f3 = . . . = fm = 1, we can use the operation of the previous 
case on a product neighbourhood F × I of F = F × {1

2} to construct a new co-oriented 
taut foliation F ′ on M which detects [α∗(F )] and which is k1 interval hyperbolic on 
both T1 and T2, and remains elliptic on T3, . . . , Tr. By construction, F ′ has non-compact 
leaves in F × I, and since F ′ is horizontal, the quotient map from M to its base orbifold 
is surjective when restricted to any of its leaves. In particular, there are non-compact 
leaves incident to each of the tori T3, . . . , Tr. Thickening such leaves preserves the elliptic 
nature of F ′ ∩ Ti for 3 ≤ i ≤ r and the ki interval hyperbolic behaviour on F ′ ∩ Ti for 
1 ≤ i ≤ 2. Now apply the construction from the proof of Lemma 6.14 to introduce ki
interval hyperbolic behaviour on F ′ ∩ Ti for 3 ≤ i ≤ r while leaving F ′ ∩ T1 and F ′ ∩ T2
alone.

If F is planar, r = 1, and m ≥ 3, fix a product neighbourhood of F and two boundary 
components C1, C2 of F which are successive on ∂M . Modify F by introducing holonomy, 
as above, which only alters the boundary behaviour of F near C1 ∪C2, so that the new 
foliation F ′ is 1 interval hyperbolic on ∂M . Since F ′ is horizontal and has non-compact 
leaves which intersect ∂M arbitrarily close to any component C of ∂F \(C1∪C2), we can 
add (k1 − 1) interval hyperbolic behaviour near C in such a way that the new foliation 
is k1 interval hyperbolic on ∂M .

Finally suppose that r = 1 and m = 2, so M ∼= N2. Then F is a horizontal annulus and 
as M has a connected boundary, it must be N2. We can alter F in a saturated product 
neighbourhood of F to produce a foliation which is 1 interval hyperbolic on ∂M . The 
reader will verify that if we alter the new foliation by performing a similar operation 
near another surface fibre, the resulting foliation is not 2 interval hyperbolic, but that it 
can then be performed near a third surface fibre to produce an element of F(M) which is 
3 interval hyperbolic on ∂M . Proceeding this way, we can produce an element of F(M)
which is k interval hyperbolic on ∂M for all odd k. This completes the proof. �
Lemma 6.16. Let M be a compact orientable Seifert fibred manifold as in §2.2. Sup-
pose that [α∗] ∈ S(M) is rational, but not horizontal, and foliation detected. Index the 
boundary components of M so that [αi] = [h] if and only if 1 ≤ i ≤ v. Then for any 
positive integer k0, there is a co-oriented taut foliation F on M which detects [α∗] and 
is ki interval hyperbolic on Ti (1 ≤ i ≤ r) where kv+1, . . . , kr are arbitrary, ki ≥ k0 for 
2 ≤ i ≤ v, and k1 is arbitrary unless v = 1 and M has a non-orientable base orbifold. In 
the latter case, k1 be chosen to be an arbitrary odd positive integer. In all cases, F can 
be assumed to be transverse to any predetermined, finite family of Seifert fibres of M .

Proof. Consider a foliation F0 on M which detects ({v + 1, . . . , r}; [α∗]), as constructed 
in the proof of Proposition 6.9. The only compact leaves in the resulting foliation are a 
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finite number of vertical annuli, and we can assume that they avoid any predetermined, 
finite family of Seifert fibres.

Recall that in the case that the base orbifold of M is orientable, v ≥ 2 (Proposi-
tion 6.9). By construction, F0 has exactly v − 1 compact leaves A1, . . . , Av−1 where Ai

is a vertical annulus which runs between Ti−1 and Ti. After thickening these compact 
leaves (avoiding the finite set of Seifert fibres), we can apply the constructions used in the 
proofs of the previous two lemmas to add a1 interval hyperbolic behaviour on T1, (a1+a2)
interval hyperbolic behaviour on T2, . . . , (av−2 + av−1) interval hyperbolic behaviour on 
Tv−1, and av−1 interval hyperbolic behaviour on Tv where a1, . . . , av−1 are arbitrary 
positive integers. Take a1 = k1 and a2, . . . , av−1 > k0. Further, for each v + 1 ≤ i ≤ r, 
the new foliation has non-compact leaves incident to Ti on which it is linear of slope [αi]. 
Hence we can apply the construction of the proof of Lemma 6.14 to introduce ki interval 
hyperbolic behaviour on Ti for arbitrary ki (v + 1 ≤ i ≤ r). The resulting foliation is 
transverse to any predetermined, finite family of Seifert fibres of M .

The case that the base orbifold of M is non-orientable is handled similarly. Here v ≥ 1
and F0 has exactly v compact leaves A0, . . . , Av−1, each a vertical annulus, where A0
runs between T1 and itself and Ai runs between Ti and Ti+1 for 1 ≤ i ≤ v. We can 
use A0 to introduce a0 interval hyperbolic behaviour on T1 for an arbitrary odd k1, 
then A1, . . . , Av−1 to introduce a0 + a1 interval hyperbolic behaviour on T1, (a1 + a2)
interval hyperbolic behaviour on T2, . . . , (av−2 + av−1) interval hyperbolic behaviour on 
Tv−1, and av−1 interval hyperbolic behaviour on Tv where a1 is an arbitrary odd integer 
and a2, . . . , av−1 are arbitrary positive integers. By an appropriate choice of the ai we 
produce a co-oriented taut foliation on M which is ki interval hyperbolic of slope [h] on 
Ti for 1 ≤ i ≤ v as in the statement of the lemma, and is linear of slope [αi] on Ti for 
v + 1 ≤ i ≤ r. As before, we can apply the construction of the proof of Lemma 6.14 to 
introduce ki interval hyperbolic behaviour on Ti for arbitrary ki (v + 1 ≤ i ≤ r). Again, 
the resulting foliation is transverse to any predetermined, finite family of Seifert fibres 
of M . �

Here is a consequence of Lemmas 6.14 and 6.15 which will be applied to study slope 
detection via Heegaard–Floer homology. It can be considered a special case of Theo-
rem 9.5. Recall the definition of the Seifert manifolds Nt from §2.2.3.

Proposition 6.17. Let M be a compact orientable Seifert fibred manifold as in §2.2 and 
fix J ⊆ {1, 2, . . . , r} and t ≥ 2. Suppose that [α∗] is a rational element of S(M) such 
that [αj ] �= [h] for j ∈ J . Let Wt be obtained by the [αj] Dehn filling of M for j ∈ J and 
by gluing Nt to M along Tj in such a way that for each j /∈ J , h0 is identified with [αj ]. 
Then if Wt is a rational homology 3-sphere, it admits a co-oriented taut foliation if and 
only if [α∗] is horizontal and lies in Dfol(M ; J).

Proof. Without loss of generality we can assume that αj is a primitive element of H1(Tj)
for each j.
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Since M is contained in a rational homology 3-sphere, its rational homology is iso-
morphic to Qr generated by peripheral classes, one from each Tj. It follows that as Wt

is a rational homology 3-sphere, α1, . . . , αr are linearly independent when considered as 
classes in H1(M ; Q). Hence v([α∗]) ≤ 1 and if it equals 1, M has an orientable base 
orbifold.

Let M ′ be the Seifert manifold obtained by the [αj] Dehn filling of M for j ∈ J and 
[α′

∗] ∈ S(M ′) the projection of [α∗]. Since [αj ] �= [h] for j ∈ J , the Seifert structure on M
extends to one on M ′ of the sort described in §2.2. Further, its base orbifold is obtained 
from that of M by attaching a disk with a cone point of order Δ(αj, h) to the boundary 
component corresponding to Tj for each j ∈ J .

First suppose that v([α∗]) = 1. Then [α∗] is neither horizontal nor lies in Dfol(M ; J)
(Proposition 6.9(2)). On the other hand, if Wt admitted a co-oriented taut foliation, 
it can be isotoped so that it is transverse to each Tj for j /∈ J and intersects M ′ and 
each Nt in co-oriented taut foliations [11]. Since Dfol(Nt) = {[h0]} (Proposition A.4), 
this implies that [α′

∗] is foliation detected in M ′. But this is impossible since M ′ has an 
orientable base orbifold and v([α′

∗]) = 1 (Proposition 6.9). Thus Wt does not admit a 
co-oriented taut foliation.

Next suppose that v([α∗]) = 0. If Wt admitted a co-oriented taut foliation, the ar-
gument of the previous paragraph shows that [α′

∗] is foliation detected in M ′. Since 
v([α′

∗]) = v([α∗]) = 0, Corollary 6.3 implies that it is detected by a horizontal foliation 
F ′ on M ′. Since the cores of the αj filling tori are transverse to F ′ (j ∈ J), we obtain 
a co-oriented taut foliation on M from F ′ which strongly detects [αj ] for j ∈ J . Thus 
[α∗] ∈ Dfol(M ; J).

Conversely, if [α∗] ∈ Dfol(M ; J), it is easy to see that M ′ admits a co-oriented taut 
foliation which detects [α′

∗] if ∂M ′ �= ∅. If ∂M ′ = ∅, then M ′ = Wt so we are done. 
Assume otherwise and observe that since [α′

∗] is horizontal, Corollary 6.3 and Proposi-
tion 6.11 imply that the base orbifold of M ′ is orientable and that [α∗] is F(ρ)-detected 
where ρ ∈ R0(M) takes values in some P̃SL(2, R)k and ρ(π1(Tj)) contains no parabolics 
for each j. If F(ρ) contains a compact leaf, M ′ admits a fibration F1 which strongly 
detects [α∗]. On the other hand, each attached Nt admits a fibration of slope [h0] (cf. 
§2.2.3) which can be glued to F1 to produce a co-oriented taut foliation in Wt. Sup-
pose then that each leaf of F(ρ) is non-compact. Let k0 denote the smallest odd integer 
which is greater than k(F). By Lemma 6.14 there is a co-oriented taut foliation F ′ on 
M which detects [α′

∗] and which is k0 interval-hyperbolic on each component of ∂M ′. By 
Lemma 6.15, there is a co-oriented taut foliation on Nt which detects [h0] and which is k0
interval-hyperbolic on ∂Nt. These foliations piece together to give the desired foliation 
on Wt. �
7. Detecting rational slopes via L-spaces

In this section we show how to detect rational elements of S(M) using Heegaard–Floer 
homology.
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7.1. Some background results on L-spaces

Here is an elementary fact that we will use below. Its proof follows from the homology 
exact sequence of the pair (W, M1). (Compare with [44, Lemma 3.2].)

Lemma 7.1. Let M1 and M2 be two rational homology solid tori and W = M1 ∪f M2
where f : ∂M1 → ∂M2 is a homeomorphism. Then

|H1(W )| = d1d2|T1(M1)||T1(M2)|Δ(λ1, λ2)

where λj is the rational longitude of Mj, dj ≥ 1 is its order in H1(Mj), and T1(Mj) is 
the torsion subgroup of H1(Mj). �

Recall the manifolds Nt from §2.2.3 and the basis {h0, h1} of H1(∂Nt) where h0 is the 
rational longitude of Nt. (The classes h0, h1 are only well-defined up to sign.) In what 
follows we take R to be a compact, connected orientable 3-manifold with torus boundary 
and f : ∂R → ∂Nt to be a gluing map. Set

Wt(f) = R ∪f Nt

We call Wt(f) an Nt-filling of R. A striking property of N2-fillings was proved in [5].

Proposition 7.2. [5] Let R be a compact, connected, orientable 3-manifold with torus 
boundary and suppose that f1 and f2 are homeomorphisms ∂R → ∂N2 such that f2 is 
obtained by post-composing f1 by a Dehn twist in ∂N2 along h0. Then ĤF (W2(f1)) ∼=
ĤF (W2(f2)).

Proof. This result follows from [5, Proposition 7]. Compare with the proof of Theorem 7 
of that paper and the comments which follow it. �

Watson has generalised this result to a wider class of manifolds he calls Heegaard–Floer 
solid tori. In particular, for each integer t ≥ 2 he has shown that the manifold Nt defined 
in §2.2.3 is a Heegaard–Floer solid torus.

Proposition 7.3. (Watson [45]) Let R be a compact, connected, orientable 3-manifold with 
torus boundary and suppose that f1 and f2 are homeomorphisms ∂Nt → ∂R such that f2
is obtained by precomposing f1 by a Dehn twist in ∂Nt along h0. Then ĤF (Wt(f1)) ∼=
ĤF (Wt(f2)).

A closed, connected 3-manifold V is an L-space if it is a rational homology sphere with 
the property that rank(ĤF (V )) = |H1(V )|. Examples of L-spaces include lens spaces 
and, more generally, connected sums of manifolds with elliptic geometry [38, Proposi-
tion 2.3]. L-spaces do not admit smooth co-orientable taut foliations [37, Theorem 1.4]. 
Here is an immediate consequence of Lemma 7.1 and Proposition 7.2.
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Corollary 7.4. If f2 is obtained by post-composing f1 by a Dehn twist in ∂Nt along h0, 
then Nt ∪f1 R is an L-space if and only if Nt ∪f2 R is an L-space. �

If R is a compact, connected 3-manifold with torus boundary and {α, β} is a basis of 
H1(∂R), then (α, β, α + β) is called a triad if

|H1(R(α))| + |H1(R(β))| = |H1(R(α + β))|

A key property of L-space Dehn filling has been proven by Ozsváth and Szabó.

Proposition 7.5. ([38, Proposition 2.1], [5, Proposition 4]) Suppose that R is a compact, 
connected, orientable 3-manifold with torus boundary. If (α, β, α+β) is a triad such that 
R(α) and R(β) are L-spaces, then R(uα+vβ) is an L-space for all coprime integer pairs 
u, v ≥ 0. �

Here is an immediate consequence of Lemma 2.1.

Lemma 7.6. Let {α1, α2} be a basis of H1(∂R) and let f : ∂R → ∂Nt be a gluing map. 
Then there exists f ′ such that Wt(f) ∼= Wt(f ′) and f ′

∗ =
(
a b
c d

)
, with respect to the 

bases {α1, α2} of H1(∂R) and {h0, h1} of H1(∂Nt), can be chosen so that c ≥ 0 and 
det(f ′

∗) = 1. �
The next lemma will be used to study L-space Nt-filling.

Lemma 7.7. Suppose that R is a compact, connected, orientable 3-manifold with torus 
boundary. Fix a basis {α1, α2} of H1(∂R) so that the rational longitude of R is of the 
form [λR] = [pα1 − qα2] for some p, q ≥ 0 and set

T (R) =
{u

v
: u, v are coprime integers and R(uα1 − vα2) is not an L-space

}
⊆ R ∪

{
1
0

}
.

Let f : ∂R → ∂Nt be a homeomorphism with f∗ =
(
a b
c d

)
with respect to the bases {α1, α2}

of H1(∂R) and {h0, h1} of H1(∂Nt) where c ≥ 0 and det(f∗) = 1. If b+td
a+tc , 

(1−t)b+td
(1−t)a+tc /∈

T (R) and −t < pa−qb
pc−qd < t

t−1 , then Wt(f) is an L-space.

Proof. Denote by Ct the exterior in Nt of the exceptional fibre K1 of type 1
t . Then 

∂Ct = ∂Nt � T1 where T1 is the boundary of a tubular neighbourhood of K1 in Nt. 
Denote an oriented fibre slope on T1 by φ1 and by β1 the oriented slope of K1 of distance 
1 from φ1 such that tβ1 +φ1 is the meridional slope of K1. Then tβ1 +φ1 = 0 in H1(Nt). 
Without loss of generality we can suppose that h1 is oriented so that h1 = φ1 in H1(Ct).
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The exterior of the two exceptional fibres of Nt can be identified with P × S1, where 
P is a twice-punctured disk, in such a way that writing ∂P = ∂0 � ∂1 � ∂2 then

• ∂Nt = ∂0 × S1 and T1 = ∂1 × S1;
• ∂0, ∂1 and ∂2 can be oriented so that β1 = [∂1] and [∂1] + [∂2] = [∂0] in H1(P );
• t[∂2] + (t − 1)φ2 = 0 in H1(Ct) where φ2 represents the fibre slope on the boundary 

of a tubular neighbourhood of the exceptional fibre K2 of type t−1
t .

Then in H1(Ct) we have

tβ1 = t[∂0] − t[∂2] = t[∂0] + (t− 1)h1

The rational longitude h0 of Nt corresponds homologously in Ct to the meridional class 
tβ1 + φ1 of K1, at least up to a non-zero rational multiple. Hence from above, h0 corre-
sponds to (t[∂0] +(t −1)h1) +h1 = t([∂0] +h1). In other words we can take [∂0] = h0−h1
and therefore tβ1 = t[∂0] +(t − 1)h1 = th0 −h1. It follows that for any x, y ∈ Z we have

xtβ1 + yφ1 = xth0 + (y − x)h1

In particular in H1(Ct) we have φ1 = h1 and

tβ1 = th0 − h1

Further if β2 = β1 + φ1 then

tβ2 = th0 + (t− 1)h1

Let E = R ∪f Ct. Then ∂E = T1 and E(tβ1 + φ1) = W (f). Since Δ(βj , φ1) = 1, Ct(βj)
is a solid torus for j = 1, 2. Thus E(βj) is a Dehn filling of R. Indeed,

E(β1) = R(f−1
∗ (th0 − h1)) = R((b + td)α1 − (a + tc)α2)

and so as b+td
a+tc /∈ T (R), E(β1) is an L-space. In particular, |H1(E(β1))| �= 0. Similarly

E(β2) = R(((1 − t)b + td)α1 − ((1 − t)a + tc)α2)

and so as (1−t)b+td
(1−t)a+tc /∈ T (R), E(β2) is an L-space. Therefore |H1(E(β2))| �= 0.

For any slope γ′ on ∂R we have |H1(R(γ′); Z)| = kΔ(γ′, λR) = kΔ(γ′, pα1 − qα2), 
where k is a constant determined by R as in Lemma 7.1. Hence

|H1(E(β1))| = |H1(R((b + td)α1 − (a + tc)α2))| = k|t(pc− qd) − (qb− pa)| = k|tx + y|

where x = pc − qd and y = pa − qb, while

|H1(E(β2))| = |H1(R(((1 − t)b + td)α1 − ((1 − t)a + tc)α2))| = k|tx + (1 − t)y|
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Since |H1(E(β1))|, |H1(E(β2))| �= 0 it follows that |H1(E(β1 + β2))| = |H1(E(β1))| +
|H1(E(β2))| if and only if sign(β1 · λR) = sign(β2 · λR). Equivalently, sign(tx + y) =
sign(tx + (1 − t)y). Since pa−qb

pc−qd = a
c + q

cx , the reader will verify that this occurs if and 

only if −t < y
x = pa−qb

pc−qd < t
t−1 , which we have assumed. Proposition 7.5 now implies that 

Wt(f) = E(tβ1 + φ1) is an L-space. �
7.2. L-space Nt-fillings of M when its base orbifold is non-orientable

Proposition 7.8. Let M be a Seifert manifold with base orbifold Q(a1, a2, . . . , an) as in 
§2.2 and let [α∗] = ([α1], [α2], . . . , [αr]) be a rational element of S(M). Let t ≥ 2 and Wt

be a graph manifold obtained by gluing Nt to M along each Tj in such a way that [h0] is 
identified with [αj ]. Then Wt is an L-space if and only if [α∗] is horizontal.

Proof. Fix t ≥ 2. If some [αj ] is vertical, then Wt is not a rational homology 3-sphere 
since the fibre class on ∂M is rationally null-homologous in M . In particular, Wt is 
not an L-space. Suppose then that [α∗] is horizontal. We show that Wt is an L-space by 
induction on r. Without loss of generality we suppose that each αj is a primitive element 
of H1(Tj).

Base case. Suppose that r = 1, so Q is a Möbius band, and let T = ∂M . As usual, 
h ∈ H1(T ) represents the slope of the Seifert fibre on ∂M in the given structure and 
h∗ ∈ H1(T ) is the dual class defined in §2.2. We apply Lemma 7.7 as follows.

As Q is non-orientable, h represents the rational longitude of M . In particular, relative 
to the basis {h, h∗} the coordinates p, q of the rational longitude are p = 1, q = 0. If γ
represents a non-longitudinal slope on ∂M , then Δ(γ, h) ≥ 1 and M(γ) is a Seifert fibred 
rational homology 3-sphere with base orbifold Q(a1, . . . , an, Δ(γ, h)), so it is an L-space 
[5, Proposition 5]. Thus T (M) = { r

s : M(rh− sh∗) is not an L-space} = {1
0}.

Let f : ∂M → ∂Nt be a gluing map such that f−1(h0) is horizontal. In other words, 
f−1(h0) �= ±h. By Lemma 7.6 we can suppose that its matrix 

(
a b
c d

)
with respect to the 

bases {h, h∗} and {h0, h1} satisfies c ≥ 0 and det(f∗) = 1. Since f−1(h0) �= ±h, c > 0. 
Corollary 7.4 implies that the question of whether Wt = Wt(f) is an L-space depends 
only on (c, d). Thus after adding an appropriate multiple of the second row of f to the 
first row we may assume that −c < a ≤ 0. Then −t < −1 < a

c = pa−qb
pc−qd ≤ 0 < t

t−1 . Thus 
a + tc �= 0 and (1 − t)a + tc �= 0, so b+td

a+tc , 
(1−t)b+td
(1−t)a+tc /∈ T (M). By Lemma 7.7, Wt(f) is an 

L-space.
Inductive case. Suppose that the result holds when 1 ≤ |∂M | < r. Let R be a manifold 

obtained by gluing r − 1 copies of Nt to M along ∂M in such a way that for each 
1 ≤ j ≤ r − 1, [h0] is identified with [αj ]. Then ∂R = Tr. Let h ∈ H1(∂R) represent the 
slope of the Seifert fibre of M and let h∗ be a dual class to h. As Q is non-orientable, 
h represents the rational longitude of R. Our inductive hypothesis implies that any 
Dehn filling of R along a slope other than [h] is an L-space, so again we will apply 
Lemma 7.7 where T (R) = { r

s : R(rh− sh∗) is not an L-space} = {1
0}, p = 1, q = 0. 

That is, if f : ∂R → ∂Nt is a gluing map such that f−1(h0) �= ±h, write f∗ =
(
a b

)
with 
c d
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respect to the bases {h, h∗} and {h0, h1} and proceed as in the base case to complete 
the induction. �
7.3. L-space Nt-fillings of M when its base orbifold is orientable

In this section we suppose that M is a Seifert manifold with base orbifold 
P (a1, a2, . . . , an) as in §2.2. Fix a rational element [α∗] = ([α1], [α2], . . . , [αr]) of S(M)
and let Wt be a graph manifold obtained by gluing Nt to M along each Tj in such a way 
that [h0] is identified with [αj ]. Recall that Dfol(M) is the set of all [α∗] ∈ S(M) which 
are foliation detected.

Proposition 7.9. If [α∗] ∈ Dfol(M), then no Wt is an L-space.

Proof. Suppose that some Wt is an L-space and [α∗] ∈ Dfol(M). If v([α∗]) > 0, then 
v([α∗]) ≥ 2 by Proposition 6.9(2), which implies that Wt is not a rational homology 
3-sphere, contrary to the assumption that it is an L-space. Thus [α∗] is horizontal. But 
then Proposition 6.17 implies that Wt admits a co-oriented taut foliation and so cannot 
be an L-space by [3, Corollary 9.2], [32, Corollary 1.6], or [4, Theorem 1.1]. This completes 
the proof. �

Set

Lfol(M) = S(M) \ Dfol(M)

Proposition 7.10. Let M be a Seifert manifold with base orbifold P (a1, a2, . . . , an) as in 
§2.2 and fix a rational element [α∗] = ([α1], [α2], . . . , [αr]) of S(M). Let Wt be a graph 
manifold obtained by gluing Nt to M along each Tj in such a way that [h0] is identified 
with [αj ]. If v([α∗]) ≥ 2 or v([α∗]) = 0 and [α∗] ∈ Dfol(M), then no Wt is an L-space. 
On the other hand, if v([α∗]) = 1 or v([α∗]) = 0 and [α∗] ∈ Lfol(M), then Wt is an 
L-space for t � 0.

Proof. If v([α∗]) ≥ 2, then Wt is not a rational homology 3-sphere since it contains a 
closed non-separating orientable surface obtained by piecing together vertical annuli in 
M with fibre surfaces in Nt. In particular, Wt is not an L-space.

If v([α∗]) = 0 and [α∗] ∈ Dfol(M), then Wt is not an L-space by Proposition 7.9.
Conversely suppose that v([α∗]) = 1 or v([α∗]) = 0 and [α∗] ∈ Lfol(M). We prove 

that Wt is an L-space for t � 0 by induction on r.
Base case. Suppose that r = 1, so P ∼= D2. Let h ∈ H1(∂M) represent the slope of the 

Seifert fibre on ∂M and recall that we have fixed a presentation π1(M) = 〈y1, . . . , yn, h :
h central, ya1

1 = hb1 , . . . , yan
n = hbn〉. The class y1y2 . . . yn is peripheral and represents 

a dual class h∗ ∈ H1(∂M) to h. A simple calculation shows that if q = a1a2 . . . an and 
p =

∑n
i=1

qbi , then
ai



S. Boyer, A. Clay / Advances in Mathematics 310 (2017) 159–234 203
[λM ] = [ph− qh∗]

Note that M(h) is a connected sum of lens spaces and hence an L-space.
Corollary A.7 implies that Dfol(M) is a closed interval in S(M) ∼= S1 containing 

[λM ]. Thus Lfol(M) is an open interval containing [h] but not [λM ]. Recall T (M) =
{ r
s : M(rh− sh∗) is not an L-space} ⊂ R. Then by Propositions 6.7 and A.4, Dfol(M) =

{[γh − h∗] : γ ∈ T (M)} so there are rational numbers η ≤ ζ such that

p

q
∈ T (M) = [η, ζ]

Let f : ∂M → ∂Nt be the gluing map and set Wt(f) = M ∪f Nt for t ≥ 2. Write f∗ =(
a b
c d

)
with respect to the bases {h, h∗} and {h0, h1}. We can always assume f∗ =

(
a b
c d

)
where c ≥ 0 and det(f∗) = 1 by Lemma 2.1. Note that

[α∗] = [f−1(h0)] = [dh− ch∗]

First suppose that c = 0, so [α∗] = [h]. Then a = d = ±1 and by a further application 
of Lemma 2.1 we can take a = d = 1. By Proposition 7.3, it suffices to deal with 
the case that b = min{�η�, 1}. Lemma 7.7 implies that Wt is an L-space as long as 
b + t, b − t

t−1 /∈ [η, ζ] and −t < b − p
q < t

t−1 . Since p
q > 0, these inequalities hold for 

t � 0.
If c = 1, we can assume that a = 0, using Proposition 7.3. Then Wt(f) is Seifert with 

base orbifold of the form S2(a1, a2, . . . , an, t, t) and is therefore not an L-space if and 
only if it admits a horizontal foliation [34]. But if Wt(f) admits a horizontal foliation, 
then [α∗] ∈ Dfol(M) by Proposition 6.17, contrary to our assumptions. Hence Wt(f) is 
an L-space for each t ≥ 2 when c = 1.

Suppose now that c ≥ 2. As [α∗] ∈ Lfol(M), dc /∈ [η, ζ]. Write η = j
k where k > 0 and 

ζ = l
m where m > 0. We will show that if t > km, then Wt is an L-space. We consider 

the case that dc < η first.

Claim 7.11. If dc + 1
c(tc+1) < η, then Wt(f) is an L-space.

Proof. We show that the hypotheses of Lemma 7.7 are satisfied under the conditions of 
this claim.

The reader will verify that pa−qb
pc−qd = a

c + q
c(pc−qd) and therefore that the condition 

“−t < pa−qb
pc−qd < t

t−1” of Lemma 7.7 is equivalent to “−c(tc + a) < 1
p
q− d

c

< c
(
( t
t−1 )c − a

)
”. 

Choosing a so that −tc < a < −(t − 1)c (cf. Corollary 7.4), this is equivalent to d
c +

1
c
(
( t
t−1 )c−a

) < p
q . With this value of a we have dc + 1

c
(
( t
t−1 )c−a

) < d
c + 1

c(tc+1) < η ≤ p
q and 

therefore −t < pa−qb
pc−qd < t

t−1 .
Next observe that b+td

a+tc = d
c −

1
c(ct+a) < d

c < η while (1−t)b+td
(1−t)a+tc = d

c + 1
c
(
( t
t−1 )c−a

) < d
c +

1 < η. Hence b+td , (1−t)b+td /∈ T (R) so that Wt(f) is an L-space by Lemma 7.7. �
c(tc+1) a+tc (1−t)a+tc
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Suppose that t > km. Then η − d
c = cj−dk

kc ≥ 1
kc > 1

c(tc+1) so in particular, d
c +

1
c(tc+1) < η. Thus Wt is an L-space.

A similar argument shows that if d
c > ζ and t > km, then Wt is an L-space. This 

completes the base case of the induction.
Inductive case. Suppose that the result holds when 1 ≤ |∂M | < r and let Rt

be a manifold obtained by gluing r − 1 copies of Nt to M along ∂M in such a 
way that for each 1 ≤ j ≤ r − 1, [h0] is identified with [αj ]. Then ∂Rt = Tr. 
Since v([α∗]) ≤ 1, we can suppose that [αj ] is horizontal for 1 ≤ j ≤ r − 1. Let 
h ∈ H1(∂Rt) represent the slope of the Seifert fibre of M and let h∗ ∈ H1(∂Rt) be 
a dual class to h oriented so that there are coprime positive integers p, q such that 
the rational longitude of Rt can be written λRt

= ph − qh∗. Let Dfol(Rt) = {[α] ∈
S(Tr) : [α] is detected by a co-oriented, taut foliation on Rt}. It follows from the proof 
of Proposition 6.17 that Dfol(Rt) = {[β] ∈ S(Tr) : ([α1], . . . , [αr−1], [β]) ∈ Dfol(M)}. 
Hence, [αr] ∈ S(Rt) \ Dfol(Rt). Note as well that if τ∗ = (τ1, . . . , τr−1) where [αj ] =
[τjh − h∗

j ] (1 ≤ j ≤ r − 1), then by Proposition 6.7 and the discussion in the Appendix 
we have Dfol(Rt) = {[τ ′h − h∗

r ] : τ ′ ∈ T (M ; ∅; τ∗)}. Thus Dfol(Rt) is homeomorphic to 
T (M ; ∅; τ∗) which, by Corollary A.6, is an interval [η, ζ] with rational endpoints.

We claim that our inductive hypothesis implies that for each rational [α′
r] ∈

S(Tr) \ Dfol(Rt), Dehn filling Rt along Tr with slope [α′
r] is an L-space for large t. 

To see this, first note that for each such [α′
r], ([α1], . . . , [αr−1], [α′

r]) /∈ Dfol(M). Hence 
v(([α1], [α2], . . . , [αr−1], [α′

r])) ≤ 1 by Proposition 6.9(2).
Consider the effect of Dehn filling M along Tr with slope [α′

r] to produce a new 
manifold M ′. We suppose, first of all, that [α′

r] is horizontal. Then M ′ is Seifert fibred 
with base orbifold a planar surface with r − 1 boundary components and possibly with 
cone points. In particular, it is either S1 ×D2 or S1 × S1 × I or satisfies our standard 
hypotheses (§2.2).

Let [α′
∗] be the projection of [α∗] to S(M ′). By construction, v([α′

∗]) = 0. Note as well 
that [α′

∗] ∈ Lfol(M ′) as otherwise, arguing as in the proof of Proposition 6.17 would 
show that ([α1], . . . , [αr−1], [α′

r]) = ([α′
∗], [α′

r]) ∈ Dfol(M) = S(M) \ Lfol(M), contrary 
to our assumptions. Let W ′

t be a manifold obtained by gluing r − 1 copies of Nt to M ′

along ∂M ′ in such a way that for each 1 ≤ j ≤ r − 1, [h0] is identified with [α′
j ] = [αj ].

We claim that W ′
t is an L-space for t � 0. If M ′ satisfies our standard hypotheses, 

this is an immediate consequence of the induction hypothesis. If M ′ = S1 × D2, then 
[α′

1] ∈ Lfol(M ′) = S(M ′) \ {[λM ′ ]}, so W ′
t is a Dehn filling of Nt along a slope other 

than [h0]. It follows from Proposition A.4(4)(c) that Dfol(Nt) = {[h0]} and therefore the 
Seifert manifold W ′

t does not admit a horizontal foliation. Hence it is an L-space [34]. 
Finally, if M ′ = S1 × S1 × I, then ([α′

1], [α′
2]) = [α′

∗] ∈ Lfol(M ′) implies that the slopes 
[α′

1] and [α′
2] are distinct. Hence W ′

t is the union along their boundaries of two copies of 
Nt whose rational longitudes do not coincide. Hence we can apply the base case of the 
induction to see that the claim holds. Thus Dehn filling Rt along Tr with slope [α′

r] is 
an L-space for large t when [α′

r] is horizontal.
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Suppose next that [α′
r] = [h]. In this case M ′ is a connected sum of r − 1 copies of 

S1×D2, each with meridional slope a Seifert fibre of M . Hence W ′
t is the connected sum 

of (r− 1) manifolds obtained by Dehn filling Nt along a slope different from [λNt
] = [h0]

since [αi] is horizontal for 1 ≤ i ≤ r − 1. Thus it is an L-space for all t ≥ 2, which 
completes the proof that for each rational [α′

r] ∈ S(Tr) \Dfol(Rt), Dehn filling Rt along 
Tr with slope [α′

r] is an L-space for large t. Put another way, for each pair of coprime 
integers u, v such that uv /∈ [η, ζ], Rt(uh − vh∗

r) is an L-space for all large values of t.
Now we complete the induction. Let f : ∂Rt → ∂Nt be a gluing map which identifies 

[αr] to [h0] and write f∗ =
(
a b
c d

)
with respect to the bases {h, h∗} and {h0, h1}. As above 

we can suppose that c ≥ 0 and det(f∗) = 1. We have [αr] = [f−1(h0)] = [dh − ch∗].
First suppose that c = 0, so [αr] = [h]. Lemma 2.1 implies that we can take a =

d = 1, and by Proposition 7.3 it suffices to deal with the case that b = min{�η�, 1}. 
In this case, b + t, b − t

t−1 /∈ [η, ζ] for large t. It follows that Rt((b + t)h − h∗
r) and 

Rt(((t −1)b −t)h −(t −1)h∗
r) are L-spaces for all large values of t. Since −t < b − p

q < t
t−1

for such t, Lemma 7.7 implies that Wt is an L-space for t � 0.
If c = 1, we can assume that a = 0, using Proposition 7.3. In this case M ′ = M∪fNt is 

Seifert with base orbifold P ′(a1, a2, . . . , an, t, t) where P ′ is an (r−1)-punctured 2-sphere. 
Note that ([α1], . . . , [αr−1]) /∈ Dfol(M ′) as otherwise [α∗] ∈ Dfol(M) by the proof of 
Proposition 6.17. Thus ([α1], . . . , [αr−1]) ∈ Lfol(M ′), so our inductive hypothesis implies 
that Wt is an L-space for t � 0.

Finally, when c ≥ 2 we can proceed exactly as in the case c = 0 and as in the proof 
of the claim in the base case to see that Wt(f) is an L-space for t � 0, which completes 
the induction. �
7.4. L-space Nt-fillings of M

Definition 7.12. Let M be a compact orientable Seifert fibred manifold as in §2.2. For 
J ⊂ {1, 2, . . . , r} and rational [α∗] = ([α1], [α2], . . . , [αr]) ∈ S(M), let Mt(J ; [α∗]) denote 
the set of manifolds obtained by doing [αj]-Dehn filling of M for j ∈ J , and for each 
j /∈ J attaching Nt to M in such a way that the rational longitude [h0] of Nt is identified 
with [αj ].

Remark 7.13. Let M ′ be obtained by Dehn filling M along all horizontal rational slopes 
[αj ] with j ∈ J . Then M ′ inherits a Seifert structure from M and Mt(J ; [α∗]) =
M′

t(J ′; [α′
∗]) where [α′

∗] is the projection of [α∗] to S(M ′) and J ′ = {j ∈ J : [αj ] = [h]}. 
Note that M ′ is closed if and only if [α∗] is horizontal and J = {1, 2, . . . , r}.

Here are two corollaries of the propositions above.

Corollary 7.14. Let M be a compact orientable Seifert fibred manifold as in §2.2. Fix 
t ≥ 2, J ⊂ {1, 2, . . . , r} and rational [α∗] = ([α1], [α2], . . . , [αr]) ∈ S(M). If v([α∗]) > 0, 
then:
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(1) No element of Mt(J ; [α∗]) is an L-space if either v([α∗]) ≥ 2 or v([α∗]) = 1 and M
has base orbifold Q(a1, . . . , an).

(2) Each element of M2(J ; [α∗]) is an L-space if v([α∗]) = 1 and M has base orbifold 
P (a1, . . . , an).

Proof. If v([α∗]) ≥ 2 or if v([α∗]) = 1 and M has base orbifold Q(a1, . . . , an), then each 
element of Mt(J ; [α∗]) admits a co-orientable taut foliation no matter what J is, and so 
is not an L-space. Suppose that v([α∗]) = 1 and M has base orbifold P (a1, . . . , an). Let 
M ′ and J ′ be as in Remark 7.13. Note that M ′ is not closed since [α∗] is not horizontal. 
If J ′ = ∅, each element of M2(J ; [α∗]) = M′

2(J ′; [α′
∗]) is an L-space by Proposition 7.8

applied to M ′. Otherwise, each element of M2(J ; [α∗]) = M′
2(J ′; [α′

∗]) is a connected 
sum of lens spaces, and so is an L-space. �
Corollary 7.15. Let M be a compact orientable Seifert fibred manifold as in §2.2 and fix 
J ⊂ {1, 2, . . . , r} and rational [α∗] = ([α1], [α2], . . . , [αr]) ∈ S(M). There exists t ≥ 2
such that some manifold in Mt(J ; [α∗]) is an L-space if and only if each manifold in 
Mt(J ; [α∗]) is an L-space.

Proof. The previous corollary shows that the result holds with t = 2 when v([α∗]) > 0. 
Assume then that v([α∗]) = 0 and let M ′ and J ′ be as in Remark 7.13. Clearly J ′ = ∅. 
If M ′ is closed, Mt(J ; [α∗]) = {M ′}, so the result is obvious. Otherwise it is a direct 
consequence of Propositions 7.8 and 7.10 applied to M ′. �
7.5. Detecting slopes via L-spaces

Definition 7.16. Let [α∗] = ([α1], [α2], . . . , [αr]) be a rational element of S(M). For J ⊂
{1, 2, . . . , r}, we say that (J ; [α∗]) is NLS detected if for each t ≥ 2, no manifold in 
Mt(J ; [α∗]) is an L-space.

We shall often simplify the phrase “(∅; [α∗]) is NLS detected” to “[α∗] is NLS detected”. 
Similarly, we simplify “({1, 2, . . . , r}; [α∗]) is NLS detected” to “[α∗] is strongly NLS 
detected”.

Remark 7.17. We expect that [α∗] is NLS detected if and only if no manifold in 
M2(J ; [α∗]) is an L-space, so that t = 2 suffices in the definition of NLS detection.

Set

DNLS(M ; J) = {[α∗] ∈ S(M) : (J ; [α∗]) is NLS detected}

When J = ∅ we simplify DNLS(M ; J) to DNLS(M).
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8. The slope detection theorem

In this section we state and prove the slope detection theorem.

Theorem 8.1. Let M be a compact orientable Seifert fibred manifold as in §2.2 and fix 
J ⊆ {1, 2, . . . , r}. Suppose that [α∗] ∈ S(M) is an r-tuple of slopes such that [αj ] �= [h]
for j ∈ J . Then the following statements are equivalent.

(1) (J ; [α∗]) is order detected.
(2) (J ; [α∗]) is foliation detected.
(3) If [α∗] is horizontal, (J ; [α∗]) is representation detected.
(4) If [α∗] is rational, (J ; [α∗]) is NLS-detected.

Theorem 1.6 is the case J = ∅ of Theorem 8.1. (Note that this theorem is easy to 
verify when M is a solid torus or the product of a torus with an interval. Theorem 8.1
handles the remaining cases.)

The proof of Theorem 8.1 naturally splits into two cases.

8.1. The case that [α∗] is horizontal

We must show that the following statements are equivalent:

• (J ; [α∗]) is order detected.
• (J ; [α∗]) is representation detected.
• (J ; [α∗]) is foliation detected.
• If [α∗] is rational, (J ; [α∗]) is NLS-detected.

The proof is a consequence of the following two propositions.

Proposition 8.2. Suppose that M has base orbifold Q(a1, . . . , an) and [α∗] ∈ S(M) is 
horizontal. Then

(1) (J ; [α∗]) is not order detected.
(2) (J ; [α∗]) is not representation detected.
(3) (J ; [α∗]) is not foliation detected.
(4) If [α∗] is rational, (J ; [α∗]) is not NLS-detected.

Proof. The underlying space of Q is non-orientable and therefore M admits no co-
oriented, horizontal foliation. Thus (J ; [α∗]) is not foliation detected. It is neither order 
detected nor representation detected by Proposition 4.7 and Lemma 3.2.

Finally suppose that [α∗] is rational and let M ′ be the manifold obtained by perform-
ing [αj ]-Dehn filling of M for j ∈ J . Then M ′ is a Seifert fibred manifold whose base 
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orbifold has underlying space a (possibly) punctured projective plane. If M ′ is closed, it 
is an L-space [5, Proposition 5] and so as J = {1, 2, . . . , r} in this case, (J ; [α∗]) is not 
NLS detected. Suppose then that M ′ is not closed and let [α′

∗] ∈ S(M ′) be the projection 
of [α∗]. By construction, [α′

∗] is horizontal with respect to the induced Seifert structure 
on M ′ and therefore [α′

∗] is not NLS detected by Proposition 7.8. But then (J ; [α∗]) is 
not NLS detected, which completes the proof. �
Proposition 8.3. Suppose that M has base orbifold P (a1, . . . , an) and [α∗] ∈ S(M) is 
horizontal. Then the following statements are equivalent:

(1) (J ; [α∗]) is order detected.
(2) (J ; [α∗]) is representation detected.
(3) (J ; [α∗]) is foliation detected.
(4) If [α∗] is rational, (J ; [α∗]) is NLS-detected.

Proof. The equivalence of (1) and (2) is contained in Propositions 4.5 and 5.4 while that 
of (2) and (3) is contained in Proposition 6.7. Finally we show that (3) is equivalent to 
(4) when [α∗] is rational.

Suppose that [α∗] is rational and let M ′ be the manifold obtained by performing 
[αj ]-Dehn filling of M for j ∈ J . Then M ′ is a Seifert fibred manifold whose base 
orbifold has underlying space a (possibly) punctured 2-sphere. If M ′ is closed then J =
{1, 2, . . . , r} and M ′ is Seifert fibred with base orbifold a 2-sphere with cone points. In 
this case it was shown in [34] that M ′ is not an L-space if and only if it admits a horizontal 
foliation. As the latter is equivalent to the foliation detectability of ({1, 2, . . . , r}; [α∗]), 
(3) and (4) are equivalent when M ′ is closed.

Suppose then that ∂M ′ �= ∅ and define [α′
∗] ∈ S(M ′) to be the projection of [α∗]. 

By construction, [α′
∗] is horizontal with respect to the induced Seifert structure on M ′. 

It is clear from Proposition 6.6 that (J ; [α∗]) is foliation detected if and only if [α′
∗] is 

foliation detected and it follows from the definition of NLS detection that (J ; [α∗]) is 
NLS detected if and only if [α′

∗] is NLS detected. On the other hand, Proposition 7.10
shows that [α′

∗] is not NLS detected if and only if it is not foliation detected. Thus (3) 
is equivalent to (4) when [α∗] is rational and horizontal. �
8.2. The case that [α∗] is not horizontal

Assume that v([α∗]) > 0 and [αj ] �= [h] for j ∈ J . We must show that the following 
statements are equivalent:

• (J ; [α∗]) is order detected.
• (J ; [α∗]) is foliation detected.
• If [α∗] is rational, (J ; [α∗]) is NLS detected.

The proof is contained in the following two propositions.
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Proposition 8.4. Suppose that M has base orbifold Q(a1, . . . , an), v([α∗]) ≥ 1, and [αj ] �=
[h] for j ∈ J . Then

(1) (J ; [α∗]) is order detected.
(2) (J ; [α∗]) is foliation detected.
(3) If [α∗] is rational, (J ; [α∗]) is NLS-detected.

Proof. Statements (1) and (2) follow from Propositions 4.15 and 6.9.
Suppose that [α∗] is rational and let M ′ be the manifold obtained by performing 

[αj ]-Dehn filling of M for j ∈ J . Then M ′ is a Seifert fibred manifold whose base 
orbifold has underlying space a punctured projective plane. Let [α′

∗] ∈ S(M ′) be the 
projection of [α∗]. Then (J ; [α∗]) is NLS detected if and only if [α′

∗] is NLS-detected. 
By construction, v([α∗]) = v([α′

∗]) ≥ 1. Statement (3) now follows from Proposition 7.8
applied to M ′ and [α′

∗]. �
Proposition 8.5. Suppose that M has base orbifold P (a1, . . . , an), that [αj ] �= [h] for 
j ∈ J , and that v([α∗]) ≥ 1. Then the following are equivalent.

(1) v([α∗]) ≥ 2.
(2) (J ; [α∗]) is order detected.
(3) (J ; [α∗]) is foliation detected.
(4) If [α∗] is rational, (J ; [α∗]) is NLS-detected.

Proof. Propositions 4.15 and 6.9 imply assertions (1), (2) and (3) are equivalent.
Suppose that [α∗] is rational and let M ′ be the manifold obtained by performing 

[αj ]-Dehn filling of M for j ∈ J . Since v([α∗]) > 0 and [αj ] is horizontal for all j ∈ J , M ′

is a Seifert fibred manifold with non-empty boundary whose base orbifold has underlying 
space a punctured 2-sphere. Let [α′

∗] ∈ S(M ′) be the projection of [α∗]. Then (J ; [α∗]) is 
NLS detected if and only if [α′

∗] is NLS-detected. By construction, v([α′
∗]) = v([α∗]) ≥ 1. 

The equivalence of (1) and (4) now follows from Proposition 7.10 applied to M ′ and 
[α′

∗]. �
9. The gluing theorem

For M a compact orientable Seifert fibred manifold as in §2.2, J ⊆ {1, 2, . . . , r}, and 
[α∗] ∈ S(M) such that [αj ] �= [h] for j ∈ J we say that (J ; [α∗]) is detected if it is 
foliation detected. By Theorem 8.1 this is the same as being order detected. (And also 
to representation detected or NLS detected when both notions are defined.)

Fix a graph manifold W as in §2.3 with JSJ pieces M1, M2, . . . , Mn and JSJ tori 
T1, T2, . . . , Tm. Recall that for [α∗] ∈ S(W ; T ) and i ∈ {1, 2, . . . , n} we defined

[α(i)
∗ ] = Πi([α∗])
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See §2.3. For K ⊆ {1, 2, . . . , m} and i ∈ {1, 2, . . . , n} set

Ki = {k ∈ K : Tk ⊂ ∂Mi}

and define [αKi∗ ] to be the |Ki|-tuple of slopes [αj ] where j ∈ Ki.
Before stating the gluing theorem, we introduce several notions.

Definition 9.1. Fix K ⊆ {1, 2, . . . , m} and [α∗] ∈ S(W ; T ). We call (K; [α∗]) gluing 
coherent if (Ki; [α(i)

∗ ]) is detected for all i.

It follows from Lemma 6.8 that if (K; [α∗]) is gluing coherent and k ∈ K, then 
[αk] is horizontal in each piece of W containing Tk, at least up to assuming that the 
Seifert structures on pieces homeomorphic to twisted I-bundles over the Klein bottle 
have orientable base orbifolds.

Given K ⊆ {1, 2, . . . , m} and [α∗] ∈ S(W ; T ) let Mi([αKi∗ ]rat) be the Seifert manifold 
obtained by [αj ]-Dehn filling Mi along its boundary components Tj such that j ∈ Ki

and [αj ] is rational. Set

K([α∗]) = K ∪ {j : Tj = ∂Mi([αKi
∗ ]rat) for some i such that Mi([αKi

∗ ]rat) ∼= S1 ×D2}

Definition 9.2. Given K ⊆ {1, 2, . . . , m} and [α∗] ∈ S(W ; T ) we say that (K; [α∗]) is 
gluing unobstructed if (K([α∗]); [α∗]) is gluing coherent. Otherwise we say that (K; [α∗])
is gluing obstructed.

Note that when K = ∅ or K = {1, 2, . . . , m}, (K; [α∗]) is gluing unobstructed as long 
as it is gluing coherent. See Example 12.3 for an example of a W and (K; [α∗]) which is 
gluing coherent but gluing obstructed.

Definition 9.3. (1) We say that a co-oriented taut foliation F on W has K-type if F is 
transverse to Tj for each j, it restricts to a co-oriented taut foliation on each Mi, and 
F ∩ Tk is linear for k ∈ K.

(2) We say that a left-order o on π1(W ) has K-type if there is an o-convex normal 
subgroup C of π1(W ) such that C ∩ π1(Tk) ∼= 〈αk〉 ∩ π1(Tk) for all k ∈ K.

Convention 9.4. For the rest of the paper we take the convention that the parenthet-
ical phrases in the statements of results are to be either simultaneously considered or 
simultaneously ignored.

Here is the gluing theorem.

Theorem 9.5. Let W be a graph manifold rational homology 3-sphere with pieces 
M1, . . . , Mn and JSJ tori T1, . . . , Tm. Fix K ⊆ {1, 2, . . . , m}.

(1) π1(W ) admits a K-type left-order (for which each class represented by a Seifert 
fibre of a piece of W is cofinal) if and only if there is a (horizontal) [α∗] ∈ S(W ; T ) such 
that (K; [α∗]) is gluing unobstructed.
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(2) W admits a (horizontal) K-type co-oriented taut foliation if and only if there is 
a (horizontal) [α∗] ∈ S(W ; T ) such that (K; [α∗]) is gluing unobstructed.

We prove these results in the next two sections. For now we use them to deduce 
Theorems 1.2, 1.3, and 1.5. Theorem 1.7 is the case K = ∅ of Theorem 9.5.

Proof of Theorem 1.2. We remarked in the introduction that statements (2) and (3) of 
Theorem 1.2 are known to be equivalent (cf. [33], [6, Theorem 1.1(1)]). The equivalence 
of statements (1) and (2) are immediate consequences of the case J = ∅ of Theorem 8.1
and the case K = ∅ of Theorem 9.5. �
Proof of Theorem 1.3. Statements (2) and (3) of Theorem 1.3 are equivalent by Re-
mark 5.5. Suppose that statement (1) holds and let F be a co-oriented horizontal foliation 
on W . Brittenham has shown that F is R-covered. Indeed, he shows that given a Seifert 
fibre L of a piece of W , each leaf of the pull-back F̃ of F to the universal cover of 
W intersects the inverse image L̃ of L in exactly one point. (See [9, §3].) Hence the 
leaf space L of F̃ can be identified with L̃. Since L is a transverse loop to F , it car-
ries an element of infinite order in π1(W ). Thus L is a line. Now π1(W ) acts on L via 
deck transformations and from Brittenham’s work we see that the class carried by L
acts without fixed points. As L was arbitrary, this action determines a homomorphism 
ρ : π1(W ) → Homeo+(L) ∼= Homeo+(R) for which the image of the class carried by L is 
conjugate to sh(±1). Thus statement (3) holds.

Conversely suppose that statement (3) holds and let ρi = ρ|π1(Mi). There is an as-
sociated co-oriented horizontal foliation F(ρi) on Mi (cf. the proof of Proposition 6.7) 
which detects some [α∗(ρi)] ∈ S(Mi). The [α∗(ρi)] (1 ≤ i ≤ n) piece together to yield a 
horizontal [α∗] ∈ S(W ; T ) for which (∅, [α∗]) is gluing coherent (and therefore gluing un-
obstructed as K = ∅). Theorem 9.5 then implies that W admits a co-oriented horizontal 
foliation, which completes the proof. �
Proof of Theorem 1.5. Statements (2) and (3) of Theorem 1.5 are equivalent by Re-
mark 5.5. Next observe that W admits a strongly rational co-oriented taut foliation if 
and only if it admits a K-type co-oriented taut foliation where K = {1, 2, . . . , m}. (In 
both cases the foliations are horizontal by Lemmas 6.6, at least up to assuming that 
the Seifert structures on pieces homeomorphic to twisted I-bundles over the Klein bot-
tle have orientable base orbifolds.) Hence statements (1) and (2) of Theorem 1.5 are 
equivalent by Theorems 8.1 and 9.5. �
10. Proof of the gluing theorem: the foliation case

Recall that W is a graph manifold rational homology 3-sphere as in §2.3 with 
JSJ pieces M1, M2, . . . , Mn and JSJ tori T = {T1, T2, . . . , Tm}. We work with a 
fixed K ⊆ {1, 2, . . . , m} throughout this section. We must show that W admits a 
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(horizontal) K-type co-oriented taut foliation if and only if there is a (horizontal) el-
ement [α∗] ∈ S(W ; T ) such that (K; [α∗]) is gluing unobstructed.

The forward implication is straightforward: If W admits a (horizontal) K-type co-
oriented taut foliation F , it induces a (horizontal) element [α∗] ∈ S(W ; T ) such that 
(K; [α∗]) is gluing coherent [11]. We claim that (K; [α∗]) is also gluing unobstructed. To 
see, this observe that for each piece Mi of W , F induces a co-oriented taut foliation Fi

on Mi([αKi∗ ]rat). As the only taut co-orientable foliations on a solid torus are 2-disk fi-
brations, if Mi([αKi∗ ]rat) ∼= S1×D2, then F restricts to a foliation on Tj = ∂Mi([αKi∗ ]rat)
which strongly detects [αj ]. It follows that (K([α∗]); [α∗]) is gluing coherent and therefore 
(K; [α∗]) is gluing unobstructed.

Now we focus on the reverse implication. We suppose below that there is a (horizontal) 
element [α∗] ∈ S(W ; T ) such that (K; [α∗]) is gluing unobstructed. Lemma 6.8 implies 
the following fact.

Lemma 10.1. If j ∈ K([α∗]) and [αj ] is vertical in a JSJ piece Mi of W incident to Tj, 
then Mi

∼= N2. �
For A ⊆ {1, 2, . . . , m}, let A† = A ∪ {j : [αj ] is irrational}. By Proposition 6.10, 

(K†; [α∗]) is gluing coherent. Since Mi([α
K†

i∗ ]rat) = Mi([αKi∗ ]rat) for each i, we have

K†([α∗]) = K([α∗])†,

and it follows that (K, [α∗]) is gluing unobstructed if and only if (K†; [α∗]) is gluing 
unobstructed. Hence, without loss of generality, we assume that

K = K†

for the rest of this section.

Lemma 10.2. Fix K ⊆ {1, 2, . . . , m} and a (horizontal) [α∗] ∈ S(W ; T ). If (K; [α∗]) is 
gluing unobstructed, there is a (horizontal) rational [α′

∗] ∈ S(W ; T ) such that

(1) (K; [α′
∗]) is gluing unobstructed;

(2) [α′
j ] = [αj ] if [αj ] is rational;

(3) if [αj ] is irrational, then [α′
j ] can be chosen to lie in an arbitrarily small neighbour-

hood of [αj ] in S(Tj) and to have distance at least 2 to the Seifert fibre of a piece of 
W containing Tj.

Proof. First we show that the lemma holds if we replace (1) by (1)′: (K([α∗]); [α′
∗]) is 

gluing coherent.
By hypothesis, (K([α∗]); [α∗]) is gluing coherent, so the modified lemma is immediate 

if Proposition 6.10(1) holds for each (K([α∗])i; [α(i)
∗ ]) for which [α(i)

∗ ] is not rational. 
Otherwise, the pieces Mi of W for which [α(i)

∗ ] is not rational and Proposition 6.10(2) 
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holds occur in linear subtrees of the JSJ graph of W , the vertices of which correspond to 
the type of pieces described in Proposition 6.10(2) and whose edges correspond to tori 
Tj such that [αj ] is irrational. In this situation, Proposition 6.10 implies that we can 
replace the irrational [αj ] which occur in this linear subtree by horizontal rational slopes 
of the sort claimed in the modified lemma.

Let [α′
∗] be a (horizontal) rational element of S(W ; T ) which satisfies (1)′, (2) and (3). 

To complete the proof, we need only show that K([α′
∗]) ⊆ K([α∗]), for then the conclusion 

of the previous paragraph implies that (K([α′
∗]); [α′

∗]) is gluing coherent. In other words, 
(K; [α′

∗]) is gluing unobstructed.
To show that K([α′

∗]) ⊆ K([α∗]), fix j ∈ K([α′
∗]) \ K. Then there is an i such that 

Mi([(α′
∗)Ki ]) ∼= S1 × D2 where Tj = ∂Mi([(α′

∗)Ki ]). If [(α′
∗)Ki ] �= [αKi∗ ]rat, then at 

least one coordinate of [αKi∗ ] is irrational. Condition (3) of the lemma implies that at 
most one coordinate is irrational. It follows that Mi([αKi∗ ]rat) ∼= S1 × S1 × I. Since 
(Ki; [α(i)

∗ ]) is foliation detected in Mi, [αj ] is irrational (Proposition A.3). But then 
j ∈ K† = K, a contradiction. Hence [(α′

∗)Ki ] = [αKi∗ ]rat, so that j ∈ K([α∗]). It follows 
that K([α′

∗]) ⊆ K([α∗]), which completes the proof. �
Proof of the reverse implication of the foliation case of Theorem 9.5. First suppose that 
K = ∅ and fix a gluing coherent family of rational slopes [α∗].

If [α∗] is horizontal, each [α(i)
∗ ] is detected by a foliation of the form F(ρi) where ρi

is chosen as in Proposition 6.11. It follows from the conclusions of Lemmas 6.14 and 
6.15 that if we choose an odd integer k � 0, we can find a horizontal co-oriented taut 
foliation on each Mi which detects [α(i)

∗ ] and which is k interval hyperbolic on each 
boundary component of Mi. By Lemma 6.13, these foliations glue together to form a 
co-oriented horizontal foliation on W .

If [α∗] is not horizontal, index the pieces M1, . . . , Mn so that each partial union Vi =
M1 ∪ . . . ∪ Mi is connected. For each piece Mi for which [α(i)

∗ ] is horizontal, choose 
a representation ρi as in Proposition 6.11 so that F(ρi) detects [α(i)

∗ ]. Fix a constant 
k0 � 0 so that for each i such that F(ρi) has no compact leaves, k0 ≥ k(F(ρi)) (cf. 
Lemma 6.14). We prove that each Vi admits a co-oriented taut foliation Fi such that

• for each component Tl of ∂Vi, Fi detects [αl] and is k(l) interval hyperbolic on Tl

for some k(l) > k0. Further, k(l) is odd if [αl] is horizontal in Mi.
• Fi is transverse to any predetermined finite set of Seifert fibres in the pieces of Vi.

The establishment of the case i = n will complete the argument for K = ∅.
The result holds for i = 1 by Lemmas 6.14, 6.15 and 6.16. Suppose that it holds for 

Vi where i < n and consider Vi+1 = Vi ∪Mi+1. Let Tl = Vi ∩Mi+1 and let Mj be the 
piece of Vi which contains Tl. Fix a co-oriented taut foliation Fi on Vi as provided by 
the induction hypothesis and suppose that it is k interval hyperbolic on Tl. Since [αl]
cannot be vertical in both Mj and Mi+1, there are three cases to consider:
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(1) [αl] is horizontal in both Mj and Mi+1;
(2) [αl] is vertical in Mj and horizontal in Mi+1;
(3) [αl] is horizontal in Mj and vertical in Mi+1.

Note that Mi+1 � N2 in case (2); otherwise the Seifert structure on Mi+1 with base 
orbifold a Möbius band would extend over Mj ∪Mi+1.

In each case, the conclusions Lemmas 6.14, 6.15 and 6.16 allow us to conclude that 
Mi+1 admits a co-oriented taut foliation which is k interval hyperbolic on Tl and, when 
pieced together with Fi, yields a co-oriented taut foliation Fi+1 on Vi+1 which satisfies 
the inductive hypothesis. This completes the proof when K = ∅.

Next suppose that K �= ∅ and fix a (horizontal) rational family of slopes [α∗] ∈
S(W ; T ) such that (K; [α∗]) is gluing unobstructed. Let K ′ = K([α∗]) and consider the 
manifold W0 obtained by cutting W open along the components Tj of T for j ∈ K ′. The 
boundary of W0 is a disjoint union of tori, two for each Tj where j ∈ K ′.

By construction, each of the manifolds Mi([α
K′

i∗ ]) is Seifert fibred but none are solid 
tori. (This is where we use the assumption that K is gluing unobstructed.) In particular, 
they are boundary incompressible. If some Mi([α

K′
i∗ ]) is a product S1 × S1 × I, Proposi-

tion A.3 implies that the two [αl] associated to the boundary components of Mi([α
K′

i∗ ])
correspond through its I-bundle structure.

Dehn fill the boundary components of W0 along the slopes [αj ] for j ∈ K ′ to produce 
a closed graph manifold W ′ each component of which is a union of a certain number 
of the Mi([α

K′
i∗ ]). The projection of [α∗] to the components of the boundaries of the 

Mi([α
K′

i∗ ]) contained in such a component forms a gluing coherent family. Hence we can 
produce a co-oriented taut foliation on each component of W ′ by using the arguments 
of the case K = ∅. Moreover, we can suppose that the resulting foliations are transverse 
to the cores of the filling tori of Mi([αKi∗ ]). After an isotopy, they intersect each Mi in 
co-oriented taut foliations which restrict to linear foliations of slope [αj] on Tj whenever 
j ∈ K. Thus we can piece together the resulting foliations on the pieces of W to produce 
a K-type co-oriented taut foliation on W . This completes the proof. �
Proof of Proposition 1.4. If W admits a (horizontal) K-type co-oriented taut foliation, 
there is a (horizontal) [α∗] ∈ S(W ; T ) such that (K; [α∗]) is gluing unobstructed (The-
orem 9.5). By Lemma 10.2 we can suppose that [α∗] is rational (and horizontal) and 
(K, [α∗]) is gluing unobstructed. Then Theorem 9.5 implies that there is a (horizontal) 
K-type co-oriented taut foliation which intersects each JSJ torus in a foliation of rational 
slope. �
11. Proof of the gluing theorem: the left-order case

We review the standard notation for graphs of groups, and the theorems available to 
us. Our notation follows [42,17], modified slightly since we are only concerned with trees 
of groups.
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Given a graph Y with vertices v ∈ V (Y ) and edges e ∈ E(Y ), there are functions 
o, t : E(Y ) → V (Y ), the origin and tail of each edge. The notation ē indicates the edge 
e with opposite orientation, so that o(ē) = t(e), t(ē) = o(e). For every graph of groups 
(G, Y ) there are edge groups {Ge|e ∈ E(Y )} and vertex groups {Gv|v ∈ V (Y )}, together 
with injective maps φe : Ge → Gt(e) for all e ∈ E(Y ). We require Gē = Ge.

The fundamental group of a graph of groups (G, Y ) is written π1(G, Y, T ) where T
is a maximal tree in the graph Y , but we need only consider the case where Y is a 
tree (and hence the maximal tree T is Y itself). We write π1(G, T ) for the fundamental 
group of a tree of groups. If the tree has edges E(T ) and vertices V (T ), then π1(G, T )
has presentation

〈Gv, v ∈ V (T )|rel(Gv), v ∈ V (T ) and φe(g) = φē(g) for all g ∈ Ge and e ∈ E(T )〉

If H is left-orderable and φ : G → H is injective, then every left-ordering o of H
induces a left-ordering oφ on G according to the rule g <φ h if and only if φ(g) < φ(h). 
Recall that when φ(h) = ghg−1 is an inner automorphism, oφ is denoted by og. The 
following definitions are from [17].

Next we extend Definition 4.10 to graphs of groups.

Definition 11.1. Suppose that (G, Y ) is a graph of groups, and suppose that {Lv|v ∈
V (Y )} is a family of sets of left-orderings of the vertex groups Gv. The family {Lv|v ∈
V (Y )} is said to be normal if Lv is normal in Gv for all v ∈ V (Y ).

Definition 11.2. Suppose that (G, Y ) is a graph of groups, and for each v ∈ V (Y ) let 
ov be a left-ordering of Gv. The family of left-orderings {ov|v ∈ V (Y )} is said to be 
compatible for (G, Y ) if φeφ

−1
ē is compatible for the pair (oo(e), ot(e)) for all e ∈ E(Y ). 

More generally, suppose that {Lv|v ∈ V (Y )} is a family of sets of left-orderings of the 
vertex groups Gv. The family {Lv|v ∈ V (Y )} is said to be compatible for (G, Y ) if for 
every e ∈ E(Y ), φeφ

−1
ē is compatible for (Lo(e), Lt(e)).

The main criterion that we will use to show the existence of certain types of left-
orderings of π1(W ), where W is a graph manifold as in Section 2.3, is the following:

Theorem 11.3. [17, Lemma 2.2] Suppose that Y is a finite tree, and (G, Y ) is a graph of 
groups and {Lv|v ∈ V (Y )} is a normal family of left-orderings that are compatible for 
(G, Y ). Then π1(G, Y ) is left-orderable. Moreover for each v ∈ V (Y ) let ov ∈ Lv be a 
left-ordering of Gv such that {ov|v ∈ V (Y )} is compatible for (G, Y ). Then there exists 
a left-ordering o of π1(G, Y ) that restricts to ov on Gv for all v ∈ V .

In the context of graph manifolds, our edge groups will always be π1(Tj) for some JSJ 
torus Tj ⊂ W , so we introduce notation in order to analyse the left-orderings of Z × Z.

Given α ∈ H1(T ; R), if [α] is rational there are four left-orderings of π1(T ) that detect 
the slope [α], if [α] is irrational there are two. We denote these left-orderings as follows: 
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o(α) is the ordering whose positive cone consists of x ∈ π1(T ) such that the oriented 
angle between α and x lies in (0, π], and o(α) is the ordering whose positive cone consists 
of x ∈ π1(T ) such that the oriented angle between α and x lies in [0, π). Recall that if o
is a left-ordering, we denote the opposite ordering by oop. For [α] ∈ S(T ), set

O(α) = {o(α), oop(α), o(α), oop(α)}

Note that when [α] is irrational the orderings o(α) and o(α) coincide.

Definition 11.4. Let M be a Seifert fibred 3-manifold with torus boundary components 
T1, . . . , Tr as in Section 2.2. A family of left-orderings L of π1(M) is said to be ready for 
gluing along [α∗] = ([α1], . . . , [αr]) if L is normal, and for all j ∈ {1, . . . , r}

{o ∈ LO(π1(Tj))| o = o′|π1(Tj) for some o′ ∈ L} = O(αj)

If W is a graph manifold as in Section 2.3, then the JSJ decomposition induces the 
structure of a graph of groups on π1(W ). Applying Theorem 11.3 in this setting, we 
have:

Proposition 11.5. Let [α∗] ∈ S(W ; T ). If there exist families Li ⊂ LO(π1(Mi)) of left-
orderings that are ready for gluing along [α(i)

∗ ], then π1(W ) is left-orderable. Moreover 
π1(W ) admits a left-ordering extending oi ∈ Li whenever {o1, o2, . . . , on} is compatible 
for the graph of groups structure on π1(W ).

Proof. Suppose that [α∗] ∈ S(W ; T ) and Li ⊂ LO(π1(Mi)) are ready for gluing along 
[α(i)

∗ ]. We need to show that the normal families Li are compatible for the graph of 
groups structure on π1(W ). Writing ∂Mi = Ti1∪· · ·∪Tiri , there are maps fij : Tij → Mi

inducing homomorphisms π1(Tij) → π1(Mi), these homomorphisms are the edge maps 
that give π1(W ) the structure of a graph of groups.

Compatibility of Li for the graph of groups structure on π1(W ) is a local condition, 
in the sense that we need only verify the conditions for an arbitrary edge. So to simplify 
notation, we fix T ∈ {T1, . . . , Tm} in ∂Mi∩∂Mj with corresponding slope [α], and denote 
the gluing maps by fi : π1(T ) → π1(Mi) and fj : π1(T ) → π1(Mj).

We check compatibility of the normal families Li and Lj with the gluing maps of the 
torus T . Given oi ∈ Li, since Li is ready for gluing along [α(i)

∗ ] the ordering ofii detects 
the slope [α], and thus ofii ∈ O(α). Since Lj is ready for gluing along [α(j)

∗ ], there exists 
an ordering oj ∈ Lj such that ofjj = o

fi
i . It follows that fjf−1

i is compatible for (Li, Lj), 
similarly we can show that fif−1

j is compatible for (Lj , Li). Therefore Li ⊂ LO(π1(Mi))
is compatible for the graph of groups structure on π1(W ), and the result follows by 
Theorem 11.3. �

Thus to prove the gluing theorem we will show that if [α∗] ∈ S(M) is o-detected, 
then there is a family L of left-orderings of π1(M) that is ready for gluing along [α∗]. 
We begin with the horizontal case.
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Proposition 11.6. With M as in Section 2.2, suppose that [α∗] ∈ S(M) is horizontal and 
o-detected. Then there exists a family of left-orderings L ⊂ LO(π1(M)) that is ready for 
gluing along [α∗].

For the proof we prepare some lemmas. Recall that for every boundary torus Tj , 
π1(Tj) ∼= H1(Tj) is identified with a subgroup of H1(Tj ; R).

Lemma 11.7. Let Tj ∈ ∂M and suppose [α∗] ∈ S(M) is horizontal and o-detected. Then 
g ∈ π1(Tj) is cofinal in π1(M) if and only if it is not a power of αj(o). In particular, if 
o′ is a left-ordering having the same set of cofinal elements as o, then o′ detects [α∗].

Proof. If [α∗] is horizontal and o-detected, by Proposition 4.7 M has base orbifold 
P (a1, . . . , an) and the fibre slope h is o-cofinal in π1(M). Then any g ∈ π1(Tj) that is not 
a power of αj(o) is cofinal in π1(Tj), so for all n there exists k such that g−k < hn < gk

and thus g is o-cofinal in π1(M). On the other hand if g is o-cofinal in π1(M) it cannot 
be a power of αj(o), which is bounded since [αj(o)] is o-detected. �
Lemma 11.8. Suppose that a group G admits a left-ordering o. Let g ∈ G be given. If 
{gk}k∈Z is bounded above by f , then there exists a left-ordering o′ of G and a o′-convex 
subgroup C ⊂ G with g ∈ C and f /∈ C. Moreover, every positive o-cofinal element of G
is positive and o′-cofinal.

Proof. Suppose that {gk}k∈Z is bounded above in the ordering o by f ∈ G. Consider 
the family of sets X = {S ⊂ G|x ∈ S and y < x ⇒ y ∈ S}, ordered by inclusion. It is 
not hard to check that G acts on X in an order-preserving way by left multiplication. 
Set X0 = {x ∈ G|x < gk for some k ∈ Z}, and define a left-ordering o′ of G as follows. 
Given h ∈ G declare h >′ 1 if either X0 ⊂ h(X0) or h(X0) = X0 and h > 1. One can 
verify that the subgroup C = StabG(X0) is convex in the ordering o′, and contains g but 
not f .

Now suppose that h is o-cofinal and h > 1. To show that h is o′-positive and o′-cofinal, 
let x ∈ G be given. Choose n > 0 such that xf < hn, so that f < x−1hn. Since f is 
an upper bound for {gk}k∈Z this means that x−1hn is also an upper bound for X0. We 
conclude that X0 ⊂ x−1hn(X0), so that 1 <′ x−1hn. In other words, x <′ hn and so h is 
o′-cofinal. Choosing x = 1 in the previous argument shows h >′ 1. �
Proof of Proposition 11.6. Suppose that [α∗] ∈ S(M) is horizontal and o-detected. We 
construct a family L of left-orderings of π1(M) that is ready for gluing along [α∗] as 
follows. Set S0 = {o, oop}, and for j = 1, . . . , r define the set Sj inductively as follows.

If [αj ] is irrational then Sj = Sj−1. Otherwise if [αj ] is rational we create new left-
orderings of π1(M) as follows. Since {αk

j }k∈Z ⊂ π1(M) is bounded above in the ordering 
o (by the fibre slope h, for example), we apply Lemma 11.8 to create a left-ordering o′

of π1(M) with a proper, o′-convex subgroup C containing [αj ] but not h. By construc-
tion, the positive o-cofinal elements of π1(M) are again positive and o′-cofinal, hence by 
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Lemma 11.7 the left-ordering o′ detects the tuple [α∗]. Since C is convex, the left cosets 
π1(M)/C can be given a left-invariant total order. Define Sj to be Sj−1 together with 
the four possible lexicographic left-orderings that arise from the sequence

1 → C → π1(M) → π1(M)/C → 1

By construction every left-ordering in Sr has the same set of cofinal elements as o and 
so detects [α∗] by Lemma 11.7. Set

L =
⋃

g∈π1(M)

gSrg
−1

By construction O(αj) ⊂ {o ∈ LO(π1(Tj))| o = o′|π1(Tj) for some o′ ∈ L} and L is 
normal. An arbitrary left-ordering of L is of the form og for some g ∈ π1(M) and o ∈ Sr. 
Note that since h is o-cofinal it is also og cofinal, so by Lemma 4.6(2) o and og have 
the same cofinal elements. By Lemma 11.7 we conclude that og detects [α∗], and so 
O(αj) = {o ∈ LO(π1(Tj))| o = o′|π1(Tj) for some o′ ∈ L} and L is ready for gluing. �

Next we construct ready for gluing families when [α∗] is not horizontal.

Lemma 11.9. (Cf. Lemma 4.13.) Suppose that M has base orbifold P (a1, . . . , an) with 
r ≥ 2 boundary tori. If r = 2 then there exists a family of left-orderings L ready for 
gluing along ([h], [h]); if r ≥ 3 then for each [α] ∈ S(Tr) there exists a family L of 
left-orderings of π1(M) that is ready for gluing along ([h], . . . , [h], [α]).

Proof. If r = 2 or if r ≥ 3 and [α] = [h], consider the short exact sequence

1 → K → π1(M) → Zr−1 → 1

as in Lemma 4.13. Let L denote the set of all lexicographic left-orderings of π1(M) arising 
from pairs (o′, o), where o′ ∈ LO(K) and o ∈ LO(Zr−1). Note that every left-ordering 
in L detects ([h], . . . , [h]), moreover L is ready for gluing along ([h], . . . , [h]).

On the other hand suppose [α] �= [h] and r ≥ 3. First we show that there exists 
a left-ordering o of π1(M) with [α∗(o)] horizontal and [αr(o)] = [α]. To see this, set 
[α] = [αr] and choose a tuple of horizontal slopes ([α2], . . . , [αr]) ∈ S(T2) × . . .× S(Tr), 
then applying Corollary A.6 and Proposition 4.5 there exists o detecting ([α1], . . . , [αr]) ∈
S(T1) × . . .×S(Tr) for some slope [α1]. The slope [α1] is horizontal by Proposition 4.15. 
Now by Proposition 11.6 there exists a family L0 of left-orderings of π1(M) that is ready 
for gluing along ([α1], . . . , [αr]).

Consider the short exact sequence 1 → K → π1(M) → Zr−2 → 1 where π1(Tr) ⊂ K, 
h ∈ K and π1(Tj) �⊂ K for j �= r. Let L denote the family of all lexicographic left-
orderings of π1(M) arising from pairs of orderings (o′, o) where o′ is the restriction to 
K of an ordering in L0 and o ∈ LO(Zr−2). By construction L is normal, and ready for 
gluing along ([h], . . . , [h], [α]). �
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Lemma 11.10. Suppose that M is Seifert fibred over Q(a1, . . . , an). Then there exists a 
family of left-orderings L ⊂ LO(π1(M)) that is ready for gluing along ([h], [h], . . . , [h]).

Proof. Note that there is a short exact sequence 1 → K → π1(M) → Zr → 1 where 
h ∈ K and no dual class xj is killed by the quotient map π1(M) → Zr. Now proceed as 
in the proof of Lemma 11.9. �

Next we include two lemmas that are necessary to show cofinality of the fibre class in 
certain left-orderings. The proof of the next lemma is straightforward and so we omit it.

Lemma 11.11. Let G be a group with left-ordering o and H a subgroup of G. If there 
exists h ∈ H that is o-cofinal in G, then every element of H that is o-cofinal in H is 
also o-cofinal in G.

Lemma 11.12. Suppose that G1, G2 are groups with a common subgroup H, and let 
h1, h2 ∈ H be given. Suppose that o is a left-ordering of G1 ∗H G2 and that each hi is 
o-cofinal in Gi. If g ∈ Gi is o-cofinal in Gi, then g is o-cofinal in G1 ∗H G2.

Proof. We will begin by showing that h1 is o-cofinal in G1 ∗H G2, the case of h2 is 
identical.

Every element of G1 ∗H G2 can be represented by a word w of the form

w = g1g2 . . . gk

where gj and gj+1 are never elements of the same Gi. We need to show that there exists 
n ∈ Z such that h−n

1 < w < hn
1 , we proceed by induction on k. From Lemma 11.11 we 

know that h1 is cofinal in both G1 and G2, so if k = 1 then g1 is an element of either G1
or G2 and such an n exists.

Assume for induction that such an n exists for all words of length k − 1 or less. Set 
w = gw′ where w′ is length k − 1. If g ∈ G1 then choose n such that h−n

1 < w′ < hn
1

and r such that ghn
1 < hr

1, the latter choice is possible since ghn
1 ∈ G1 and h1 is cofinal 

in G1. Then we get an upper bound w = gw′ < ghn
1 < hr

1. On the other hand, if g ∈ G2
then ghn

1 ∈ G2. Since h1 is cofinal in G2 we can make an identical argument to bound w
above in this case. Similar arguments allow us to bound w below by a power of h1 and 
cofinality of h1 follows.

Now let g ∈ Gi be given. Since g is cofinal in Gi for all k ∈ Z there exists n ∈ Z such 
that g−n < hk

i < gn. Since hi is o-cofinal in G1 ∗H G2 it follows that g is as well. �
Proof of the order gluing theorem when K = ∅. If π1(W ) is left-orderable with or-
dering o, then o detects some [α∗] ∈ S(W ; T ). For each i, the restriction ordering oi of 
π1(Mi) detects [α(i)

∗ ]. Moreover if every class represented by the Seifert fibre of a piece 
is cofinal in π1(W ), then the class of the fibre of Mi is cofinal in π1(Mi). Thus [α(i)

∗ ] is 
horizontal for all i, so [α∗] is horizontal.



220 S. Boyer, A. Clay / Advances in Mathematics 310 (2017) 159–234
Conversely suppose we are given [α∗] ∈ S(W ; T ) and for each i the ordering oi of 
π1(Mi) detects [α(i)

∗ ]. We refine the decomposition of W into Seifert fibred pieces by 
cutting each Mi along vertical tori, depending on whether or not [α(i)

∗ ] is horizontal. 
If Mi is a Seifert fibred piece for which [α(i)

∗ ] is horizontal or vertical, we make no 
refinement. Otherwise when [α(i)

∗ ] is neither horizontal nor vertical there are two cases 
(cf. Proposition 4.15):

Case 1. Mi has base orbifold P (a1, . . . , an) and ri ≥ 3. Set v = v([α(i)
∗ ]) ≥ 2 and in-

dex the boundary tori so that oi detects [h] on Ti1, . . . , Tiv and horizontal slopes on 
Ti(v+1), . . . , Tiri . Choose an essential vertical torus T cutting Mi into two Seifert fi-
bred pieces Mi1 and Mi2 where ∂Mi1 = Ti1, . . . , Tiv, T and ∂Mi2 = Ti(v+1), . . . , Tiri , T . 
Consider the restrictions oij of oi to π1(Mij) for j = 1, 2. By construction oi1 detects 
([h], . . . , [h], [α]) for some [α] ∈ S(T ), while oi2 detects [α] on T and the same horizontal 
slopes as oi on Ti(v+1), . . . , Tiri . By Proposition 4.15 (2), [α] �= [h] so oi2 detects only 
horizontal slopes.

Case 2. Mi has base orbifold Q(a1, . . . , an) and ri ≥ 2. Choose an essential vertical torus 
T cutting Mi into Mi1, a Seifert fibred manifold over Q0(a1, . . . , an), and Mi2, a Seifert 
fibred manifold with base orbifold a planar surface. Consider the restrictions oij of oi to 
π1(Mij) for j = 1, 2. The ordering oi1 of π1(Mi1) detects [h] by Proposition 4.7. If all 
slopes detected by oi2 are vertical, make no further refinement. Otherwise cut Mi2 into 
pieces as in Case 1.

Thus by refining the decomposition of W , and associating the restriction ordering to 
each piece in the refined decomposition, we can assume [α∗] ∈ S(W ; T ) is gluing coherent 
and each piece Mi with ordering oi satisfies one of the following:

(1) Mi is Seifert fibred over Q0(a1, . . . , an) and oi detects ([h]).
(2) Mi is Seifert fibred over P (a1, . . . , an), ri ≥ 2 and oi detects ([h], . . . , [h]).
(3) Mi is Seifert fibred over P (a1, . . . , an), ri ≥ 3 and oi detects ([h], . . . , [h], [α]).
(4) Mi is Seifert fibred over P (a1, . . . , an), ri ≥ 3 and oi detects [α(i)

∗ ], which is horizon-
tal.

With a decomposition into pieces of type (1)–(4), by Lemmas 11.10, 11.9 and by 
Proposition 11.6 respectively, there are families Li ⊂ LO(π1(Mi)) that are ready for 
gluing along [α(i)

∗ ]. The result now follows from Proposition 11.5. Moreover, if [α∗] is 
horizontal then the class of the fibre in Mi is cofinal in π1(Mi). By applying Lemmas 11.11
and 11.12, an induction on the number of pieces in W shows that the class of each fibre 
is cofinal in W . �
Proof of the order gluing theorem when K �= ∅. Now suppose K �= ∅. Suppose π1(W )
admits a K-type left-ordering o detecting the tuple [α∗] ∈ S(W ; T ), and let C ⊂ π1(W )
denote the o-convex normal subgroup such that C ∩ π1(Tk) = 〈αk〉 ∩ π1(Tk) for k ∈ K. 
Suppose there exists i such that Mi([α

K′
i∗ ]rat) ∼= S1 × D2, and let Tj = ∂Mi([α

K′
i∗ ]rat). 
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Observe that if [αj ] is rational, this forces αj ∈ C. Thus with K ′ = K ′([α∗]), observe that 
oi = o|π1(Mi) detects (K ′

i; [α
(i)
∗ ]) with Ci = π1(Mi) ∩ C the required convex subgroup 

(appealing to Remark 4.3(1) if there are any strongly detected irrational slopes). Thus 
(K ′; [α∗]) is gluing unobstructed. Note that if we assume the class of every fibre is cofinal 
in π1(W ), then [α∗] is horizontal as in the case K = ∅.

Conversely suppose that (K; [α∗]) is gluing unobstructed, we may assume [α∗] is 
rational (Lemma 10.2) and proceed as in the proof of the foliation gluing theorem. Cut 
open W along Tj for j ∈ K ′ and Dehn fill the boundary components along the slopes 
[αj ] for j ∈ K ′ to produce a graph manifold W ′ with two or more components Wj whose 
pieces are of the form Mi([αKi∗ ]rat) for some i (here we use gluing unobstructed). By 
Lemma 4.4 each Wj admits a gluing coherent family of left-orderings, one for each piece 
in Wj , and so Wj has left-orderable fundamental group by the gluing theorem in the 
case K = ∅. There is a short exact sequence

1 → C → π1(W ) →
∐

π1(Wj) → 1

where the free product is amalgamated along cyclic subgroups π1(Tj)/〈αj〉 for j ∈ K ′, 
and is therefore left-orderable [1, Corollary 5.3]. The subgroup C is left-orderable since 
π1(W ) is left-orderable, by the gluing theorem with K = ∅. Thus we can construct a 
K-type left-ordering by lexicographically ordering π1(W ) using the short exact sequence 
above. As in the case K = ∅, Lemmas 11.11 and 11.12 can be used inductively to show 
that if the initial [α∗] was horizontal, then the class of a fibre in any piece is cofinal in 
the constructed K-type left-ordering. �
12. Examples and remarks on smoothness

12.1. Examples

Brittenham, Naimi and Roberts provided examples of various phenomena concerning 
the existence and non-existence of taut foliations in non-Seifert fibred graph manifolds 
in their paper [10]. In particular, they found examples of such manifolds which do not 
admit taut foliations using methods similar to those found in this paper. Theorem 9.5
combined with the results of the Appendix can be used to construct many examples of 
such graph manifolds.

The next two examples show that the hypotheses of (i) admitting a co-oriented taut 
foliation, (ii) admitting a horizontal co-oriented taut foliation, and (iii) admitting a 
strongly rational co-oriented taut foliation are successively more constraining on a graph 
manifold W (cf. Theorems 1.2, 1.3, 1.5).

Example 12.1. Let W be the union of three pieces:

• M1: a twisted I-bundle over the Klein bottle with rational longitude h0;
• M2: a cable space where [h0] is identified with the Seifert fibre slope [h] of M2;
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• M3: a trefoil exterior where [h] is identified with a foliation detected slope chosen so 
that W is a rational homology 3-sphere.

Theorem 9.5 implies that W admits a co-oriented taut foliation but note that it 
does not admit a horizontal co-oriented taut foliation since any such foliation F can 
be isotoped so that it intersects M1 in a foliation detecting [h] ≡ [h0] = Dfol(M1)
(Proposition A.4) and therefore could not be horizontal in M2.

Example 12.2. Let W be the union of two pieces:

• M1: a twisted I-bundle over the Klein bottle with rational longitude h0;
• M2: a trefoil exterior where [h0] is identified with the meridional slope [μ] of M2.

We claim that [μ] is representation detected, and therefore foliation detected, in M2. 
To see this recall that π1(M2) = 〈y1, y2, h : y2

1 = h, y3
2 = h2, h central〉 where the 

meridional class corresponds to y1y2h
−1. According to [29, Proposition 2.2(a)] we can 

find elements A and B of P̃SL(2, R) such that A is conjugate to sh(1/2), B is conjugate 
to translation by sh(2/3) and AB is a hyperbolic element of P̃SL(2, R) of translation 
number 1. We obtain a representation ρ ∈ R0(M2) by sending y1 to A, y2 to B and h
to sh(1). The meridional class is sent to a hyperbolic element of translation number 0, 
which proves the claim. Theorem 1.2 implies that W admits a co-oriented taut foliation 
which is in fact horizontal since [h0] is horizontal in M1 and [μ] is horizontal in M2 (cf. 
Proposition 6.6). But note that there is no strongly rational co-oriented taut foliation 
in W since it would have to intersect the torus M1 ∩ M2 in a circle fibration of slope 
[h0] = [μ]. Thus [μ] would be strongly foliation detected in M2, which is impossible since 
then M2(μ2) ∼= S3 would admit a taut foliation.

In our next example we construct a graph manifold rational homology 3-sphere W
with JSJ tori T1, . . . , Tm and a subset K ⊆ {1, 2, . . . , m} such that no (K; [α∗]) is glu-
ing unobstructed even though there are [α∗] such that (K; [α∗]) is gluing coherent (cf. 
Theorem 9.5).

Example 12.3. Let W be the union of three pieces:

• M1: a trefoil exterior with meridional slope [μ1];
• M2: a cable space glued to M1 so that M1 ∪ M2 is the exterior of a cable on the 

trefoil with meridional slope [μ2];
• M3: a twisted I-bundle over the Klein bottle with rational longitude [h0] identified 

to [μ2].

The JSJ tori of W are T1 = M1 ∩ M2 and T2 = M2 ∩ M3 and we take K = {2}. 
We noted in the previous example that [μ1] is foliation detected in M1. It is not hard 
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to see that ({1, 2}; ([μ1], [μ2])) is foliation detected in M2 while ({2}; [h0] = [μ2]) is 
foliation detected in M3. Thus ({2}; ([μ1], [h0])) is gluing coherent. In fact, if {2} ⊆
K ⊆ {1, 2}, the only [α∗] ∈ S(W ; T ) for which (K; [α∗]) is gluing coherent is ([μ1], [h0]). 
On the other hand, since M2(μ2) ∼= S1 × D2, any {2}-type foliation on W necessarily 
intersects T1 in a circle fibration of slope [μ1], which is impossible since [μ1] is not strongly 
detected in M1 (cf. the last sentence of the previous example). Thus (K; [α∗]) is gluing 
obstructed.

12.2. Remarks on smoothness

Let M be a compact orientable Seifert fibred manifold as in §2.2 and J ⊆ {1, 2, . . . , r}. 
If (J ; [α∗]) is foliation-detected, it is F-detected where F is analytic by Proposition 6.11. 
It follows that the foliations on a graph manifold rational homology 3-sphere W con-
structed in Theorem 1.5 can be taken to be smooth. On the other hand, we cannot 
expect the foliations constructed in the proof of Theorems 1.2 and 1.3 to be smooth as 
the operation of thickening leaves used in their proofs does not preserve this property. 
That being said, the main results of this paper combine with those of the Appendix to 
imply that in terms of the gluing of its pieces, a generic graph manifold rational homol-
ogy 3-sphere W which admits a co-oriented taut foliation also admits a smooth strongly 
rational co-oriented taut foliation.
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Appendix A. The results of Eisenbud, Hirsch, Neumann, Jankins and Naimi

Let M be a Seifert manifold with base orbifold P (a1, . . . , an) as in §2.2 and recall 
that for b ∈ Z, J ⊆ {1, 2, . . . , r}, and (τ1, . . . , τr) ∈ Rr, we defined the notion of JN-
realisability in §3.

For (τ1, . . . , τr) ∈ Rr set

τ̄j = τj − �τj� ∈ [0, 1) for j = 1, . . . , r

and

b = b(τ1, . . . , τr) = −(�τ1� + . . . + �τr�)
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The reader can verify that (J ; 0; γ1, . . . , γn; τ1 . . . , τr) is JN-realisable if and only if 
(J ; b; γ1, . . . , γn; ̄τ1, . . . , ̄τr) is JN-realisable.

First we consider the case when some of the τj are integers. For a fixed tuple τ∗ we 
introduce the notation:

• r1 = |{j : τj /∈ Z}|, the number of non-integral τj ;
• s0 = |{j : j /∈ J and τj ∈ Z}|, the number of integral τj whose indices are not in J ;
• r2 = r1 + s0.

We also use J0 to denote J \ {j : τj ∈ Z}.
Since JN-realisability of (J ; b; γ1, . . . , γn; ̄τ1, . . . , ̄τr) is invariant under every permu-

tation of the τj , we may assume that the τj are indexed so that τ1, . . . , τr1 are not 
integers, τr1+1 . . . , τr are integers and J ∩ {r1 + 1, . . . , r} = {r2 + 1, . . . , r}. Then 
(J ; b; γ1, . . . , γn; ̄τ1, . . . , ̄τr) is JN-realisable if and only if (J0; b; γ1, . . . , γn; ̄τ1, . . . , ̄τr2) is 
JN-realisable since τj ∈ Z and j ∈ J forces the function gj corresponding to τ̄j to be the 
identity.

Therefore, in the case when some of the τj are integers it suffices to consider the case 
where j ∈ J implies τj /∈ Z. For this case we have the following theorem:

Theorem A.1. [30, Theorem 1] Suppose that if j ∈ J then τj /∈ Z and let s be the number 
of τj which are integers. If s > 0, then (J ; b; γ1, . . . , γn; ̄τ1, . . . , ̄τr) is JN-realisable if and 

only if 2 − s ≤ b ≤ n + r − 2. It is then even JN-realisable in P̃SL2(R). �
Next we consider the case where no τj is an integer. If n +r ≤ 2, the reader will verify 

that (J ; b; γ1, . . . , γn; ̄τ1, . . . , ̄τr) is JN-realisable if and only if γ1+. . .+γn+τ1+. . .+τr = 0. 
For n + r ≥ 3 we have the following theorem.

Theorem A.2. [22,30,35] Suppose that n + r ≥ 3, J ⊆ {1, 2, . . . , r}, b ∈ Z and 0 <
γ1, γ2, . . . , γn, ̄τ1, . . . , ̄τr < 1.

(1) If (J ; b; γ1, . . . , γn; ̄τ1, . . . , ̄τr) is JN-realisable, then 1 ≤ b ≤ n + r − 1.
(2) If 2 ≤ b ≤ n + r− 2, then (J ; b; γ1, . . . , γn; ̄τ1, . . . , ̄τr) is JN-realisable in P̃SL2(R).
(3) (J ; n + r− 1; γ1, . . . , γn; ̄τ1, . . . , ̄τr) is JN-realisable if and only if (J ; 1; 1 − γ1, . . . ,

1 − γn; 1 − τ̄1, . . . , 1 − τ̄r) is JN-realisable.
(4) (J ; 1; γ1, . . . , γn; ̄τ1, . . . , ̄τr) is JN-realisable if and only if there are coprime integers 

0 < A < N and some permutation (A1
N , A2

N , . . . , An+r

N ) of ( A
N , 1 − A

N , 1
N , . . . , 1

N ) such that

• γi <
Ai

N for 1 ≤ i ≤ n;
• τ̄j <

Aj

N for all j ∈ J ;
• τ̄j ≤ Aj

N for all j /∈ J . �
We refer the reader to [14] for an alternate and more direct approach to this result.
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Now fix J ⊆ {1, 2, . . . , r − 1} and τ∗ = (τ1, . . . , τr−1) ∈ Rr−1. Define

T (M ; J ; τ∗) = {τ ′ : (J ; 0; γ1, . . . , γn; τ1 . . . , τr−1, τ
′) is JN-realisable}

Tstr(M ; J ; τ∗) = {τ ′ : (J ∪ {r}; 0; γ1, . . . , γn; τ1 . . . , τr−1, τ
′) is JN-realisable}

Both of these intervals are related to the set Drep(M ; J). The relationship is described 
in §3.

Theorems A.1 and A.2 allow us to determine T (M ; J ; τ∗) and Tstr(M ; J ; τ∗) precisely. 
As above we will reindex the tuple τ∗ and define r1 = r1(τ∗), s0 = s0(τ∗) and r2 =
r2(τ∗) = r1(τ∗) + s0(τ∗) so that τ1, . . . , τr1 are not integers, τr1+1 . . . , τr−1 are integers 
and J ∩ {r1 + 1, . . . , r − 1} = {r2 + 1, . . . , r − 1}. We also introduce the notation:

• b0 = −(�τ1� + . . . + �τr−1�);
• b(τ ′) = b0 − �τ ′�;
• m0 = b0 − (n + r1 + s0 − 1);
• m1 = b0 + s0 − 1.

We take J0 to denote either J \{j : τj ∈ Z} or (J \{j : τj ∈ Z}) ∪{r}. We have already 
observed in the discussion before Theorem A.1 that (J ; 0; γ1, . . . , γn; τ1, . . . , τr−1, τ ′) is 
JN-realisable if and only if (J0; b(τ ′); γ1, . . . , γn; ̄τ1, . . . , ̄τr2 , τ ′) is JN-realisable. Having 
reduced to this case we may then apply our previous observation that when no τj is an 
integer and n + r ≤ 2, (J ; b; γ1, . . . , γn; ̄τ1, . . . , ̄τr) is JN-realisable if and only if γ1 + . . .+
γn + τ1 + . . . + τr = 0. This yields

Proposition A.3. Fix J ⊆ {1, 2, . . . , r − 1} and τ∗ = (τ1, . . . , τr−1) ∈ Rr−1 where r ≥ 1. 
Suppose that n + r1 + s0 ≤ 1. Then

Tstr(M ; J ; τ∗) = T (M ; J ; τ∗) = {−
[
(γ1 + . . . + γn) + (τ1 + . . . + τr−1)

]
} �

In general, Tstr(M ; J ; τ∗) and T (M ; J ; τ∗) are determined by the following proposition.

Proposition A.4. Fix J ⊆ {1, 2, . . . , r − 1} and τ∗ = (τ1, . . . , τr−1) ∈ Rr−1 where r ≥ 1. 
Suppose that n + r1 + s0 ≥ 2.

(1) (a) (m0, m1) ⊆ Tstr(M ; J ; τ∗) ⊆ T (M ; J ; τ∗) ⊂ (m0 − 1, m1 + 1).
(b) [m0, m1] ⊆ T (M ; J ; τ∗).
(c) If s0 > 0 then m0 < m1 and (m0, m1) = Tstr(M ; J ; τ∗) ⊂ T (M ; J ; τ∗) =

[m0, m1].
(2) (a) If T (M ; J ; τ∗) ∩ (m0 − 1, m0) �= ∅, then

(i) s0 = 0;
(ii) |{i : γi ≤ 1

2}| + |{j ∈ J : 0 < τ̄j ≤ 1
2}| + |{j /∈ J : 0 < τ̄j <

1
2}| ≤ 1;

(iii) there is some η ∈ (m0−1, m0] ∩Q such that Tstr(M ; J ; τ∗) ∩(m0−1, m0] =
(η, m0] and T (M ; J ; τ∗) ∩ (m0 − 1, m0] = [η, m0].
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(b) If n + r1 = 2, then T (M ; J ; τ∗) ∩ (m0 − 1, m0) �= ∅ if and only if either
(i) −

[
(γ1 + . . . + γn) + (τ1 + . . . + τr−1)

]
< m0, or

(ii) n = 0, − 
∑

j τj = m0, J ∩ {j : τj /∈ Z} = ∅, and τj ∈ Q for all j.
(3) (a) If T (M ; J ; τ∗) ∩ (m1, m1 + 1) �= ∅, then

(i) s0 = 0;
(ii) |{i : γi ≥ 1

2}| + |{j ∈ J : τ̄j ≥ 1
2}| + |{j /∈ J : τ̄j > 1

2}| ≤ 1.
(iii) there is some ξ ∈ (m1, m1+1) ∩Q such that Tstr(M ; J ; τ∗) ∩[m1, m1+1) =

[m1, ξ) and T (M ; J ; τ∗) ∩ [m1, m1 + 1) = [m1, ξ].
(b) If n + r1 = 2, then T (M ; J ; τ∗) ∩ (m1, m1 + 1) �= ∅ if and only if either

(i) m0 < −
[
(γ1 + . . . + γn) + (τ1 + . . . + τr−1)

]
, or

(ii) n = 0, − 
∑

j τj = m0, J ∩ {j : τj /∈ Z} = ∅, and τj ∈ Q for all j.
(4) (a) T (M ; J ; τ∗) is a closed subinterval of (m0 − 1, m1 + 1) whose endpoints are 

rational numbers.
(b) Either Tstr(M ; J ; τ∗) is the interior of T (M ; J ; τ∗) or s0 = 0, n + r1 = 2 and 

Tstr(M ; J ; τ∗) = T (M ; J ; τ∗) = {m0}.
(c) Tstr(M ; J ; τ∗) = {m0} if and only if s0 = 0, n + r1 = 2, m0 = −

[
(γ1 + . . . +

γn) + (τ1 + . . . + τr−1)
]
, and either n �= 0, or J ∩ {j : τj /∈ Z} �= ∅, or τj /∈ Q

for some j.

Remark A.5. The conditions

−
[
(γ1 + . . . + γn) + (τ1 + . . . + τr−1)

]
< m0, > m0,= m0

appearing in parts (2), (3), and (4) of the proposition are equivalent (under the assump-
tions of that particular subcase), respectively, to the conditions

(γ1 + . . . + γn) + (τ̄1 + . . . + τ̄r−1) > 1, < 1,= 1

Proof of Proposition A.4. We use the notation introduced in the discussion preceding 
Proposition A.3. As we saw there, we need only consider JN-realisability of

(J0; b(τ ′); γ1, . . . , γn; τ̄1, . . . , τ̄r2 , τ ′)

which we examine through consideration of the two cases s0 > 0 and s0 = 0.
Case 1. s0 > 0.
In this case we show that (m0, m1) = Tstr(M ; J ; τ∗) and T (M ; J ; τ∗) = [m0, m1]; note 

that when s0 > 0 we have m1 −m0 = (n + r1 + s0) + (s0 − 2) ≥ 2 + s0 − 2 > 0. Hence 
m1 > m0.

Subcase 1.1. τ ′ /∈ Z.
In this case, (J ; 0; γ1, . . . , γn; τ1 . . . , τr−1, τ ′) is JN-realisable if and only if (J0; b(τ ′);

γ1, . . . , γn; ̄τ1, . . . , ̄τr1 , 0, . . . , 0, τ ′) is JN-realisable where there are s0 zeros in the latter. 
Since n + r1 + s0 + 1 ≥ 3 we can apply Theorem A.1 to see that (J0; b(τ ′); γ1, . . . , γn;
τ̄1, . . . , ̄τr1 , 0, . . . , 0, τ ′) is JN-realisable if and only if 2 −s0 ≤ b(τ ′) ≤ (n +r1 +s0 +1) −2. 
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(Here the r of the theorem corresponds to r1 + s0 + 1.) Equivalently, when s0 > 0 and 
τ ′ /∈ Z, (J ; 0; γ1, . . . , γn; τ1 . . . , τr−1, τ ′) is JN-realisable if and only if τ ′ ∈ (m0, m1) \ Z.

Subcase 1.2. τ ′ ∈ Z and r /∈ J0.
In this case, (J ; 0; γ1, . . . , γn; τ1 . . . , τr−1, τ ′) is JN-realisable if and only if (J0; b(τ ′);

γ1, . . . , γn; ̄τ1, . . . , ̄τr1 , 0, . . . , 0) is JN-realisable where there are s0 + 1 zeros in the latter. 
Since n + r1 + s0 + 1 ≥ 3 we can apply Theorem A.1 to see that (J0; b(τ ′); γ1, . . . , γn;
τ̄1, . . . , ̄τr1 , 0, . . . , 0, τ ′) is JN-realisable if and only if 1 −s0 ≤ b(τ ′) ≤ n +r1+s0−1. Equiv-
alently, when s0 > 0, τ ′ ∈ Z and r /∈ J , (J ; 0; γ1, . . . , γn; τ1 . . . , τr−1, τ ′) is JN-realisable 
if and only if τ ′ ∈ [m0, m1] ∩ Z.

Subcase 1.3. τ ′ ∈ Z and r ∈ J0.
In this case, (J ; 0; γ1, . . . , γn; τ1 . . . , τr−1, τ ′) is JN-realisable if and only if (J0; b(τ ′);

γ1, . . . , γn; ̄τ1, . . . , ̄τr1 , 0, . . . , 0) is JN-realisable where there are s0 zeros in the latter. 
Theorem A.1 implies that when n +r1 +s0 ≥ 3, (J0; b(τ ′); γ1, . . . , γn, ̄τ1, . . . , ̄τr1 , 0, . . . , 0)
is JN-realisable if and only if 2 − s0 ≤ b(τ ′) ≤ n + r1 + s0 − 2; equivalently, if and only if 
τ ′ ∈ (m0, m1) ∩Z. We claim that the same holds when n +r1+s0 = 2. To see this, first note 
that in this case (n, r1, s0) is either (0, 0, 2), (0, 1, 1) or (1, 0, 1) and m1−m0 = s0 ∈ {1, 2}. 
We must show that (J ; 0; γ1, . . . , γn; τ1 . . . , τr−1, τ ′) is not JN-realisable when s0 = 1 and 
is only JN-realisable for τ = m0 + 1 when s0 = 2.

If (n, r1, s0) = (0, 0, 2), then (J ; 0; γ1, . . . , γn; τ1 . . . , τr−1, τ ′) is JN-realisable if and 
only if (∅; b0 − τ ′; ∅; 0, 0) is JN-realisable which, the reader will verify, occurs if and only 
if τ ′ = m0 + 1. If (n, r1, s0) = (0, 1, 1), (J ; 0; γ1, . . . , γn; τ1 . . . , τr−1, τ ′) is JN-realisable 
if and only if (J0; b0 − τ ′; ∅; ̄τ1, 0) is JN-realisable where τ̄1 /∈ Z, which is impossible. 
Similarly if (n, r1, s0) = (1, 0, 1), then (J ; 0; γ1, . . . , γn; τ1 . . . , τr−1, τ ′) is JN-realisable if 
and only if (∅; b0 − τ ′; γ1; 0) is JN-realisable, which is impossible since γ1 /∈ Z.

Proof of Proposition A.4 when s0 > 0. Combining the three subcases above we see 
that

(m0,m1) = Tstr(M ; J ; τ∗) ⊂ T (M ; J ; τ∗) = [m0,m1]

Hence the proposition holds when s0 > 0. �
Case 2. s0 = 0.
Here r1 = r2, so

(J ; 0; γ1, . . . , γn; τ1 . . . , τr−1, τ
′) is JN-realisable

⇔ (J0; b(τ ′); γ1, . . . , γn; τ̄1, . . . , τ̄r1 , τ ′) is JN-realisable

Note that m1 −m0 = n + r1 − 2 ≥ 0. By examining subcases we prepare the necessary 
results.

Subcase 2.1. τ ′ /∈ Z.
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Here, (J ; 0; γ1, . . . , γn; τ1, . . . , τr−1, τ ′) is JN-realisable if and only if (J0; b(τ ′);
γ1, . . . , γn; ̄τ1, . . . , ̄τr1 , τ ′) is JN-realisable. We can apply statement (1) of Theorem A.2 to 
see that if (J0; b(τ ′); γ1, . . . , γn; ̄τ1, . . . , ̄τr1 , τ ′) is JN-realisable then m1+1 > τ ′ > m0−1. 
As such, (J0; b(τ ′); γ1, . . . , γn; ̄τ1, . . . , ̄τr1 , τ ′) is JN-realisable if and only if one of the fol-
lowing holds:

(1) m0 < τ ′ < m1; this follows from applying statement (2) of Theorem A.2 with 
r = r1 + 1 and b = b(τ ′).

(2) m0−1 < τ ′ < m0, in this case b(τ ′) = n +r1 and (J0; b(τ ′); γ1, . . . , γn; ̄τ1, . . . , ̄τr1 , τ ′)
is JN-realisable if and only if (J0; 1; 1 − γ1, . . . , 1 − γn; 1 − τ̄1, . . . , 1 − τ̄r1 , 1 − τ ′)
is JN-realisable by (3) of Theorem A.2. By (4) of Theorem A.2, this happens 
if and only if there are coprime integers 0 < A < N and a permutation 
(A1
N , . . . , An

N , B1
N , . . . , Br1

N , CN ) of ( A
N , 1 − A

N , 1
N , . . . , 1

N ) such that
(a) 1 − Ai

N < γi for 1 ≤ i ≤ n;
(b) 1 − Bj

N < τ̄j for all j ∈ J0 and 1 − Bj

N ≤ τ̄j for all j /∈ J0;
(c) 1 − C

N < τ ′ if r ∈ J0 and 1 − C
N ≤ τ ′ if r /∈ J0.

(3) m1 < τ ′ < m1 + 1, in this case b(τ ′) = 1 and there are coprime integers 0 < A < N

and a permutation (A1
N , . . . , An

N , B1
N , . . . , Br1

N , CN ) of ( A
N , 1 − A

N , 1
N , . . . , 1

N ) such that
(a) γi <

Ai

N for 1 ≤ i ≤ n;
(b) τ̄j <

Bj

N for all j ∈ J0 and τ̄j ≤ Bj

N for all j /∈ J0;
(c) τ ′ < C

N if r ∈ J0 and τ ′ ≤ C
N if r /∈ J0.

Subcase 2.2. τ ′ ∈ Z and r /∈ J0.
Here we repeat the argument of Subcase 1.2 with s0 = 0 and conclude that when 

s0 = 0, τ ′ ∈ Z and r /∈ J , (J ; 0; γ1, . . . , γn; τ1 . . . , τr−1, τ ′) is JN-realisable if and only if 
τ ′ ∈ [m0, m1] ∩ Z.

Subcase 2.3. τ ′ ∈ Z and r ∈ J0.
Here, (J ; 0; γ1, . . . , γn; τ1 . . . , τr−1, τ ′) is JN-realisable if and only if (J0; b(τ ′); γ1, . . . ,

γn; ̄τ1, . . . , ̄τr1) is JN-realisable.
Subsubcase 2.3.1. n + r1 = 2.
In this case, the remarks preceding Proposition A.3 imply that (J0; b(τ ′); γ1, . . . , γn;

τ̄1, . . . , ̄τr1) is JN-realisable if and only if τ ′ = −[(γ1 + . . . + γn) + (τ1 + . . . + τr−1)].
Subsubcase 2.3.2. n + r1 ≥ 3.
In this case we can apply Theorem A.2 to see that (J0; b(τ ′); γ1, . . . , γn; ̄τ1, . . . , ̄τr1) is 

JN-realisable if and only if one of the following three conditions holds:

(1) τ ′ ∈ [m0 + 1, m1 − 1] ∩ Z;
(2) τ ′ = m0 and there are coprime integers 0 < A < N and a permutation 

(A1
N , . . . , An

N , B1
N , . . . , Br1

N ) of ( A
N , 1 − A

N , 1
N , . . . , 1

N ) such that
(a) 1 − Ai

N < γi for 1 ≤ i ≤ n;
(b) 1 − Bj < τ̄j for all j ∈ J0 and 1 − Bj ≤ τ̄j for all j /∈ J0.
N N
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(3) τ ′ = m1 and there are coprime integers 0 < A < N and a permutation 
(A1
N , . . . , An

N , B1
N , . . . , Br1

N ) of ( A
N , 1 − A

N , 1
N , . . . , 1

N ) such that
(a) γi <

Ai

N for 1 ≤ i ≤ n;
(b) τ̄j <

Bj

N for all j ∈ J0 and τ̄j ≤ Bj

N for all j /∈ J0.

Proof of Proposition A.4 when s0 = 0. Assertion (1) of the proposition holds by Sub-
cases 2.1, 2.2, and 2.3.

Next we prove assertion (2). Assertion (2)(a)(i) follows from the fact that
T (M ; J ; τ∗) = [m0, m1] when s0 > 0, as proven in Case 1.

Next suppose that τ ′ ∈ T (M ; J ; τ∗) ∩ (m0 − 1, m0). Then τ ′ satisfies the condi-
tion Subcase 2.1(2). Hence there are coprime integers 0 < A < N and a permuta-
tion (A1

N , . . . , An

N , B1
N , . . . , Br1

N , CN ) of ( A
N , 1 − A

N , 1
N , . . . , 1

N ) satisfying the inequalities of 
the subsubcase. Since at most one of A

N , 1 − A
N and 1 − 1

N is less than 1
2 , we have 

|{i : γi ≤ 1
2}| + |{j ∈ J : 0 < τ̄j ≤ 1

2}| + |{j /∈ J : 0 < τ̄j < 1
2}| ≤ 1. Thus assertion 

(2)(a)(ii) holds.
For assertion (2)(a)(iii), observe that by Subcase 2.1,

(m0 − 1,m0) ∩ Tstr(M ; J ; τ∗) =
⋃(

m0 −
C

N
,m0

)
and

(m0 − 1,m0) ∩ T (M ; J ; τ∗) =
⋃[

m0 −
C

N
,m0

)
where the union is over coprime pairs 0 < A < N satisfying the constraints of Sub-
case 2.1(2).

Set

D = 1
1 − max{γ1, . . . , γn, τ̄1, . . . , τ̄r1}

If n + r1 ≥ 3 then for every coprime pair 0 < A < N satisfying the constraints of 
Subcase 2.1(2) either 1 − 1

N < γi for some 1 ≤ i ≤ n or 1 − 1
N ≤ τ̄j for some 1 ≤

j ≤ r1, in particular N ≤ D. Hence the unions above are over a finite index set, and 
assertion (2)(a)(iii) follows.

Suppose n + r1 = 2. For every coprime pair 0 < A < N satisfying the constraints of 
Subcase 2.1(2), if N > D then 1 − 1

N > max{γ1, . . . , γn, ̄τ1, . . . , ̄τr1} and hence 1 − 1
N < τ ′

and τ ′ ∈ [m0 − 1
N , m0]. In particular for coprime pairs 0 < A < N with N > D the 

intervals [m0−C
N , m0] (resp. (m0−C

N , m0]) in the union above are of the form [m0− 1
N , m0]

(resp. (m0− 1
N , m0]), and so there is a largest interval [m0− 1

N ′ , m0] (resp. (m0− 1
N ′ , m0]), 

where

N ′ = min{N > D : a solution 0 < A < N to the condition of Subcase 2.1(2) exists}

Hence assertion (2)(a)(iii) holds in this case as well.
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Next we prove assertion (2)(b). Suppose that n + r1 = 2 and write (γ1, . . . , γn,
τ̄1, . . . , ̄τr1) = (σ1, σ2). If T (M ; J ; τ∗) ∩ (m0 − 1, m0) �= ∅, Subcase 2.1 implies that 
there are coprime integers 0 < A < N and a permutation (A1

N , A2
N , A3

N ) of ( A
N , 1 − A

N , 1
N )

such that for k = 1, 2,

• 1 − Ak

N < σk if σk = γi for some i or σk = τ̄j for some j ∈ J0;
• 1 − Ak

N ≤ σk otherwise.

Hence σ1 + σ2 ≥ 1 and if σ1 + σ2 = 1 then n = 0, J ∩ {1, 2} = ∅, and σj = 1 − Ak

N for 
both k. Remark A.5 then implies that −

[
(γ1 + . . . + γn) + (τ1 + . . . + τr−1)

]
≤ m0 with 

equality implying that n = 0, J ∩ {1, 2} = ∅, and τj ∈ Q for all j.
Conversely suppose that σ1+σ2 ≥ 1. If σ1+σ2 > 1, choose coprime integers 0 < A < N

such that 1 − σ1 < A
N < σ2. Then 1 − A

N < σ1 and 1 − (1 − A
N ) = A

N < σ2. Hence 
[m0 − 1

N , m0) ⊂ T (M ; J ; τ∗). On the other hand, if n = 0, J ∩ {1, 2} = ∅, {σ1, σ2} ⊂ Q

and σ1 + σ2 = 1, choose coprime 0 < A < N such that σ1 = A
N . Then σ2 = 1 − A

N and 
(1 − 1

N , m0) ⊂ T (M ; J ; τ∗). This completes the proof of assertion (2)(b).
Assertion (3) of the proposition follows similarly.
Assertion (4)(a) is a consequence of assertions (1), (2) and (3).
Consider Assertion (4)(b) and write T (M ; J ; τ∗) = [η, ξ] where ξ, η ∈ Q. We will show 

that if ξ > η, then neither ξ nor η is contained in Tstr(M ; J ; τ∗). Assertion (1) shows that 
η ≤ m0 and ξ ≥ m1. Assertions (1), (2) and (3) show that we are done as long as η < m0

and ξ > m1. Assume otherwise, say ξ = m1 ∈ Tstr(M ; J ; τ∗). Then when τ ′ = ξ we are 
in the situation described in Subcase 2.3. If n + r1 ≥ 3, Subsubcase 2.3.2(3) implies that 
there are coprime integers 0 < A < N and a permutation (A1

N , . . . , An

N , B1
N , . . . , Br1

N ) of 
( A
N , 1 − A

N , 1
N , . . . , 1

N ) such that

• γi <
Ai

N for 1 ≤ i ≤ n;
• τ̄j <

Bj

N for all j ∈ J0 and τ̄j ≤ Bj

N for all j /∈ J0.

But then by Subcase 2.1(3), we have (m1, m1+ 1
N ] ⊂ T (M ; J ; τ∗), contrary to hypothesis. 

Thus we must have n + r1 = 2 and therefore, m0 = m1 = b0 − 1. Subsubcase 2.3.1 then 
shows that m1 = ξ = −

[
(γ1 + . . .+γn) +(τ1 + . . .+ τr−1)

]
. By hypothesis, T (M ; J ; τ∗) ∩

(m1, m1 + 1) = ∅, so now assertions (2)(b) and (3)(b) imply that T (M ; J ; τ∗) ∩ (m0 −
1, m0) = ∅ and therefore T (M ; J ; τ∗) = {m0}, contrary to our assumptions. We conclude 
that Tstr(M ; J ; τ∗) is the interior of T (M ; J ; τ∗) when the latter is a non-degenerate 
interval.

To complete the proof of (4)(b) suppose that η = ξ, that is, T (M ; J ; τ∗) = {m0}. 
Then m0 = m1 so that n + r1 = 2. On the other hand since the base orbifold of 
M is orientable, the rational longitude λM of M is horizontal. It follows that [λM ] is 
strongly representation detected. Thus ∅ �= Tstr(M ; J ; τ∗) ⊆ T (M ; J ; τ∗) = {m0}. Hence 
Tstr(M ; J ; τ∗) = T (M ; J ; τ∗) = {m0}.
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Consider (4)(c). If Tstr(M ; J ; τ∗) = {m0} then by (4)(b) we see that n + r1 = 2 and 
therefore Assertions (2)(b) and (3)(b) combine with Remark A.5 to show that m0 =
−
[
(γ1 + . . .+ γn) +(τ1 + . . .+ τr−1)

]
and either n �= 0, or J ∩{j : τj /∈ Z} �= ∅, or τj /∈ Q

for some j.
Conversely, if n +r1 = 2, −

[
(γ1 + . . .+γn) +(τ1 + . . .+τr−1)

]
= m0, and either n �= 0, 

or J ∩ {j : τj /∈ Z} �= ∅, or τj /∈ Q for some j, then Assertions (2)(b) and (3)(b) together 
with Subsubcase 2.3.1 imply that Tstr(M ; J ; τ∗) = {m0}. �

This completes the proof of Proposition A.4. �
Corollary A.6. Let M be a Seifert manifold with base orbifold P (a1, . . . , an) as in §2.2
and fix horizontal [αj ] ∈ S(Tj) for 1 ≤ j ≤ r − 1. For each J ⊆ {1, 2, . . . , r}, {[α] ∈
S(Tr) : ([α1], . . . , [αr−1], [α]) ∈ Drep(M ; J)} is a non-empty subinterval of the set of 
horizontal slopes in S(Tr) which is closed when r /∈ J . Further, either

(1) the endpoints of this subinterval are rational, or
(2) M has no singular fibres and, after reindexing, J ⊇ {2, 3, . . . , r−1}, [αj ] = [τjh −h∗

j ]
where τ1 is irrational and τ2, . . . , τr−1 ∈ Z. Moreover, Drep(M ; J) = Drep(M ; J ∪
{r}) and {[α] ∈ S(Tr) : ([α1], . . . , [αr−1], [α]) ∈ Drep(M ; J)} consists of a single 
irrational slope [α] = [(τ1 + τ2 + . . . + τr−1)h + h∗

r ].

Proof. Suppose that [α∗] = ([α1], . . . , [αr]) is horizontal, say [αj ] = [τjh − h∗
j ] for 

some τj ∈ R and each j. Then ([α∗]; J) is representation detected if and only if τr ∈
Tstr(M ; J ; (τ1, . . . , τr−1)) when r ∈ J and if and only if τr ∈ T (M ; J \{r}; (τ1, . . . , τr−1))
when r /∈ J . The corollary now follows from the previous two propositions. �

Note that when r = 1, M fibres over the circle with fibre slope [λM ]. Thus Corol-
lary A.6 immediately implies the following result.

Corollary A.7. Let M be a Seifert manifold with base orbifold P (a1, . . . , an) as in §2.2
and suppose that ∂M is connected. Then Dfol(M) is a closed subinterval with rational 
endpoints in the set of slopes in S(∂M). Further, [λM ] ∈ Dfol(M). �
Proposition A.8. Suppose that (J ; b; γ1, . . . , γn; τ1, . . . , τr) is JN-realisable in P̃SL(2, R)k
by f1, . . . , fn, g1, . . . , gr (cf. §3), then it is JN-realisable in P̃SL(2, R)k by f ′

1, . . . , f
′
n, 

g′1, . . . , g
′
r where no g′j is parabolic.

Proof. Without loss of generality we suppose that g1, . . . , gs are elliptic, gs+1, . . . , gt are 
hyperbolic, and gt+1, . . . , gr are parabolic. Then J ⊆ {1, . . . , s}.

If r = t we are done, so assume otherwise. If t > s write

gt+1 = g−1
t ◦ h ◦ h′ ◦ sh(b)
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where h = (f1 ◦ · · · ◦ fn ◦ g1 ◦ · · · ◦ gt−1)−1 and h′ = (gt+2 ◦ · · · ◦ gr)−1. There is an 
open neighbourhood of gt in P̃SL(2, R)k consisting entirely of hyperbolics of the same 
translation number. As gt varies in this neighbourhood, the product g−1

t ◦ h ◦ h′ ◦ sh(b)
varies over an open neighbourhood of gt+1. As such a neighbourhood contains hyperbolics 
of the same translation number as gt+1, we can arrange for gt+1 to be hyperbolic up to 
replacing gt as above and leaving the fi and remaining gj alone. An induction on r − t

then completes the proof when t > s.
Assume then that t = s, so gs+1, . . . , gr are parabolic. After conjugating in Homeo+(R)

by F (x) = x
k we have f1, . . . , fn, g1, . . . , gr ∈ P̃SL(2, R), fi is conjugate to sh(kγi) for 

1 ≤ i ≤ n, gj is conjugate to sh(kτj) for j ∈ J and has translation number kτj otherwise, 
and f1 ◦ . . . ◦ fn ◦ g1 ◦ . . . ◦ gr = sh(kb).

If r = s + 1 there are at least two non-integers among γ1, . . . , γn, τ1, . . . , τr−1 as 
otherwise the identity f1 ◦ · · · ◦fn ◦g1 ◦ · · · ◦gr = sh(kb) would imply that gr is conjugate 
to sh(x) for some real number x. This is not possible since gr is parabolic. The result is 
then a straightforward consequence of [29, Corollary 2.3]. Examination of the figures in 
[29, Corollary 2.3] shows that for each parabolic element of the shaded regions, there is 
a hyperbolic element in that region of the same translation number.

If r > s +1, then up to conjugation we can suppose that gs+1 and gs+2 are lifts of the 

elements ± 
( 1 ε

0 1

)
and ± 

(
a b
c 2−a

)
in PSL(2, R) where ε ∈ {±1}. For x arbitrarily close 

to 1 and y arbitrarily close but not equal to 0 such that cy ≤ 0, consider

±
(

1 ε
0 1

)(
a b
c 2 − a

)
= ±

(
1 ε
0 1

)(
x y
0 1

x

)( 1
x −y
0 x

)(
a b
c 2 − a

)
= ±

(
x y + ε

x
0 1

x

)(
a
x − cy b

x − (2 − a)y
cx (2 − a)x

)
If c = 0 then note that a = 1 and both matrices on the second line are hyperbolic. On 

the other hand if c �= 0, then the matrix with trace 1/x +x is clearly hyperbolic, whereas 
the other matrix has trace t(x) = a/x − cy + (2 − a)x. Since t(1) = 2 − cy > 2, for x
sufficiently close to 1 this matrix is hyperbolic as well. It follows that we can always find 
an element h ∈ P̃SL(2, R) arbitrarily close to the identity so that if we set g′s+1 = gs+1h

and g′s+2 = h−1gs+2, then g′s+1g
′
s+2 = gs+1gs+2 where g′s+1, resp. g′s+2, is hyperbolic of 

the same translation number as gs+1, resp. gs+2. We can now apply the case t > s to 
complete the proof. �
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